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Abstract

A formula linking the horizontal Laplaciai¢ of a functiong on the fibre bundléV of unitary tangent vectors to a Finslerian
compact manifold without boundary, g), to the square of a symmetric 2-tensor and Finslerian curvature. From it an estimate,
under a certain condition, is obtained for the functionA¢ = r¢. If A = nk wherek is a positive constant antf simply
connected, then is homeomorphic to an-sphere. Let#°(g;) be a deformation ofM, g) preserving the volume d¥. One
proves that the critical pointg) € F°(g;) of the integrall (g;) of a certain Finslerian scalar curvaturendefine a generalized
Einstein manifold. One calculates the second variationals at the critical points first in the general case, then, for an infinitesimal
conformal deformation and one shows that in certain cases oné bap > 0. We also study the case when the scalar curvature
is non-positive constanto citethisarticle: H. Akbar-Zadeh, C. R. Acad. Sci. Paris, Ser. | 339 (2004).
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Résumé

Géométrie des espaces d’Einstein généralisd3n établit une formule reliant le laplacien horizontep d’'une fonctiong
sur le fibréW des vecteurs unitaires tangents a une variété finslérighihg) compacte sans bord, au carré d'un 2-tenseur
symétrique et la courbure finslérienne. On en déduit, selon une certaine condition, une estimée pour laxforatienig.
Sil =n -k ouk est constante positive & simplement connexe, alofld est homéomorphe a umesphére. Soif°(g;) une
déformation dg M, g) préservant le volume d&. On prouve que les points critiquegs € F°(g;) de l'intégralel (g;) d’'une
certaine courbure scalaire finslérienne By définissent un espace d’Einstein généralisé. On calcule les variations secondes
au point critiquegg d’abord dans le cas général, puis pour une déformation infinitésimale conforme et on montre que dans
certains cas on &”(gg) > 0. Nous étudions aussi le cas ol la courbure scalaire est constante non-pBsitiveiter cet
article: H. Akbar-Zadeh, C. R. Acad. Sci. Paris, Ser. | 339 (2004).
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Version francaise abrégée
Préliminaires

Soit M une variété différentiable de dimension n et de clas$e Nous désignons pdf (M) le fibré tangent
aM,parp:V(M)— M le fibré des vecteurs non-nuls tangent apar p—17 (M) — V(M) le fibré induit sur
V(M) par p. Un point deV (M) est désigneé par = (x,v) ol x = pz etv € T,,. Notons parV;, z € V(M)
I'ensemble des vecteurs verticaux gnc’est a dire des vecteurs qui sont tangents a la fibre passant @ar
désigne paiv une dérivation covariante dans le fibré vectopel 7 (M) — V(M). Soitu.:T.V(M) — T (M)
une application linéaire définie pag(f(\) = Vv, ouX e TV (M). Nous dirons qué& est réguliere si pour chaque
ze V(M), n, définitunisomorphisme d¥; surT,.. S'il en est ainsi, 'espace tangent en chaque poirit d&)
est somme directe d’'un espace horizorfalet d’un espace vertical,. On désigne par et $2 respectivement la
torsion et la courbure d€. Par la décomposition précédente, on a deux tenseurs de torsionSrettéset trois
tenseurs de courbure notBs P et Q pour une connexion réguliére. lls satisfont a cing identités dites de Bianchi
(voir [1,3]).

Variétés finsleriennes [1]

Soit (x')(i = 1,2, ...,n) une carte locale du domaitie c M et (x’, v') la carte locale induite sys—1(U) ou
v="2 % e T,;. Une variété finslerienne est définie par la donnée d’une fonction poBisueT (M) positivement
homogene de degre 1 eret de class€* surV (M) telle que la forme quadratiqus; :

1 9°F?

2 9vigvt

soit définie positive. Nous dirons qu@/, g) est pseudo-finslérien gj;; définit une forme quadratique non
dégéneéree (dég;;) # 0) Sig;; estindépendant dg nous avons alors une meétrique riemanniennésusoit S,

I'ensemble des vecteurs unitaires tangents enV (u | F(x,u) =1) et W =J, ., Sx. W sera appelé le fibré des
vecteurs unitaires.

gij(x,v)=

1. Connection of directions attahed to a Finslerian manifold

Letw be the 1-form of a regular connection [1]. We calh connection of directions if it is invariant by positive
homothetic transformations— Av (A > 0).

We now state the fundamental theorem of Finslerian geoniEtigre exists a unique regular Euclidean connec-
tion of directions such that the torsion tens®is zero and the torsion tensdr satisfies a condition of symmetry.
This characterization give us quite naturally the Euclidean connection defined by Elie Cartan (see [1,6,7]). On
writing the 1-form of connection of directiort$ Elie Cartan in a local coordinates @1 (U), we have [8]

a)’j = Iiijk(x, v) dxk + Tijk(x, v), VoK.
The coefficients of the horizontal and vertical parts of this connection are determined by the above theorem:
% % k
2Tij = (0igjk +0j8ik — n&ij)»  Tkij =8&kr ' ij
*k . 1 . 4 . 4
0;=68; —I'"pjé%, Tijk=§<S k&ij 3j=w73 k= S0k

where o denotes the multiplication contractedvbgnd thed; represent tha horizontal vector fields oveY;. The
Berwald connection will be denoted by [3,5]. It has no torsion and has two curvature tensors denote@ by
andH.
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Let = be a connection of directions without torsion thafides the same splitting ohé tangent fibre bundle
of V(M) as the Berwald or Cartan connection of directionise the geodesics and flag curvature of Cartan or
Berwald connections coincide with those of connection

2. The Laplacian onW

Letu — W be a unitary vector field and = u; dx’ be the corresponding 1-form. We denote(olp)” ! the
(n — 1)th exterior power of @, by n the volume element of, proportional to® = w A (dw)" 1. Let § be the
co-differential, the formal adjoint of d with respect to the global scalar defindd ¢h,2]. If ¢ is a differentiable
function onW, we define the Laplacian:

Ap=Ap+Ap,  Ap=-g"D;Djp,  Ap=—F%3"3%
whereA is called the horizontal Laplacian arddthe vertical Laplacian and; is the horizontal covariant deriva-
tion in the Berwald connection.
3. Comparison theorem
Let us consider the symmetric tensty; defined by:
2
Aij(9) = Dip; + Djp; + ~P8ij (pi = Dig).
We choosep in such a way that the trace dfvanishes. Let us put
1.
(A, A) = 5A Ajj.
Lemma 3.1.Let (M, g) be a Finslerian manifold of dimension We have
1 1\ - - )
E(A’ A)=|1-—)(Ap, Ap) — P (¢« @) + Divergence onV
n
where(-, -) denotes the scalar product ardis a quadratic form inp; and¢; = 3¢ defined by
* ok Jjl i k 3 ikl ryj .
D(p,p) = Hy(¢", 9") — g " D;H o1k 0" ¢i — ZH" HY o19i@j
whereH (¢*, ¢*) = g/ Hjju¢' o~
From this it follows:

Theorem 3.2.Let (M, g) be a compact, simply connected Finslerian manifold without boundary. We suppose that
the curvature tensor of the Berwald connection satisfies

(H(p*, wu, ¢*) = K[lg*1? — (0*.w)?] or Hi(e* ¢*) > n—DK|g*|?

whereg* is the horizontal derivative af and g, its dual, andk is a positive constant. Moreover we suppose that
the vertical derivative of vanishes. Then the functian(A¢ = A¢) cannot always be between zero andk. If
A =nk, (M, g) is homeomorphic to an-sphere.
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We study the case of a manifold with constant sectional curvature. We find: on a compact Finslerian manifold
without boundary with non-zero constant sectional cumeatn the Berwald connection every horizontally har-
monic function onW is constant. This result holds true in the case when the flag curvature is non-zero everywhere.
If (M, g) is Riemannian the above formula gives the theorem of Lichnerowicz—Obata [11,13].

4. Generalized Einstein manifolds

To the Ricci tensor of the Finslerian contiea is associated a scalar-valued functiinon W called the
directional Ricci curvature (it is the trace of the flagwature). This function is the same for Finsler and Berwald
connections and also for the connectiodefined at the end of Section 1. From it we deduce by vertical derivation
a symmetric covariant 2-tensor

19%H (v, v)
2 Jv/ovk
Letr € [—e, ] whereg is sufficiently small> 0. By the deformation of a Finslem metric we mean a 1-parameter
family of this metric. For such metrie = u; dx’, the volume element as well as the connections and curvatures
attached tqe depend orr. We calculate the variational cﬁjk as well as its tracél = gf"ﬁjk. We denote by
tij = (gij)’ the derivative of with respect ta.
Then we have the following lemma:

k= ) H (v, v) = H;j (x, v)v'v/ .

Lemma 4.1.The first variational of the volume elemenbf W of the fibre bundle of unitary tangent vectors to a
Finslerian manifold(M, g) is given by:

.. n . . v
o= (7 5w Jaim (u=5)

where the notatiohdenotes the derivation with respect:t{4].

Lemma 4.2 (Fundamental)Let (M, g) be a Finslerian manifold of dimension# 2. Let ¥ be a differentiable
function, homogeneous of degree zero idefined oW andr;; = (g;;)’ then we have

F2 . , .
v tracet —nW - 1 (u, u) + —— — (/' — g/ tracer)d;;w = Divergence orW

wherer (u, u) = t;ju'u’/ andd; = 9/9v/ .

Lemma 4.3.Let (M, g;) be a deformation of a Finslerian manifold of dimensiarwe have
g/*Hl; =nt - t (u, u) + Divergence orW

wherer is defined by
T= gij (DiDoTj + 9; DoDoTj), t(u,u) = tijuiuj.

We supposé/ compact and without boundary and we denote3yg,) a deformation of the Finslerian metric
which leaves invariant the volume elementiéfand we consider

1<g,>=/ﬁmt, volwzfmzl.

Among the elements of°(g;) we look for a metric which makes(g,) extremal. We then prove that they are
precisely the manifolds for which the tensHyk is proportional to the metric tensﬁfjk =C()gjk, z€eW( =
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go € F°(gr)). We show thatC is independent of the direction. Such a manifold is called a generalized Einstein
manifold. We have [4,9]:

Theorem 4.4.For a Finslerian compact manifold without boundary of dimensiog 2, the Finslerian metric
which makes the integrdl(g,) critical at the point(r =0, ¢ = go € F°(g;)) defines at this point a generalized
Einstein manifold.

We give the conditions fof to be constant. In the same way we look for, among the metri€$ @f; ), those that
render critical the integral bearinge directional Ricci curvatur® (u, ). We find that these are again generalized
Einstein manifolds. We calculate the second variational of the intdgga). In view of reducing calculations we
suppose that the trace of the torsion tensor is invariant by deformation and we give the formula for the second
variational. We study the case of an infinitesimal conformal deformation and we obtain in the case#niBeae
constant and

/FZQijwinn>0 *)
w
whereQ;; is the Ricci vertical curvature the theorem for the second variationals [10,12]

Theorem 4.5.Let (M, g) be a compact Finslerian manifold without boundany# 2). We suppose that the scalar
curvature H is a constant and the Ricci verticgd;; satisfies the inequalit¢¥). Then at the critical poingo €
F°(g,)(t = 0) of the integrall (g;) and for a conformal infinitesimal deformation the second variational is non-
negative.

5. Scalar curvature and Conformal Infinitesimal Transformations

Let X be a vector field oi/; and expu X) the 1-parameter group of local transformations generatexi. bye
denote by exfuX) its extension tdV (M) and byL(X) the Lie derivative (see Chapter Il [1]). We say tiatis
an infinitesimal conformal Finslerian transformation if there exists a funegtion M such that

L(X)gjk = 208 jk-

We assumeéV to be compact and without boundary. Let us suppose now that the scalar curvature is a non positive
constant

H = g/* H}; = constank 0.

The calculations being the same as in the case ddtian of scalar curvatures, and using the fact tas constant
andt = 0, we obtain the equality

- q
cotoln = 2
/qz/swn P / ¢°n

W(M) W(M)
where we have put

n 2
qij = 8ij + e 1)(n_2)F Qij-
Theorem 5.1.Let (M, g) be a compact Finslerian manifold without boundary of dimension2. Let us suppose
that the scalar curvaturdd be a non-positie constant and vanishes everywhere. If the quadratic fogm is
positive definite everywhere dif then the largest connected group of infinitesimal conformal transformations

Co(M) coincides with the largest connected group of isometfj€ss).
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This theorem generalizes the Riemi#n case (see Lichnérowicz [11]).

References

[1] H. Akbar-Zadeh, Les Espaces de Finsler et certaines de leurs généralisations, Ann. Ec. NorhS8tip.80 (1963) 1-79.
[2] H. Akbar-Zadeh, Transformations infinitésimales conformes des variétés finsleriennes compactes, Ann. Polon. Math. XXXVI (1979)
213-229.
[3] H. Akbar-Zadeh, Champ de vecteurs projectifs & fibré unitaire, J. Math. Pures Appl. 65 (1986) 47—-79.
[4] H. Akbar-Zadeh, Generalized Eingtenanifolds, J. Geom. Phys. 17 (1995) 342-380.
[5] L. Berwald, Paralleltibertragung. In allgemeinen Réum (Atti congresso intern. Matem. Bologna 1V (1928) 263-270).
[6] E. Cartan, Sur les espaces de Finsler, C. R. Acad. Sci. Paris 196 (1933) 582-586.
[7] E. Cartan, Les espaces de Finsler, Hermann, Paris, 1934.
[8] E. Cartan, CEuvres Complétes. Partie lll, vol. 2.0Betrie Différentielle, Gauthier-Villars, 1955, p. 1393.
[9] D. Hilbert, Die Grundlagen der Physik, Nachr. Akad. Wiss. Géttingen (1915) 395-407.
[10] N. Koiso, On the second derivation of the total scalar curvature, Osaka J. Math. 16 (1979) 413-421.
[11] A. Lichnérowicz, Géométrie desgupes de Transformations, Dunod, Paris, 1958.
[12] Y. Muto, On Einstein metrics, J. Differential Geom. 9 (1974) 521-530.
[13] M. Obata, Certain conditions for a&nhannian manifold to be isometric withsphere, J. Math. Soc. Japan 4 (1962) 333-340.



