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Abstract

The abstract bounday of a normal complex-analytic surface singularity is canonically equipped with a contact structure.
We show that ifM is a rational homology sphere, then this contact structure is uniquely determined by the topological type
of M. An essential tool is the notion of open book carrying a contact structure, defined by E. Glioocixe this article:
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Résumé

Sur les bords de contact des singularités de surfaces normalés bord abstrail/ d’une singularité analytique complexe
de surface normale est canoniquement muni d’'une structure de contact. Nous montron&/ cest ghne sphére d’homologie
rationnelle, alors cette structure de contact est uniquement déterminée par le type topolodifjuerdeutil essentiel est la
notion de livre ouvert portant une structure de contact, définie par E. GiRaoux.citer cet article: C. Caubel, P. Popescu-
Pampu, C. R. Acad. Sci. Paris, Ser. | 339 (2004).

0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version frangaise abrégée

Soit (S,0) un germe d’espace analytigue complexe normal & singularité isolée. Le bord ab&iitde
(S, 0) est muni d’'une structure de cont&ctS) définie canoniquement & contactomorphisme pres par la structure
complexe du germe (Section 1). Nous nous intéressons au probléme suivant :

Une variété fermée orienté@d/ étant donnée, trouver le nombre de structures de contact distinctes
(& contactomorphisme presur M provenant d'un germe dont le bord abstrait est diffeomorpi.a

Notre résultat principal (Théoreme 1.2) concerne les sphéres d’homologie rationnelles de dimension 3 :

E-mail addressesclement.caubel@wanadoo.fr (C. Caubel), ppop@math.jussieu.fr (P. Popescu-Pampu).

1631-073X/$ — see front matterl 2004 Académie des sciences. PublishgdElsevier SAS. All rights reserved.
doi:10.1016/j.crma.2004.04.023



44 C. Caubel, P. Popescu-Pampu / C. R. Acad. Sci. Paris, Ser. | 339 (2004) 43-48

Si M est une sphere d’homologie rationnelle de dimengpalors M peut étre munie a contactomorphisme
prés d’au plus une structure de contact provenant d’'un germe de surface complexe normale.

Notre outil essentiel est celui désre ouvert portantune structure de contact, introduit par E. Giroux
(Définitions 2.2 et 2.3). Giroux montre que deux structures de contact de méme orientation et portées par le méme
livre ouvert sont isotopes. D’ou notre idée de prouver le Théoréme 1.2 en montrasitigephére d’homologie
rationnelle M est le bord abstrait d’'un germe de surface normale, alors la structure de contact associée est portée
par un livre ouvert déterminé a isomorphisme prés par la topologigde

Esquissons la preuve de cette affirmation. Supposons$ju® soit un germe de surface normale. On montre
d’abord que toute fonction holomorphe (S, 0) — (C, 0) a singularité isolée définit ulivre ouvert de Milnor
(N(f),0) surM(S) qui porte la structure de contagptS) (Proposition 2.4). Ensuite, on construit une fonctjon
dont I'entrelacg M (S), N(f)) a un type topologique déterminé par celuidéS) (Proposition 3.1). On conclut
en remarquant que sur une sphére d’homologie rationneli#atse d’isotopie de tout livre ouvert est déterminée
par celle de I'entrelacs orienté associé (Proposition 2.2).

Si M n’est pas une sphére d’homologie rationnelle, notre méthode permet seulement de difgpgueétre
munie a contactomorphisme prés d’au plus un nombre fini de structures de contact provenant d’'un germe de
surface complexe norma(roposition 4.1). Dans la Section 4 nous présns quelques idées qui permettraient
de faire des progrés dans cette direction.

1. Introduction

A contact structureon a(2n + 1)-dimensional manifold/ is a completely non-integrable smooth figldf
hyperplanes oM. This means that, locally, is the field of kernels of a smooth contact fosmi.e. a 1-form such
thata A (da)”" is nowhere vanishing. This shows that a contact structure on a 3-manifold automatically induces
an orientation.

Let (S, 0) be a germ of normal complex analytic space with isolated singularity, If. ., z; is a system of
generators of the idealts o of germs of holomorphic functions oS, 0) vanishing at 0, define the function
pi= 41 |zx|2. Then there exists amp > 0 such that the level se¥, := p~1(¢) is smooth for any positive
¢ < go. Furthermore, its diffeomorphism type does not depend on the choice of fungtions, z;. We call it
the abstract boundargf the germ(S, 0) and we denote it by (S). It is supposed oriented with the canonical
orientation obtained as the boundary of a neighborhood ofd in

If f e Mg ohas an isolated singularity at 0, then for 0 sufficiently smalf f = 0} cutsM, transversally and
the oriented diffeomorphism type of the p&¥., M. N {f = 0}) does not depend on the choices. We cathé
abstract linkof the functionf and we denote it byM (S), N(f)).

Notice now that the functiomp is strictly plurisubharmonic (abridgedpsh on S \ {0}, for any representative
of S. This implies that for any positive < ¢, the fieldé, of tangent hyperplanes td, which are kept invariant
by the complex multiplication is a contact structuredp. Varchenko showed in [11] #t this contact structure is
also independent on the choices, and so we get a well-defined oriented contact m@ifs)ds (S)). We call it
the contact boundargf S.

Definition 1.1. Let (M, &) be a connected closed oriented contact manifold. If there exists a geré of
normal complex analytic space with isolated singularity such thats) is isomorphic to the contact boundary
(M(S), £(S)) of S, we say thatM, &) admits a Milnor filling(or is Milnor fillable).

The name is motivated by the fact that in the casesofated hypersurface singularities (studied by Milnor
in [7]), the contact boundaries are obtained by intersecting the hypersurface with so-called Milnor spheres. In [3],
the first author and M. Tifr surveyed results on contact boundariesabited singularities, as well as some open
problems. Here we deal with the following one:
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Problem. An oriented closed manifold/ being given, find the number of distinct (up to contactomorphism)
contact structures oM which admit a Milnor filling.

In fact, for the moment this problem only seems tractable in dimension 3:

— the class of 3-dimensional manifolds whichsarias abstract boundaries of singularities is known (see
Neumann [8]). It is precisely the class of graph-manifolds which are obtained by plumbing along a weighted
graph which has a negative definite intersection form.

— in higher dimension, the situation is much more complicated. For instance, the infinite number of different
contact structures on the sphe#t1, n > 1, discovered by Ustilovsky [10], all admit a Milnor filling.

Our main result, proved at the end of Section 3, concerns 3-dimensadizalal homology spherese. oriented
closed connected real 3-manifoltis such thatHy (M, Q) = 0:

Theorem 1.2.1f the 3-manifoldM is a rational homology sphere, then there is at most one isomorphism class of
contact structures on it which admits a Milnor filling.

2. Carrying open books for contact boundaries

We use as the main tool for studying contact manifolds the notiopeh book carrying a contact structuie-
fined by E. Giroux in [4]. We will give its definition aftdraving remindedte classical definition of an open book.
This was introduced in the context of singularity theory by Milnor [7]. The name seems to appear slightly later.

Definition 2.1. An open bookwith binding N in a manifoldM is a couple(N, 6), whereN is a (not necessarily
connected) codimension-2 closed submanifoldMfand9: M \ N — St is a smooth fibration which in a
neighborhoodv x D? of N coincides with the angular coordinate.

In the previous definition, the malg(N) — N x D? which trivializes a tubular neighborhood &f in M is
supposed to be differentiable.M and N are oriented, the co-orientation of a fiberéofiven bydé induces an
orientation of this fiber. If this orientation induces the given orientation of its boundlame say tha(n, 6) is
compatible with the orientationg he open booksN, 0) and (N’, 8’) on the manifoldsV, respectivelyM’ are
saidisomorphidif there exists an orientation-preserving diffeomorphisniM, N) — (M’, N") which carries the
fibers off in fibers of’.

Main example.Let (M., M. N {f = 0}) be a representative of the abstract link of a functfoan the singularity
(S, 0), as defined in the introduction. Then the functiba= arg( 1) : M, \ (M. N{f = 0}) — S* defines, for > 0
sufficiently small, an open book compatible with the orientation@#f, M, N{f = 0}) >~ (M(S), N(f)). We call
Milnor open boolkassociated tgf any open book on the abstract boundary®f0) isomorphic to such one.

The following proposition shows that, in 3-dimensiorational homology sphereany open book is determined
up to an isotopy by its binding alone.

Proposition 2.2.Let M be a3-dimensional rational homology sphere and Mtbe an oriented link inV. If N
is the binding of an open book compatible with the orientation&éWf N), then this open book is unique up to
isotopy.

Sketch of proof. By Alexander duality with coefficients irQ (see Massey [6] for the version we use),
Hi(M \ N,Q) ~ HYN,Q) and soH1(M \ N, Q) is generated by loops linking positively each component
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of N. If F is the closure of a fiber of, its intersection number with any of these loops+$. By applying
Lefschetz duality orM \ U (N), whereU (N) is an open regular neighborhood8f we see that the class &fin
Ha(M \ U(N),dU(N), Q) is determined by the coupl@?, N). By applying results of Stallings and Waldhausen
(see Cantwell, Conlon [2] and the references therein), we get that the isotopy type of the folialibh O{N)
formed by the fibers of is determined byM, N). 0O

Now let us come to the relation between contact structures and open books.

Definition 2.3. A contact structuré on M is carried by an open booknV, 6) if it admits a defining contact form
a which verifies the following:

e « induces a contact structure o

e du induces a symplectic structure on each fibef jof

o the orientation ofV as defined byr coincides with its orientation as the boundary of the symplectic fibers
of 6.

Giroux proved (see [4] and [5]) than a 3-manifold, two contact structures inducing the same orientation and
carried by the same open book are isotof8o, in order to show that two contact structures on a given 3-manifold
are isomorphic, it is enough to show that they are carried by isomorphic open books.

However, we have the following:

Proposition 2.4.Let (S, 0) be a normal complex analytic germ with an isolated singularity gnd Ms o be a
germ which has an isolated singularity @t Then the natural contact structuggS) on the abstract boundary
M (S) is carried by a Milnor open book associated fo

Sketch of proof. We follow the method given by Giroux in [5] in the case whéfe0) is smooth. Leksq, ..., zg

andp be defined as in section 1. Lat e N* andc: (0, +00) — (0, +00), ¢(¢) =&~ V. Fore > 0, let C, be the
subspace of defined by the equation + c(¢)| f|2 = £2. Then we show that foN large enough and > 0 small
enough:

— the levelC, are contact isotopic to the contact bounda#yS);
— 6 = arg f) defines an open book on them which is a Milnor open book;of
— this open book carries the natural contact structur€.on O

This gave us the idea to prove Theorem 1.2 by showingttieae exists on any Milnor filling a# a function
whose Milnor open book is determined by the topologyfofProposition 2.2 shows that, faf a 3-dimensional
rational homology sphere, it is enough to find a functidmoge abstract link, which is the binding of its Milnor
open book, is so determined. This is what we do in the next section.

3. Construction of a Milnor open book with prescribed binding

Let us restrict now to the case where dith = 2. Let p: (X, E) — (S, 0) be thegood minimal resolution
of (S,0). Namely, X is smooth,p is proper and realises an isomorphism o$ey {0}, the set-theoretical fibre
E =)"i_, E; over Ois a divisor with normal crossings having smooth irreducible compo#gaisd p is minimal
with these properties. ID is a divisor onX, we denote by D| its support. There exists a unique decomposition
D = D, + Dg such thatD.| C |E| and no component diDy| is included in| E|. We call D, the exceptional part
of D and Dy the strict partof D. We say also thab, is purely exceptional
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The following proposition was proved icollaboration with A. Némethi:

Proposition 3.1.Let D be a purely exceptional effective divisor @h such thattD + E + Kx) - E; + 3 < 0 for
anyi € {1,...,r}. Denote by; : ¥ — X the morphism obtained by blowing-up all the singular point&€of.et 0
denote the exceptional divisor @f Then there exists a functighe M s o with isolated singularity a0 such that
div(f o p o q) is a divisor with normal crossings whose exceptional paiti€D) + Q. In particular, the topology
of div(f o p o g) only depends ob.

Sketch of proof. We use the following vanishing theorem, proved @d®scu [1], page 53, and attributed there to
Laufer and Ramanujam:

If L is a divisor onX suchthatL - E; > K5 - E;, Vi € {1, ..., n}, thenHY(Ox (L)) = 0.

We apply the theorem td. = —D — E. So, our hypothesis implies th&i1(Ox(—D — E)) = 0. Then,
from the exact cohomology sequence associated to the short exact sequence of she@yesadules
0— Ox(-D—E)— Ox(—=D — Z#i Ej) L Og; (=D — Z#i E;) — 0 we deduce theurjectivity of the
restriction mapyi,: H9(Ox (=D — Y., Ej)) > H(Ok, (=D = }_ ;; E))).

At this point we have only used the fact th@? + E + Kx) - E; < 0. Now we use the stronger inequality
(D+ E+ Kyx) - E; +3<0. This implies, by the adjunction formula, thagt D — Z#i Ej)-E; > 2g(E)+1,
which shows that the line bundl@g, (—D — Z#i E;)) is very ample. So, there exists a non-identically zero
sections; € HO(OEi(—D — Z#i E;)), which cutsk; transversely and only in points df; \ U#i E;. The
surjectivity of ;. implies that there exists; € HY(Ox(—D — Z#i E;)) such thaty;.(o;) = s;. As (S,0) is
normal, there existg; € Ms o with o; = f; o p. Our hypothesis op; implies thatf; has an isolated singularity
at 0 and that the divisor diy; o p) has normal crossings in a neighborhoodf Then one shows by analyzing
what happens in local coordinatethat any lineacombinationf =) ":_; 2; f; of the functions so constructed,
with A; £0,Vi € {1, ..., r}, verifiesF, = g*(D) + Q, whereF =div(f o p o q).

Let E be the exceptional divisor gf o g. ThenF - E; = 0 for any componen; of E, which shows that
F, - Ex = —(g*(D) + 0)- Ey. But since by construction all the components Kf are smooth and cuky
transversely outS|deEk N (U,ikEl) the divisor D determines the topology ofy near Ek It follows that the
topology of F only dependso®. 0O

Remark. A divisor D which verifies the hypothesis of the preus proposition always exists. Moreover, one can
also assume thdb is fixed by the automorphism group of the dual graptEgfnveighted by the self-intersection
numbersEiZ. Indeed, one can take a sufficiently high multiple of the sEq;ly(Do), where Dg is any effective
divisor which verifiesDg - E; < 0,Vi € {1, ..., r} andy varies among the elements of the automorphism group.

Proof of Theorem 1.2. SupposeM is a 3-dimensional rational homology sphere which admits a Milnor filling.
Let (S, 0) be a germ of normal surface which satisfigsS) ~ M. By W. Neumann'’s work [8], the topology of
the minimal good resolution afS, 0) is determined by. Choose a divisoD which verifies the hypothesis of
Proposition 3.1. Then this choioaly depends on the topology &f.

Now let f € M o be a function associated i by this proposition. Thet determines the topological type
of the divisor di f o p o ¢) and so, by plumbing, of the linkM (S), N(f)). By Proposition 2.2M (S) being a
rational homology sphere, the isomorphism type of the Milnor open B&@k ), 6) is thus also determined by.
Since by Proposition 2.4, this op&ook carries the contact structuyéS), we are done. Moreover, the previous
remark shows th&(S) is invariant by a big subgroup of the mapping class grou¢f). 0O
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4. Perspectives

When the closed oriented 3-manifald is not a rational homology spherégtconclusion of proposition 2.2 is
no longer true, even ifM, N) is the abstract boundary of a p&f, { f = 0}). Indeed, Pichon gave in [9] an example
of two topologically equivalent such pairs, but which determine non-isomorphic Milnor open books. Moreover, she
gives an algorithm which determinesyfeach fixed topological type of the pdi¥, N), the topological types of
the associated Milnor open books. As this algorithm shows that there is only a finite number of such topological
types, we get:

Proposition 4.1.Any closed oriented 3-manifold admits at most a finite number of Milnor fillable contact structures
up to contactomorphism.

In [4], Giroux gave a topological criterion to determine if two open books on the same 3-manifold carry isotopic
contact structuresn a closed 3-dimensional manifold, two open books which carry isotopic contact structures
have isotopic stabilizationdor details, see [4] and [5]).

The Milnor open books have geometric monodromies which are quasi-finite. Pichon gave in [9] a coding of
quasi-finite monodromies, following ideas of Nielsen. In order to extend our method to manifolds which are not
rational homology spheres, one should figste an algorithm to decide if two open books having quasi-finite
monodromies have ismpic stabilizations

In the opposite direction, if one proves that for some 3-manifold there is only one isomorphism class of Milnor
fillable contact structures, one gets an infinite familyopen books which have isotopitabilizations. This is for
example the case for the class of rational homology spheeeconsidered in this note. To our knowledge, presently
there is no other method to prove that they are stably equivalent.
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