
cture.
al type

e
ie

cture

ctes

:

C. R. Acad. Sci. Paris, Ser. I 339 (2004) 43–48

Differential Topology/Analytic Geometry

On the contact boundaries of normal surface singularities

Clément Caubela, Patrick Popescu-Pampub

a 5, rue Henri Poincaré, 75020 Paris, France
b Univ. Paris 7 Denis Diderot, inst. de maths.–UMR CNRS 7586, équipe « Géométrie et dynamique », case 7012, 2, place Jussieu,

75251 Paris cedex 05, France

Received 23 February 2004; accepted after revision 20 April 2004

Available online 28 May 2004

Presented by Étienne Ghys

Abstract

The abstract boundaryM of a normal complex-analytic surface singularity is canonically equipped with a contact stru
We show that ifM is a rational homology sphere, then this contact structure is uniquely determined by the topologic
of M . An essential tool is the notion of open book carrying a contact structure, defined by E. Giroux.To cite this article:
C. Caubel, P. Popescu-Pampu, C. R. Acad. Sci. Paris, Ser. I 339 (2004).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Sur les bords de contact des singularités de surfaces normales.Le bord abstraitM d’une singularité analytique complex
de surface normale est canoniquement muni d’une structure de contact. Nous montrons que siM est une sphère d’homolog
rationnelle, alors cette structure de contact est uniquement déterminée par le type topologique deM . Un outil essentiel est la
notion de livre ouvert portant une structure de contact, définie par E. Giroux.Pour citer cet article : C. Caubel, P. Popescu-
Pampu, C. R. Acad. Sci. Paris, Ser. I 339 (2004).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version française abrégée

Soit (S,0) un germe d’espace analytique complexe normal à singularité isolée. Le bord abstraitM(S) de
(S,0) est muni d’une structure de contactξ(S) définie canoniquement à contactomorphisme près par la stru
complexe du germe (Section 1). Nous nous intéressons au problème suivant :

Une variété fermée orientéeM étant donnée, trouver le nombre de structures de contact distin
(à contactomorphisme près) surM provenant d’un germe dont le bord abstrait est difféomorphe àM.

Notre résultat principal (Théorème 1.2) concerne les sphères d’homologie rationnelles de dimension 3
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1631-073X/$ – see front matter 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.
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Si M est une sphère d’homologie rationnelle de dimension3, alors M peut être munie à contactomorphism
près d’au plus une structure de contact provenant d’un germe de surface complexe normale.

Notre outil essentiel est celui delivre ouvert portantune structure de contact, introduit par E. Giro
(Définitions 2.2 et 2.3). Giroux montre que deux structures de contact de même orientation et portées par
livre ouvert sont isotopes. D’où notre idée de prouver le Théorème 1.2 en montrant quesi la sphère d’homologie
rationnelleM est le bord abstrait d’un germe de surface normale, alors la structure de contact associée est
par un livre ouvert déterminé à isomorphisme près par la topologie deM.

Esquissons la preuve de cette affirmation. Supposons que(S,0) soit un germe de surface normale. On mon
d’abord que toute fonction holomorphef : (S,0) → (C,0) à singularité isolée définit unlivre ouvert de Milnor
(N(f ), θ) surM(S) qui porte la structure de contactξ(S) (Proposition 2.4). Ensuite, on construit une fonctionf

dont l’entrelacs(M(S),N(f )) a un type topologique déterminé par celui deM(S) (Proposition 3.1). On conclu
en remarquant que sur une sphère d’homologie rationnelle, la classe d’isotopie de tout livre ouvert est détermi
par celle de l’entrelacs orienté associé (Proposition 2.2).

Si M n’est pas une sphère d’homologie rationnelle, notre méthode permet seulement de dire queM peut être
munie à contactomorphisme près d’au plus un nombre fini de structures de contact provenant d’un ge
surface complexe normale(Proposition 4.1). Dans la Section 4 nous présentons quelques idées qui permettrai
de faire des progrès dans cette direction.

1. Introduction

A contact structureon a (2n + 1)-dimensional manifoldM is a completely non-integrable smooth fieldξ of
hyperplanes onM. This means that, locally,ξ is the field of kernels of a smooth contact formα, i.e. a 1-form such
thatα ∧ (dα)∧n is nowhere vanishing. This shows that a contact structure on a 3-manifold automatically in
an orientation.

Let (S,0) be a germ of normal complex analytic space with isolated singularity. Ifz1, . . . , zs is a system of
generators of the idealMS,0 of germs of holomorphic functions on(S,0) vanishing at 0, define the functio
ρ := ∑s

k=1 |zk|2. Then there exists anε0 > 0 such that the level setMε := ρ−1(ε) is smooth for any positive
ε < ε0. Furthermore, its diffeomorphism type does not depend on the choice of functionsz1, . . . , zs . We call it
the abstract boundaryof the germ(S,0) and we denote it byM(S). It is supposed oriented with the canonic
orientation obtained as the boundary of a neighborhood of 0 inS.

If f ∈ MS,0 has an isolated singularity at 0, then forε > 0 sufficiently small{f = 0} cutsMε transversally and
the oriented diffeomorphism type of the pair(Mε,Mε ∩ {f = 0}) does not depend on the choices. We call itthe
abstract linkof the functionf and we denote it by(M(S),N(f )).

Notice now that the functionρ is strictly plurisubharmonic (abridged:spsh) on S \ {0}, for any representativ
of S. This implies that for any positiveε < ε0, the fieldξε of tangent hyperplanes toMε which are kept invarian
by the complex multiplication is a contact structure onMε . Varchenko showed in [11] that this contact structure i
also independent on the choices, and so we get a well-defined oriented contact manifold(M(S), ξ(S)). We call it
the contact boundaryof S.

Definition 1.1. Let (M, ξ) be a connected closed oriented contact manifold. If there exists a germ(S,0) of
normal complex analytic space with isolated singularity such that(M, ξ) is isomorphic to the contact bounda
(M(S), ξ(S)) of S, we say that(M, ξ) admits a Milnor filling(or isMilnor fillable).

The name is motivated by the fact that in the case of isolated hypersurface singularities (studied by Miln
in [7]), the contact boundaries are obtained by intersecting the hypersurface with so-called Milnor sphere
the first author and M. Tib̆ar surveyed results on contact boundaries of isolated singularities, as well as some op
problems. Here we deal with the following one:
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Problem. An oriented closed manifoldM being given, find the number of distinct (up to contactomorphi
contact structures onM which admit a Milnor filling.

In fact, for the moment this problem only seems tractable in dimension 3:

– the class of 3-dimensional manifolds which arise as abstract boundaries of singularities is known
Neumann [8]). It is precisely the class of graph-manifolds which are obtained by plumbing along a we
graph which has a negative definite intersection form.

– in higher dimension, the situation is much more complicated. For instance, the infinite number of d
contact structures on the spheresS4n+1, n � 1, discovered by Ustilovsky [10], all admit a Milnor filling.

Our main result, proved at the end of Section 3, concerns 3-dimensionalrational homology spheres, i.e. oriented
closed connected real 3-manifoldsM such thatH1(M,Q) = 0:

Theorem 1.2.If the 3-manifoldM is a rational homology sphere, then there is at most one isomorphism cla
contact structures on it which admits a Milnor filling.

2. Carrying open books for contact boundaries

We use as the main tool for studying contact manifolds the notion ofopen book carrying a contact structure, de-
fined by E. Giroux in [4]. We will give its definition afterhaving reminded the classical definition of an open boo
This was introduced in the context of singularity theory by Milnor [7]. The name seems to appear slightly la

Definition 2.1. An open bookwith bindingN in a manifoldM is a couple(N, θ), whereN is a (not necessaril
connected) codimension-2 closed submanifold ofM and θ :M \ N → S1 is a smooth fibration which in
neighborhoodN × D2 of N coincides with the angular coordinate.

In the previous definition, the mapU(N) → N × D2 which trivializes a tubular neighborhood ofN in M is
supposed to be differentiable. IfM andN are oriented, the co-orientation of a fiber ofθ given bydθ induces an
orientation of this fiber. If this orientation induces the given orientation of its boundaryN , we say that(N, θ) is
compatible with the orientations. The open books(N, θ) and(N ′, θ ′) on the manifoldsM, respectivelyM ′ are
saidisomorphicif there exists an orientation-preserving diffeomorphismφ : (M,N) → (M ′,N ′) which carries the
fibers ofθ in fibers ofθ ′.

Main example.Let (Mε,Mε ∩ {f = 0}) be a representative of the abstract link of a functionf on the singularity
(S,0), as defined in the introduction. Then the functionθ := arg(f ) :Mε \ (Mε ∩ {f = 0}) → S1 defines, forε > 0
sufficiently small, an open book compatible with the orientations of(Mε,Mε ∩{f = 0}) � (M(S),N(f )). We call
Milnor open bookassociated tof any open book on the abstract boundary of(S,0) isomorphic to such one.

The following proposition shows that, in 3-dimensional rational homology spheres,any open book is determine
up to an isotopy by its binding alone.

Proposition 2.2.Let M be a3-dimensional rational homology sphere and letN be an oriented link inM. If N

is the binding of an open book compatible with the orientations of(M,N), then this open book is unique up
isotopy.

Sketch of proof. By Alexander duality with coefficients inQ (see Massey [6] for the version we us
H1(M \ N,Q) � H 1(N,Q) and soH1(M \ N,Q) is generated by loops linking positively each compon
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of N . If F is the closure of a fiber ofθ , its intersection number with any of these loops is+1. By applying
Lefschetz duality onM \ U(N), whereU(N) is an open regular neighborhood ofN , we see that the class ofF in
H2(M \ U(N), ∂U(N),Q) is determined by the couple(M,N). By applying results of Stallings and Waldhaus
(see Cantwell, Conlon [2] and the references therein), we get that the isotopy type of the foliation onM \ U(N)

formed by the fibers ofθ is determined by(M,N). �
Now let us come to the relation between contact structures and open books.

Definition 2.3. A contact structureξ on M is carried by an open book(N, θ) if it admits a defining contact form
α which verifies the following:

• α induces a contact structure onN ;
• dα induces a symplectic structure on each fiber ofθ ;
• the orientation ofN as defined byα coincides with its orientation as the boundary of the symplectic fi

of θ .

Giroux proved (see [4] and [5]) thaton a 3-manifold, two contact structures inducing the same orientation
carried by the same open book are isotopic. So, in order to show that two contact structures on a given 3-man
are isomorphic, it is enough to show that they are carried by isomorphic open books.

However, we have the following:

Proposition 2.4.Let (S,0) be a normal complex analytic germ with an isolated singularity andf ∈ MS,0 be a
germ which has an isolated singularity at0. Then the natural contact structureξ(S) on the abstract boundar
M(S) is carried by a Milnor open book associated tof .

Sketch of proof. We follow the method given by Giroux in [5] in the case where(S,0) is smooth. Letz1, . . . , zs

andρ be defined as in section 1. LetN ∈ N∗ andc : (0,+∞) → (0,+∞), c(ε) = ε−N . For ε > 0, let Cε be the
subspace ofS defined by the equationρ + c(ε)|f |2 = ε2. Then we show that forN large enough andε > 0 small
enough:

– the levelsCε are contact isotopic to the contact boundaryM(S);
– θ = arg(f ) defines an open book on them which is a Milnor open book off ;
– this open book carries the natural contact structure onCε . �
This gave us the idea to prove Theorem 1.2 by showing thatthere exists on any Milnor filling ofM a function

whose Milnor open book is determined by the topology ofM. Proposition 2.2 shows that, forM a 3-dimensiona
rational homology sphere, it is enough to find a function whose abstract link, which is the binding of its Miln
open book, is so determined. This is what we do in the next section.

3. Construction of a Milnor open book with prescribed binding

Let us restrict now to the case where dimC S = 2. Let p : (Σ,E) → (S,0) be thegood minimal resolution
of (S,0). Namely,Σ is smooth,p is proper and realises an isomorphism overS \ {0}, the set-theoretical fibr
E = ∑r

i=1 Ei over 0 is a divisor with normal crossings having smooth irreducible componentsEi andp is minimal
with these properties. IfD is a divisor onΣ , we denote by|D| its support. There exists a unique decomposi
D = De + Ds such that|De| ⊂ |E| and no component of|Ds | is included in|E|. We callDe the exceptional par
of D andDs the strict partof D. We say also thatDe is purely exceptional.
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The following proposition was proved in collaboration with A. Némethi:

Proposition 3.1.Let D be a purely exceptional effective divisor onΣ , such that(D + E + KΣ) · Ei + 3 � 0 for
anyi ∈ {1, . . . , r}. Denote byq : Σ̃ → Σ the morphism obtained by blowing-up all the singular points ofE. LetQ
denote the exceptional divisor ofq . Then there exists a functionf ∈MS,0 with isolated singularity at0 such that
div(f ◦ p ◦ q) is a divisor with normal crossings whose exceptional part isq∗(D) + Q. In particular, the topology
of div(f ◦ p ◦ q) only depends onD.

Sketch of proof. We use the following vanishing theorem, proved in Bădescu [1], page 53, and attributed there
Laufer and Ramanujam:

If L is a divisor onΣ such thatL · Ei � KΣ · Ei , ∀i ∈ {1, . . . , n}, thenH 1(OΣ(L)) = 0.
We apply the theorem toL = −D − E. So, our hypothesis implies thatH 1(OΣ(−D − E)) = 0. Then,

from the exact cohomology sequence associated to the short exact sequence of sheaves ofOΣ -modules

0 → OΣ(−D − E) →OΣ(−D − ∑
j �=i Ej )

ψi−→ OEi (−D − ∑
j �=i Ej ) → 0 we deduce thesurjectivity of the

restriction mapψi∗ :H 0(OΣ(−D − ∑
j �=i Ej )) → H 0(OEi (−D − ∑

j �=i Ej )).
At this point we have only used the fact that(D + E + KΣ) · Ei � 0. Now we use the stronger inequali

(D + E + KΣ) · Ei + 3 � 0. This implies, by the adjunction formula, that(−D − ∑
j �=i Ej ) · Ei � 2g(Ei) + 1,

which shows that the line bundleOEi (−D − ∑
j �=i Ej )) is very ample. So, there exists a non-identically z

sectionsi ∈ H 0(OEi (−D − ∑
j �=i Ej )), which cutsEi transversely and only in points ofEi \ ⋃

j �=i Ej . The

surjectivity of ψi∗ implies that there existsσi ∈ H 0(OΣ(−D − ∑
j �=i Ej )) such thatψi∗(σi) = si . As (S,0) is

normal, there existsfi ∈ MS,0 with σi = fi ◦ p. Our hypothesis onsi implies thatfi has an isolated singularit
at 0 and that the divisor div(fi ◦ p) has normal crossings in a neighborhood ofEi . Then one shows by analyzin
what happens in local coordinates, that any linearcombinationf = ∑r

i=1 λifi of the functions so constructe
with λi �= 0, ∀i ∈ {1, . . . , r}, verifiesFe = q∗(D) + Q, whereF = div(f ◦ p ◦ q).

Let Ẽ be the exceptional divisor ofp ◦ q . ThenF · Ẽk = 0 for any component̃Ek of Ẽ, which shows tha
Fs · Ẽk = −(q∗(D) + Q) · Ẽk. But since by construction all the components ofFs are smooth and cut̃Ek

transversely outsidẽEk ∩ (∪l �=kẼl), the divisorD determines the topology ofFs near Ẽk . It follows that the
topology ofF only depends onD. �

Remark. A divisor D which verifies the hypothesis of the previous proposition always exists. Moreover, one c
also assume thatD is fixed by the automorphism group of the dual graph ofE, weighted by the self-intersectio
numbersE2

i . Indeed, one can take a sufficiently high multiple of the sum
∑

γ γ (D0), whereD0 is any effective
divisor which verifiesD0 · Ei < 0, ∀i ∈ {1, . . . , r} andγ varies among the elements of the automorphism grou

Proof of Theorem 1.2. SupposeM is a 3-dimensional rational homology sphere which admits a Milnor fill
Let (S,0) be a germ of normal surface which satisfiesM(S) � M. By W. Neumann’s work [8], the topology o
the minimal good resolution of(S,0) is determined byM. Choose a divisorD which verifies the hypothesis o
Proposition 3.1. Then this choiceonly depends on the topology ofM.

Now let f ∈ MS,0 be a function associated toD by this proposition. ThenD determines the topological typ
of the divisor div(f ◦ p ◦ q) and so, by plumbing, of the link(M(S),N(f )). By Proposition 2.2,M(S) being a
rational homology sphere, the isomorphism type of the Milnor open book(N(f ), θ) is thus also determined byD.
Since by Proposition 2.4, this openbook carries the contact structureξ(S), we are done. Moreover, the previo
remark shows thatξ(S) is invariant by a big subgroup of the mapping class group ofM(S). �
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4. Perspectives

When the closed oriented 3-manifoldM is not a rational homology sphere, the conclusion of proposition 2.2
no longer true, even if(M,N) is the abstract boundary of a pair(S, {f = 0}). Indeed, Pichon gave in [9] an examp
of two topologically equivalent such pairs, but which determine non-isomorphic Milnor open books. Moreov
gives an algorithm which determines, for each fixed topological type of the pair(M,N), the topological types o
the associated Milnor open books. As this algorithm shows that there is only a finite number of such top
types, we get:

Proposition 4.1.Any closed oriented 3-manifold admits at most a finite number of Milnor fillable contact struc
up to contactomorphism.

In [4], Giroux gave a topological criterion to determine if two open books on the same 3-manifold carry is
contact structures:in a closed 3-dimensional manifold, two open books which carry isotopic contact struc
have isotopic stabilizations(for details, see [4] and [5]).

The Milnor open books have geometric monodromies which are quasi-finite. Pichon gave in [9] a co
quasi-finite monodromies, following ideas of Nielsen. In order to extend our method to manifolds which a
rational homology spheres, one should firstgive an algorithm to decide if two open books having quasi-fi
monodromies have isotopic stabilizations.

In the opposite direction, if one proves that for some 3-manifold there is only one isomorphism class of
fillable contact structures, one gets an infinite family ofopen books which have isotopic stabilizations. This is for
example the case for the class of rational homology spheres we considered in this note. To our knowledge, prese
there is no other method to prove that they are stably equivalent.
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