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Abstract

A nonconforming finite element method is introduced to approximate triharmonic boundary value problEﬁnsainong
other applications. It is constructed upon tetrahedra and piecewise cubic representations. The finite element can be viewed &
the primitive of a quadratic one proposed by the first author to solve biharmonic problems, which can be considered in turn as
the three-dimensional analogue of the well-known Morley triangle. The new method is proven to be first order convergent in
the natural discret& 3-norm for the problem under consideratidia cite this article: V. Ruaset al., C. R. Acad. Sci. Paris,
Ser. | 338 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Approximation externe de H3(£2) dans un domaine borné der3 par des fonctions cubiques par morceaux faiblement
de classeC2. On introduit une méthode d’éléments finis non conformes pour résoudre des problémes aux limites triharmoniques
tridimensionnels, entre autrepications. L'élément fini est basé sur des mag#la en tétraedres et desctions cubiques par
morceaux. Il est une sorte de primitive d’'un autre élément fini quadratique proposé par le premier auteur, pour résoudre des
problémes biharmoniques, ce dernier étant & son tour la version tridimensionnelle du trés classique triangle de Morley. On
établit pour la nouvelle méthode des résultats de convergence au premier ordre dans |&Aaliseréte, naturelle pour le
probléme considéréour citer cet article: V. Ruaset al., C. R. Acad. Sci. Paris, Ser. | 338 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version frangaise abrégée

Soit £2 un domaine borné d&” de frontiérel". L'approximation interne d’espaces de Sobolé¥ (£2) pour
m > 2 par des fonctions polynomiales par morceaux, lorsgue2 pose des problémes de construction algébrique
de grande complexité. Ceci conduit naturellement a I'emploi d’approximations externes employant des polynémes
d’'ordre plus bas dont la qualité est assurée, pourvu guérdees des polynémes aux interfaces des éléments
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de la partition du domaine utilisée possedent des propriétés de raccord minimales. Or méme dans ce cas peu (
constructions sont connues pout- 2. Ici on introduit une approximation externe de type éléments finis pour
n =m = 3, basée sur des maillages en tétraedres.

Pour ce faire on emploie les notations suivantes associées a un térakdsandices, j, k, [ étantdistincts et
parcourantl’ensembld, 2, 3, 4}, S; désigne un sommet de; F; représente la face deopposée &; ; G; désigne
le barycentre de la facé; ; 82(-)/8;11.2 exprime la dérivée seconde normale extérieutE as;; représente la

longueur de l'arétes; S; ; fij est le vecteur unitaire dg; orthogonal a I'arétes; S; orientée de celle-ci vers; ;
d(-)/d7/ exprime la dérivée premiére dans la directiorrde
Maintenant, on définit SUE2(T') les trois types de fonctionnelles (degrés de liberté) suivantg, @présente
une fonction générique de cet espace :
N

; 1 (9 . . 92

Fi(p):=p(Si); Fl(p) :=—/—p.ds, i, j, k,ldistinct; F/(p) 3:—§(Gj)- 1)
Ssz 81:1.1 anj

k

Désormais on suppose que le domaihest un polyedre. Ce faisant on considére un maillage ée tetraédres
noté 7,, satisfaisant les conditions de mpatibilité habituelles relativeemt a la méthode des éléments finis.
Comme a I'accoltumé, on suppose aussi fuappartient a une famille réguliéfe@ de maillages en tétraedres,
h désignant la plus grande aréte de tous les tétraédres du maillage.

Les trois types de fonctionnelles définis par (1) engendrent les vingt degrés de liberté du nouvel élément fini,
lequel a son tour sert a définir I'espace de fonctiBpgassocié &, de la fagcon suivante.

SoitW, ={v | vr € P3, VT € 73}, P, étantl'espace des polyndmes de degré inférieur ou eégal@n définit
I'espaceV;, en tant que le sousespacelg des fonction® continues aux sommets des élémentgdedelles que
les dérivées normales secondes au barycentre de toute face commune a deux tétragdfes destrictions de
a ces éléments sont identiques, et telles que les moyennes simples le long de toute aréte commune a des tétraéd
de 7, des projections du gradient sur le plan orthogonal a cette aréte des restrictioasxdéléments contenant
celle-ci coincident. La possibilité de procéder a une telle construction est démontrée dans la Section 2. En fait elle
découle du fait qu’on peut exhiber vingt fonctions de base de I'espaaans chaque tétraédre, associées aux
fonctionnelles définies plus haut.

Maintenant on introduit la semi-nornje |3, de V}, donnée par (6), o@TaaH(f) est le tenseur du 3-éme
ordre surR® composé des dérivées premiére du hesai¢fi) d’une fonctionf, et I'expressioriD| représente la
norme euclidienne standard d’un tens@ud’ordre quelconque.- |3, S'étend de fagon évidente aux fonctians
de H3(£2), auquel cas elle n’est autre que la semi-norme standard de cet espace.

Entre autres applications (cf. [6]) de I'élément fini qu’on vient de définir, on va considérer la résolution du
probléme triharmonique suivant ou, pofie L2(£2) donnéey < H03(Q) :

—A%u= f. 2)
Afin d’approcher cette équation, on définit le sous-espadé;?ct& V,, des fonctions telles que les fonctionnelles

Fi(ur), J—"i’ (vir) etF/(vr) pourT € T, s'annulent respectivement, en tout sommet appartenAnisar toute
aréte située sur et sur toute face contenue dans Notons que suit/,fJ | - |3,» est bien une norme, comme on
peut démontrer aisément. Ce faisant, poi(, -) et L(-) définis dans (4), on pose le probléme approché de trouver
uy € VP vérifiant :

ap(up,v) =L{w) VYve Vho, (3
an(u,v) =Y /gr_a’dH(u|T) -gradH(vr)dx, Vu,veVyi+H3(R2); L(v) ::/fvdx, (4)
TEIZET 2

ou ci-dessu® - £ désigne le produit scalaire euclidien standard de deux tenBeer§ d’ordre quelconque. Nous
avons alors le résultat de convergence suivant:siH*(£2), Au € H3(£2) et A%y € H3(£2), alors il existe une
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constante” indépendante dk telle qu’on ait :
u = unlan < Clhllulla+ hllAullz+ 1| A%u,]. (5)
1. Introduction

Let £2 be abounded domain &' andI” be its boundary. The internal approximation of Sobolev space&?)
for m > 2 by piecewise polynomial functions whenewer 2 is a matter of great complexity in terms of algebraic
constructions. Even in the case whare- 2 andm = 2 the known constructions are rather elaborate (cf. [2]), let
alone the three-dimensional case, where the use of such approximation methods becomes unreasonable. This fe
naturally leads to external approximations, that is, eedt-called nonconforming methods when dealing with finite
element approximations. In this case the use of lowdeopolynomials is admissi®] as long as some conditions
are fulfilled in order to ensure the quality of the approations. More specifically the traces of the polynomials
at element interfaces should have suitable continuibperties. In the three-dimeinsal case, a nonconforming
tetrahedron based quadratic finite element method to approximate biharmonic problems was studied in [5]. Actually
it is a nontrivial extension of the classical Morley triangle (cf. [4]). In this Note we establish the existence of a cubic
finite element, such that every first order derivative dateed elementwise of any function in the underlying space,
belongs to the one corresponding to that quadratic finite element.

2. Finite element definition

Let us first introduce some notation associated with a given nondegenerated tetrahddrtive following the
lettersi, j, k and! denote an integer belonging to the §kt2, 3, 4}. Also whenever andj appear together in the
same expression or notation as either a subscript or a superscript£hgn

TheS; s denote the vertices df;

F; represents the face @f opposite taS;;

G; denotes the barycenter of faég

71; is the unit outer normal vector to fade;

A; is the barycentric coordinate @f corresponding to vertes;;

— B; is the first order derivative of; in the direction of;;

— 32(-)/9n? denotes the second order derivative in the directiaty pf

- h{ represents the height & corresponding td;, or yet its length;
— s;; represents the length of edg§eS;;

- *l.j is the unit vector along{ directed from the edge oppositep towards this vertex;
— 9(-)/97] denotes the first order derivative in the directiort bf
- ,81.’ (k) denotes the first order derivative &f in the direction offl.’.

Now we define by (1) three types of functionals applied to a generic fungtierC?(T) yielding the twenty
degrees of freedom of the new finiteegient. Henceforth we assume thfatis a polyhedron, and we consider
a partition7;, of £2 into tetrahedra, satisfying the usual qoatibility conditions for the finite element method.
Moreover, we assume thd}, belongs to a quasiuniform family of partitior®. & denotes the largest edge of all
the tetrahedra dof,.

The new finite elementanerates a subspa®g of W, = {v | vir € P3, VT € 7}, whereP,, is the space of
polynomials of degree less than or equatiolts definition is as follows:

Definition 2.1. V,, is the subspace d¥), of those function®, which are continuous at the vertices of the elements
of 75, and such that the second order normal derivative@btarycenter of every common face to two tetrahedra
of the partition of the restrictions afto them are identical, and such thlaé mean values along every edge of the



972 V. Ruas etal./C. R. Acad. Sci. Paris, Ser. | 338 (2004) 969-974

projection of the gradient onto the plane orthogonal to it of the restrictiond@the tetrahedra df;, containing
this edge coincide.

The actual possibility of constructing such spagds a consequence of

Proposition 2.2.Given a nondegenerated tetrahedBmand any set of twenty scalaws, a sl i, jel{l, 23,4,
there exists a unique functigne Ps, such that F; (p) = «;; J—"’ (p)= a : Fl(p)=al.

Proof. Noticing thatin three-dimension space the dimensioPgEquals twenty, in order to prove this proposition,
it suffices to exhibit a set of canonical basis functighs fi’ and f/ of Ps, fori, j € {1, 2, 3,4}, respectively
associated with the functional§, F/ andF/, for tetrahedrorf. Let us then defing/ := (A? — A?)/(Zﬂ]?), j=
1,2,3,4 f/ = f/ = b 027 /0n2(Ga) f7, i, € 11,2,3, 4 with f/ = n/ 22 — A3 4+ i — 20A; +
W2@hi+24 —); fi=hi— S S alBLO) L+ BFG) £11, i = 1,2, 3, 4. By straightforward calculations
one can check that the following functiom fulfills the required condition;p = Zizl[amfm + o™ "]+
Yot Yl fn et 1. O

Corollary 2.3. For every7, there exists avy,-dimensional spac#), defined in accordance with Definitidh1,
whereN,, equals the sum of the number of vertices, the number of faces and twice the number of edges, generate
by this partition.

3. Properties of the finite element space

Lemma 3.1.Lete be an edge of a given tetrahedron®f, andz (¢) be the subset of thisEt)rtition consisting of the
elements that contaia For every functiorv € V;, the mean value alongof the trace ofgrad'v|r) on this edge is
the same&/T € 1 (e).

Proof. Let Tp be an element of (¢). The vertices offy belonging tae areSk andS, for a certain pair of subscripts
k andl. Letoy; be the unit vector along, oriented froms;, towardssS;. (o4, ‘L' r 5y, with i, ], k, [ distinct, form a

basis otR3 wheret andt! ;are linked toTp. Now for an arbitranyt € 7 (e), let us expresgradv|T) in this basis.

SII’]CETZ- andt! span a plana orthogonal tae, the mean value alongof the projection ogradvtr) ontor is the
same for alll’ € t(e) by the construction o¥},.

On the other hand we ha\fg9 gradvr) - akz ds = vj7(81) — v7 (Sk). Sincev is continuous at the vertices @f,
the mean value alongof the pl’OjeCtIOI’l ograotvtr) ontoe also coincide&’T € (e). O

Lemma 3.2.Letv be an arbitrary function oV},. For every faceF common to two elements @f the Hessian of
the restrictions ob to both tetrahedra coincide at the barycenterfaf

Proof. Let 71 andT> be the tetrahedra &f, havingF as a common face, ar@ be the barycenter of . Denoting
by 7 the unit vector normal t@& directed in a given sense, Ie,% andr,% be two unit vectors parallel to the plane
of F, such that(n g, ?}, ?,%) form a direct orthonormal basis @°. In the expressions that follow the notation
employed for the partial derivatives in connectioith these three directions are self-explanatory.

By construction we havéz(v/rl)/anF(G) = az(u/rz)/anF(G) Moreover the gradient af restricted to every
tetrahedron of the partition is a quadratlc field that possesses | the property specified in Lemma 3.1. Therefore we
may apply Lemma 1 of [5] to derlvégraoKv/Tl /3T (G) = agractv/r2 /9t (G), m € {1, 2}. Projecting both

sides of this expression successively ohto 71, 72 the result follows. O
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Now we introduce the seminorm |3, of V; given by,

lap= > /|9f_a)d7'((v|7)|2dx, (6)

TE’Z—;, T

wheregr_a)dH(f) is the third order tensor oR® whose components are the first order derivatives of the Hessian
H(f) of a functionf, and|D| denotes the standard Euclidean norm of a te@sof any order.

Since each term of the summation (6) is the square of the standard seminartarof, | - |3, trivially extends
to arbitrary functions in H3(£2).

Definition 3.3. Subspacellh0 of V}, is that consisting of those functiomsfor which the functionalsF;, ]-“ij, Fi
applied to the restriction aof to every element of}, intersectingl” vanish respectively, at every vertex belonging
to I, for every edge located ofi, and for every face contained in.

Proposition 3.4.Seminormjv|z 5 is a norm ovethO.

4. Application to a model problem

In the aim of illustrating a use among others (see, e.g., [6]), of the above finite element space, we apply it to
solving problem (2), where € Hg(.Q) and f € L?(R2) is given.

In order to approximate this problem we searchifgre V,? satisfying (3), wherey, and L are given by (4),
D - £ being the standard Euclidean inner product of two tenfoand& of arbitrary order.

Sinceay, is obviously a coercive bilinear form ov&’;? X Vh0 for the norm| - |35, the approximate problem (3),
(4) has a unique solutiom;, € Vho. Moreover, according to the improvement due to Dupire [3] of the celebrated
Strang’s inequality, the following error bound applies:

ap(u,v) — L(v). 7

lu —upl3n < info lu—vlzp+ sup
veVy vEV}?, v#0 |U|3,h

Let us denote by- |,, and| - ||, the standard seminorm and normmf* ($2), form € N (see, e.g., [1]).
The two terms on the right-hand side of (7) may be estimated as follows:

Proposition 4.1(cf. [2]). If u € H*(§2) 3C; independent of such thatinf, cyo |u — vlg < Cuhula.

Proposition 4.2.1f u € H*(£2), Au € H3(2) and A%u € H%(£2), 3C, independent of such that,

~L
sup LUV ZEO) ooty + bl Aulls + 52 A% ] ®)

veV,?, v#0 |v|3*h

Proof. First we expand the expression in the numerator of the fraction on the left-hand side of (8) using reiterately
integration by parts. In order to do so we denotedlfythe boundary off € 7;, and byznr the unit outer normal

vector tod T, and byd,, (-) the first order partial derivative in the direction®f. Then under our assumptions on

u that validate the trace properties required in the expressions below (see, e.g., [1]), taking into account (4), we
obtain after straightfiavard calclulations:

ap(u,v) — L(v) =by(u,v) —cp(u,v) +dp(u,v), 9)
where by (u, v) := Y rer [fyp dnr (H@)) - H(ur) dS1: cn(u,v) = Yper Lfyp 0ar (QradAw) - gradvir) dST;

dp(u, v) ==Y 7o [ fy7 Ony (A2u)vi7 dS].
From Lemmas 3.1 and 3.2 we may apply the arguments in [5]. IoysC4 independent ok such that

|bp(u, v)| < Cahllullalvlzy  and |cq(u, v)| < CahllAulzlv]z. (10)



974 V. Ruas etal./C. R. Acad. Sci. Paris, Ser. | 338 (2004) 969-974

Now in order to properly estimat#, (u, v), given a tetrahedrof € 7, for every faceF of T, we introduce
a quadratic interpolant of the trace gf over F denoted byH;(v‘T) defined as foIIowsH;(vg)(S) = v(S)
Vs vertex of F and 8H,€(v|7)/ar§(Me) = (1/lengthle)) fe d(vir)/dty de Ve edge of F, whereM, is the mid-
point of ¢, and the first order partial derivative means the one in the direction of the unit vector of the pléne of
orthogonal tee and directed frona outwardsF'. Notice that the interpolating functidﬁg(vn) is uniquely defined
vv e CI(T), andVF c T for any nondegenerated tetrahedfnsince the degrees of freedom used to define it
are those of the Morley triangle based Bn

Due to the coincidence of the mean values along the edgesodthe first order derivative normal to them on
the plane of this face, togfeer with the continuity oy at the vertices of”, for every pair of tetrahedr& and T’
of 7;, having F as a common face, we havel. (vj7) = H,@'(vm). Furthermore by a similar argument’. (v|7)
vanishes identically for ever¥ contained in” from the construction of/ho.

On the other hand the assumptioru € H2($2) implies thatd,, (A%u) + d,,, (A%u) = 0 on every faceF of
the partition common to two tetrahedfaand7”.

Taking into account both arguments above, we may rewjite, v) in the following manner:

dyu,v)= "> / nr (A%4)[v)r — T F (vyr)] dS. (11)

TeT, FCoT

Sinceng(vg) = vir wheneveryr € P, we may apply again standard estimates for nonconforming finite
elements (cf. [2] and [5]) td, (u, v). Thus there exists a constafy independent of such that

|dn(u, v)| < Csh?| A2u] vz (12)
Finally (8) results from the combination of (9), (10) and (12)1

As a direct consequence of Propositions 4.1 and 4.2, we have the following convergence result:

Theorem 4.3.If u € H*(£2), Au € H3(£2) and A%u € H3(£2), then there exists a consta@tindependent of
such that(5) holds.

5. Concluding remark

An amazing thing about the cubic tetrahedral finite element studied in this Note, is the fact that it has no two-
dimensional analogue. Indeed if this happened to be the case, such triangular element would have no more tha
one degree of freedom applying to the function itself, as one may easily check. However in this case the trace
continuity property necessary to derive estimate (12) becomes out of reach.
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