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Abstract

We derive a relation between induced representations of the grop7&h" Z) which implies a relation between the Jaco-
bians of certain modular curves of leygl. A consequence of this relation is that the Jacobian of the modular curve associated
to the normalizer of a non-split Cartan subgroup of,GL/p"Z) does not have any non-zero rank 0 quotient defined @ver
if the Birch and Swinnerton—Dyer conjecture holds for Abelian varieiestite this article: I. Chen, C. R. Acad. Sci. Paris,

Ser. | 339 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.
Résumé

Jacobiennes de courbes modulaires associées aux normalisateurs de sous-groupes de Cartan de niveau p". Nous
établissons une relation entre des représentations induites du groygg/@lLZ), ce qui impliqgue une relation entre les
jacobiennes de certaines courbes modulaires de nip8alne conséquence de cette relation est que la jacobienne de la
courbe modulaire associée au normalisateur d’un sous-groupe Cartan non-déploygZepGE) n'a aucun quotient non-nul
de rang 0 défini su€ si I'on admet la conjecture de Birch et Swinnerton—-Dyer pour les variétés abélidtuesciter cet
article: |. Chen, C. R. Acad. Sci. Paris, Ser. | 339 (2004).

0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version francaise abr égée

Pour p un nombre premier impair ete N, soitR =Z/p"7Z et G = GL2(R). Soit X (p") la courbe modulaire
compactifiée qui classifie les courbes elliptiques avec structure de plein ni¥¢&8L Cette courbe modulaire a un
modéele défini suf) qui est géométriquement débranché et qui a un action droit€ @arssi définie sug). Pour
un sous-groupé! de G, soit X4 (p™) le quotient deX (p™) par H et Jy(p™) sa jacobienne. Soi¥’ I'analogue
dansG du normalisateur d’'un sous-groupe de Cartan non-deployé (voir le Tableau 1).
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Soit XaL(p’) le quotient de la courbe modulai’&(p”) par son involution FrickéV,-. Soit Jo(p") et J(;L(p’)
les jacobiennes des courbes modulaiXgsp”) et Xar(pr) respectivement. SoiWg(p’) et Ngr(p’) les quotients
nouveaux delp(p’) et Ja_(p’) respectivement, définis comme les quotsepar les sommes des images des mor-
phismes de dégénérescence provenant des niveatneimnfs (cf. [10,12]). Si deux variétés abélienngset Ao
définies suk) sont isogenes sup on écritA; ~g A2. A partir d’'une relation parmi les représentations induites
du groupeG (Théoréme 1.1), on utilise la ni#de générale de [6] avec des identités de factorisations pour les
jacobiennes des courbes maaiugs (Proposition 1.3) afin de prouver le théoréme suivant.

Théoréme 0.1. Pour toutn € N, on a:
n
Iv(p") ~a [ N5 (P7).
r=0

On remarque que le cas= 1 et ses variantes avec structure de niveau auxiliaire étaient connus par les spé-
cialistes depuis quelques temps (éférence a Ligozat dans [7] et Elkiearts [5]). Des références plus récentes
incluent [2,6,14]. On note aussi que le cas spédial= 1, N~ = p%* du Corollaire 3.3.2 dans [13], dérivé par
formule de trace et le théoréme d’isogéne de Faltings, est une variante du Théoréme 0.1 ol on considére les sou
groupes de Cartan au lieu des normalisateurs des sous-grde@artan. Le théoréme ci-dessus a la conséquence
suivante pour I'arithmétique de la courbe modulag (p™).

Théoréme 0.2. Admettons la conjecture de Birch et Swinnerton—Dyer pour les variétés abéliennes. Alors, pour
chaquen € N, la variété abélienndy/ (p™) n'a aucun quotient non-nul de rar@défini surQ.

On sait déja depuis quelque temps que la courbe modtajrép) représente le cas le plus difficile de la ques-
tion de Serre concernant la surjectivité des représentations galoisiennes associées aux courbes elliptiques [15,¢
Les résultats ci-dessus montrent que cette difficulté subsiste quand le piesateplacé par une puissancepde

1. Introduction

Let p be an odd prime and € N. Let R = Z/p"Z andG = GL2(R). Consider the subgroup¥’, B;_1, N,
T, of G described explicitly in Table 1 where by convention we7gt= G. These subgroups can be described
in the following manner. LeG act onP(S) from the left whereS = R[Y]/(Y? — ¢) and ¢ is a non-square
in R*. The subgroup®V’ and N are stabilizers irG of the subset$Y, —Y} and{0, oo} respectively. LeiG act
onPY(z/p"Z) x PL(Z/ p’ Z) diagonally and by reduction modu}g on each component. The subgrdlpis the
stabilizer inG of (0, c0). Let G act onPY(Z/p*~17Z) x PX(Z/p*Z) diagonally and by reduction modujg—! and
modulo p* respectively. The subgrouy_; is the stabilizer inG of (0, o). In the case: = 1, N’ andN are the
normalizers of non-split and split Cartan subgroups;afespectivelyT; is a split Cartan subgroup @f, and By
is a Borel subgroup of;.

For a subgrou? of G, let Inof, 1 be the induction of the trivial representationffto G where representations
are assumed to act d@@-vector spaces. If two representatignsand po of G are isomorphic ove® (i.e. their
representation spaces are isomorphiQ&s1-modules), we writep1 =g 2.

Theorem 1.1. For eachn € N, we have

n n—1
Ind§, 1& @ Ind§ | 1=¢ Ind§ 10 P Indf 1. 1)
s=1 r=0
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Table 1
Conventions and definitions

Conventions used in tables Subgroup  Form of elements Order
p is an odd prime ’ a be a be o 2
R=Z/p"Z N {(b )\ 2 s 2p2m . (p?—1)
€ € R* is a non-square a bp'~t dn—2s_1 2
m=n—1 Bs—1 {(cps d p “(p=1
1<r,s<n a 0 0 b m 2
l<pu<v<n-—1 N {(0 d)’(c 0>} 2p" - (p =1
[-] denotes the value 1 ifis true and 0 otherwise a bp” n—2r—2 1)2
¢ denotes the trace of the conjugacy class " cp” d 4 p=D
Table 2
Conjugacy classes @f
Type Representatives Parameters Form of elements in centralizer
a 0 « a b
roo(5d) e 12 7))
2 2
, o € « a cep
T (1 a) weR peR {( / )}
oo (T2) e 12 2)]
1 « c a
2 2
oa fB « a cf
T (1 a) weR BeR {( )}
2 v_p2
/ a pYep x n—v py X a cp'ep
RT, <l o ) aeR*,Be(R/p R) {(L a
o PU:BZ X n—v pyx a CP‘),BZ
RT, <1 M ) aeR*,Be(R/p"™VR) e 4
n.p2
RI), <§L pf) @€ R, Be(R/p" MR {(‘z Z):uzd (mod p"~H), b = cep? (mOdp"_“)}
RBI] o plep? R*,Be(R/p"R)* @ DY u—d (modp"r)b=cp’Hep? (mod p"H)
J7RY p/l. o RS P E /P c d A= p yb=cp € p
a 0 % a b\. _ Ay p— n—p
RBy, <p” oz) @ €R {(c d>.a_d (mod p ),b=0 (modp )
o Pvﬂz X n—v pyX a b\ —_ n— — V= g2 n—
RBIy,,y i o aeR*,Be(R/p R) ¢ d ra=d (modp"H),b=cpV HBs (modpTH)
np2
RI, <:u ”f) aeRX, B e (R/p"HR)X {(‘C’ z):uzd (mod p"—H), b = cp? (modp"*ﬂ)}

Proof. Tables 2 and 3 describe the conjugacy classes and related information of the@rohjs can be used

to compute the character values in Table 3 and the first two columns of Table 4. By reduction modulo lower
powers ofp, we may deduce the last two columns of Table 4. The character values listed in Table 3 and Table 4
allow us to verify that the character of the represgataon the left-hand side of (1) is equal to the character

of the representation on right-hand side (1), therelowéhg the two representations in question are isomorphic
overQ. O

Let X (p") denote the compactified modular curvesd#ying elliptic cunes with full level p" structure [8].
By a full level p" structure of an elliptic curvéZ over a scheme, we mean a group homomorphismfrom
A=7/p"Z x Z/p"7Z to E[p"]1(S) such that)_,_,[#(a)] is equal toE[p"] as a Cartier divisor of over §
where[¢(a)] denotes the Cartier divisor associatedpt@). This modular curve has a model ov@rwhich is
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-(I;?Jl;ljigacy information and values of the cheters of some induced representations of
Type Number of this type Size of centralizer Size of conjugacy class §Ibd Ind$; 1
1 P (p—1 P (PP -D(p?-p) 1 2ytop 2t
T't=0 p"(p—1)/2 P2 (p? =1 P2 (p? = p) 14 220D PRpth
T'(£0) (0" =D p"(p-1)2 P2 (p? = 1) P2 (% = p) 1
B Pm(p—1 P (p—1)-p" P2 (p? -1 0 0
Ta=0  p"(p-1/2 P2 (p - 172 P2 (p?+p) e e S
T#0)  (p"=2p" =1 -p"(p-1/2 p?(p-12 P2 (p?+p) 0 1
RT] Prp =PV (p=1/2  p(p-1)-p" P2 (p? -1 0 0
RT, Prp =PV (p=1/2  pM(p-1)-p" P2 (p? -1 0 0
RI}, pPrp =1 pmR(p-1j2  pFA.(p?—1) p2n2 . (p? — p) P2 0
RBI,,  p"(p—-1 -p"V(p-1j2  pPFtH.p(p-1) p22 . (p? - 1) 0 0
RBy, Pmp -1 P2 p(p—1) p2n=A (p2 -1 0 0
RBIy  p"(p—D-p"V(p—-1/2  p*F 2. p(p-1 p2n=A (p2 -1 0 0
RIy pPrp =1 p" M p—1/2  pFA.(p—1)? p2n =2 (p2 4 p) 0 P2
Table 4
Values of the characters of some induced representatio@s of
Type |nogn_11 |nd§n 1 |ndgx_11 Ind% 1
1 p2m-(p+1) p?p(p+D  pTD.(p+1) P2V p(p+1)
T(t=0) 0 0 0 0
T'(t£0) 0 0 0 0
B 1-[n=1] 0 1-[s=1] 0
T(t=0 2 2 2 2
Tt#0) 2 2 2 2
RT) 0 0 1 [s=1) 0
RT, 0 0 1-[s=1] 0
RI}, 0 0 P2V (p+ 1) s P2 p(p+ 1) - (uzn
RBI),, 0 0 PPV (p D) sl + p2 Y =1 P20 D p(p+ D) - (ur)
RBy PP u=m 0 POV (p+ D) s+ p20Y u=s-11 p20D p(p 4+ D) - )
RBl,, O 0 POY (p D) s+ pPOY =1 p2T D p(p D) - )
RI, 2p2H 2p2H P2 (p+ 1) - s+ 2p%H - [u<s] P2 p(p+ 1) - )+ 2p%H - (u<r]

geometrically disconnected and which has a right group acti@n afso defined ove). For a subgroug? of G,

let Xy (p™) be the quotient oiX (p") by H and Jy (p™) be its Jacobian (taken to be its Picard variety). If two
Abelian varietiesd; and A, defined overQ are isogenous ove we write A1 ~qg A». If they are isomorphic
overQ, we write A1 =g A».

Theorem 1.2. For eachn € N, we have

n n—1
Iv (P") > [ T80 (p") ~ In (p") > [T 1 (0")-
s=1 r=0
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Proof. Using the general method in [6], we deduce the theorem from the relation between induced representations
in Theorem 1.1. This generalizes the case 2 shown in [4]. O

For a non-negative integer let Xa_(pr) denote the quotient of the modular cut¥g(p”) by its Fricke involu-
tion W, where by convention we lé¥,» be the identity and(J (p") = Xo(p") if r = 0. Let Jo(p") andJ5 (p")
denote the Jacobians of the modular cur¥eép”) anan'(pr) respectively. LetVo(p?) andNar(pf) denote the
new quotients of/p(p’) and Jgr (p") respectively, defined as the quotients by the sums of images of degeneracy
morphisms from lower levels (cf. [10,12]).

Proposition 1.3. We have

r

r
Jo(p") ~o [ ] No(p’)r_ﬂrl and Ji (p") ~o l_[NO(pt)(r—t+l)/2
t=0 0

where by convention we let
s | No(pH)™'? if miseven
NO(Pt)m/ = 1\(m—1)/2 +ooty ;
No(p") x Ny (p") if misodd
Proof. In both cases one can construct a homomorphism from the left-hand side to the products on the right-hand
side using degeneracy morphisms. It suffices to verify that the induced map on the corresponding spaces of cus
forms of weight 2 is an isomorphism. This can be shown using the results of Atkin—Lehner theory [1], Theorem 5
and Lemma 26.
Using the facts that
In(p") =g Jg (™),
I1,(p") =g Jo(p?).
I, (P") Zq Jo(p® ),
which can be obtained from results in [8] or [16], and Theorem 1.2, we deduce that

n n—1
Iv(P") < [ [H® ™ ~a I (0*") x [ [ Jo(p™). O (2)
s=1 r=0

Theorem 1.4. For eachn € N, we have
n
Iv(p") ~a [ [ NG (P%).
r=0

Proof. This can be shown by counting the number of copied/gfp’) up to isogeny ovef) on both sides of (2)
using Proposition 1.3. O

We remark that the case= 1 and variants of it with additional level structure have been known to experts
for some time (cf. reference to Ligozat in [7] and Elkies in [5]). More recent references in the literature include
[2,6,14]. We also note that the special caée = 1, N~ = p?* of Corollary 3.3.2 in [13], derived by means of
trace formulae and Faltings’ isogeny theorem, is a variant of Theorem 1.4 where one considers Cartan subgroup
rather than the normalizers of Cartan subgrodpandN.
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Theorem 1.5. Suppose that the Birch and Swinnerton—Dyer conjecture holds for Abelian varieties. Then for each
n € N, the Abelian variety/y: (p™) has no non-zero ran@ quotient defined ove®.

Proof. The L-functions of the simple factors wg(pb) defined overQ are forced to vanish at= 1 by consid-
eration of signs in functional equations. Hence, every simple factor definec@omm’\faL (p?) has positive rank
over@Q by the Birch and Swinnerton—Dyer conjecturea

It has been known for some time that the modular cuXye(p) represents the most difficult case of Serre’s
question on the surjectivity of Galois representations associated to elliptic curves [15,9]. The results above show
that this difficulty does not disappear when the leyés$ replaced by a power of.

It would be interesting to determine an explicit description of the isogeny in Theorem 1.2. In the<dsen
explicit description was conjectured by Mérel [11] and subsequently proven in [3].
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