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Abstract

Givené e IF*;, (p prime) of multiplicative order > p%, we obtain nontrivial bounds on exponential sums
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as well as the corresponding incomplete sums. These estimates are of relevance to several issues, such as the Diffie—Hellm:
distributions in cryptography, prime divisors of ‘sparse integers’, the distribution pnotiMersenne numberaf, =27 — 1

(¢ prime). The method is closely related to that of Bourgain and Konyagin (C. R. Acad. Sci. Paris, Ser. | 337 (2) (2003) 75-80).
To citethisarticle: J. Bourgain, C. R. Acad. Sci. Paris, Ser. | 338 (2004).
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Résumé
Nouvelles estimées des sommes exponentielles liées aux distributions de Diffie—HellnSamito € ]F’;, (p premier) d’ordre
multiplicatif > p®, on obtient des bornes non-triviales sur les sommes exponentielles
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de méme que les sommes incomplétes correspondantes. Ceatiessnsont importantes dans divers contextes, comme, par
exemple, les distributions de Diffie—Hellman en cryptography, les diviseurs premiers d’entiers a représentation «clairsemée »,
la distribution modp de nombres de Mersenngff =27 — 1 (¢4 premier)). Cette méthode est trés proche de celle de Bourgain

et Konyagin (C. R. Acad. Sci. Paris, Ser. | 337 (2) (2003) 75-B0)r citer cet article: J. Bourgain, C. R. Acad. Sci. Paris,

Ser. | 338 (2004).
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Version francaise abrégée

Soit 6 € F, (p premier) d'ordre multiplicatif. On démontre que pour todt> 0, il existes’ > 0 tel que si
t>n> p’ alors

Z ep (a@s)

1<s<n.

max <crp?. (1)
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On a également I'estimée sur les sommes doubles suivantes
t t
’ 4 .
max Zep (ab® +c6)| < ct’p™ sit> p (2)
(a,e,p)=17
s’'=11s=1
et, plus généralemernés sommes incomplétes

1 n
max Z ep (a9s + c@‘”,) <ctityp”
(a,c,p)=1
s/=11s=1
Des sommes exponentielles du type (1)—(3) apparaissent dans divers contextes : les distributions de Diffie—Hellma
en cryptography (cf. [5,6]), la distribution de nombres de Mersenne (cf. [2]), les diviseurs premiers d’entiers a
représentation «clairsemée » (cf. [8]). Les estimées (1), (2) permettent d’'obtenir des résultats sous hypothése
moins restrictives sur I'ordre multiplicatifde6.
Les résultats de cette Note sont dans la méme lignecgur obtenus dans [3] sur les sommes exponentielles
associées a des sous-groupes multiplicatifs. lls repaeseha méme approche, basée sur des estimées « sommes-
produits » pour sous-ensemblesltg(voir [4,1,7]) et des estimées sur des convolutions de mesures.

" sit>n, > pl. 3)

1. Sum-product and convolution estimates

It was proven in [3] that for alb > 0, there i3’ = §’(8) > 0 such that ifA C IF,, (p prime), is an arbitrary set
satisfying
P’ <Al <p'™? (4)
then
A+ A|+]A-Al> AT, (5)

In [4], it was shown that for (5) to hold, only the assumptjdn < p1~? is needed. The main result from [4] are
new bounds on exponential sums over subgraddpslr*, of the form

Z ep(ax)
€eH

where we assumig?| > p?®, § > 0, an arbitrary fixed constant.
This estimate (6) was deduced from deeayimates on convolution powers

v®©), v® =vx...xv(k-fold) @)

denotingv the probability measurgi: 3", 8: onF,.

These decay estimates were indeed derived from themoduct estimate (2) following a general scheme
(involving Ruzsa’s inequalities anddlBalog—Szemeredi—-Gowers theorem)ngoback to [1]. (This argument is
by no means restricted 0, and was in fact developed in [1] for set of real numbers.)

Theorems 1.1, 1.2 below provide this decay estimate in a slightly more general setting:

max <|H¥, (6)
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Theorem 1.1.For all Q € Z,, there ist > 0 andk € Z,. with the following property.
Let # C I, (p prime) satisfy
|H-H| < |H'". 8)

Denotev = i 3" .y 8, Then

maxv® (x) < Co|H|~¢ + p~ 12, (9)
X€eR

hence
1 p-1 2k
=3 eptax)| < |HIPF(ColHI™2 + pHY9), (10)
P a=0'xeH

We need a corresponding result for subsEtof F), x F7,.. Since obviously no unconditional sum-product
theorem holds for arbitrary subsetsof IF,, x IF,,, some restrictions need to be made. The following statement is
based on the fact that we do have a sum-product inequality, provided, x F, and|A| > pite.

Theorem 1.2.For all givenQ, Q' € Z, there ist > 0 andk € Z,. such thatifH C IF; X IF; (p prime) satisfies
|H-H| <|H"* (11)

andv = i 3" o m Ox Satisfies

V2O Q) < -1 (12)
then
p® 0 < p_2+1/Q. (13)
Equivalently, if(11) and
#{(x1, ..., x20) € H|x1+ - +x0 =x011+ - +x20) < |[HXp 1Y (14)
then
p—1 2k
Z Z eplarxy+azx2)| <|H*pYQ. (15)
a1,a2=0"' xeH

Remark 1. There is generalization to subsefis of (]F;‘,)’, r > 2, satisfying (11), replacing condition (12) by
1(29)(0) < p~r1t1-1/Q" and (13) by ® (0) < p~ /2,

2. Exponential sum estimates

2.1. Subgroups

Consider a subgrouff < ;. Theorem 1.1 implies fot > k(Q)

Z ep(ax)

xeH

2k

1071
SIHZ(H|[7C + p~ 110, (16)

a=0
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Since)  .yeplax) =) yeplax'x) forallx” € H, (16) implies
1/0\ 1/(2k)
max| ) " ¢p(ax)| < |H|<p|H|‘Q + ”—)
acFy | = |H|
Assuming
|H| > p”

for somep > 0 and takingQ = [%], (17) implies

Z ep(ax)

xeH

SIH|FY@E < g e

17)

(18)

(19)

wherep’ = p’(p) > 0. This is the estimate in [3] in which, moreover, an explicit expressiop/fgr) is given.

2.2. Simple sums

Taked € I, of multiplicative order and O< 1, <. Let
H={6"|0<s<nu}CF;.

Clearly|H - H| < 2|H|. We obtain again from (10)

Theorem 2.1.Givens > 0, there is§’ > 0 such that ifg € I, is of multiplicative order ands > 1, > p?, then

_8’
max <tp’.

*
aer

1
Z ep (a@s)
s=1

2.3. Multiple sums

Consider the expressions (cf. [5])

t
Z ep (a@s + c@‘”,)

s=1

t

Wa,c(t) = Z

s'=1

(CXS IF’;, of multiplicative order), which are obvious bounds on the ‘Diffie—Hellman’ sums

t
> ep(at® +b6" +co*).

s,s'=1

Theorem 2.2.For all § > 0, there is$’ > 0 such that ift > p?, then

4
max W,..(1) <ct’p™®
(a,c,p)=1

(wherec is a constant

In [5], this estimate was obtained under the assumptiorp®/4+?,
The relevant subset (subgroup) in the proof of Theorem 2.2 is

H=Hy={(6°,6"")|s=1,....1}.

(20)

(21)

(22)

(23)
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In order to apply Theorem 1.2 and proceed as aboendition (14) needs to be verified (for so8. This is
achieved for most values of =1, . .., r (exploiting the double summation).

Similar arguments permit us to obtain non-trivial bounds on incomplete sums and generalizations. One may in
particular prove:

Theorem 2.3.Let6 € I}, be of multiplicative order ands > 11,1 > p? (8 > Oarbitrary and fixed. Then

n

Z ep (a@s + CQSS/)
s=1

1
’
max <cntyp™® (24)
o] (a,c,p)=1

with 8’ = §'(8) > 0.

Theorem 2.4.Let6 be as abovel, € Z. an integer. Givers > 0, there is§’ > 0 such that ift > tg, 11, ..., 1, > p°,
then

1 ty fo
Z . Z max Zep (aGS +a10°¥ + -+ azem) <ctoty- - tzp—é’. (25)
=1

,a1,...,a0, p)=1
s1=1 sg=l(a @1:-s02:p) s=

3. Applications

Eq. (23) provides non-trivial bounds on the sums (22) of relevance to the Diffie—Hellman distributions in
cryptography (see in particular [5] and [@}@further references in these papers).
From the preceding, the uniform distribution (DHI) of

{(9S , QS/, ess’)

1<s,s’<t}C]Ff; (26)

may indeed be established as soo# #&sof multiplicative order modulop with ¢ > p®, for anys > 0. In [5], the
(DHI) assumption was verified far> p3/4+3,

Remark 2. If we fix an integem, then its multiplicative order modulo p satisfies > p/2—¢ for most primesp
(see [1] for references).

One may also combine the estimate (23) with Vaughan’s general estim@;@f, An) f(n) with A(n) the
von Mangoldt function, as done in [1]. Along these lines, one may prove

Theorem 3.1.Givens > 0, there is3’ > 0 such that if9 € F* is of multiplicative order > p® and N > 1%, then

N
max| )y " A ") < Np~? 27
ma ; (n)ep(ad”)| < Np (27)
and hence
max Z ep(at?) <Np~¥. (28)
aeIF; J<N
q prime

From (28) we obtain in particular equidistribution properties mpodf the Mersenne numberd, =27 — 1
(g prime).
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Finally, Konyagin [7] pointed out the recent paper [8]the author, dealing with prime divisors of ‘sparse
integers’.

Letg > 2 ands > 1 be two integers an® = {d;};_, a sequence of+ 1 nonzero integers. Following [8], denote
S,.s(D) the set of all integers of the form

n=do+dig" + - +dig"™. (29)
Combining our Theorem 2.1 with the argument from [8], we may improve Theorem 6 from [8] as follows:

Corollary 3.2. Given anys > 0, there iss(§) such that ifs > s(8) and X is sufficiently large, fo1 + o(1))x (X)
primesp < X, there exists € S, (D) such thatogn < X° and p|n.

This result was obtained in [8] fdr> 3.
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