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Abstract

Lets be a cuspidal representation of (3lAg) with non-vanishing cohomology and denotelbys, s) its L-function. Under
a certain local non-vanishing assumptieve prove the rationality of the values &f(r ® x, 0) for charactersy, which are
critical for r. Note that conjecturally any motivic-function should coincide with an automorpHiefunction on Gl,; hence,
our result corresponds to a conjecture of Deligne for mothAfunctions.To cite this article: J. Mahnkopf, C. R. Acad. Sci.
Paris, Ser. | 338 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.
Résumé

Sur les valeurs spéciales des fonctions L automorphes. Soit 7 une représentation cuspidale de ,GRg) dont la
cohomologie d’'algebre de Lie relative ne s’annule pas etkoit, s) sa fonctionL automorphe. Sous I'hypothése qu’une
certaine intégrale locale ne s’annule pasis démontrons la rationalité des valelits ® x, 0) pour les characteres, qui sont
critiques pourr. Notons que conjecturalement chaque fonctiomotivique est égale a une fonctidnautomorphe attachée
a GL,, donc, notre résultat correspond a une conjecture de Deligne concernant les fohctimtsiques.Pour citer cet
article: J. Mahnkopf, C. R. Acad. Sci. Paris, Ser. | 338 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

1. Statement of results

We shall use the following notation& =[], Q, is the ring of adeles of). B, resp.7, resp.Z, denotes
the subgroup of Gk consisting of upper triangular matrices resp. diagonal matrices resp. the centey, . of GL
Throughout we assunme > 3. We write X1 (7,,) to denote the set of dominant (with respectRg) algebraic
characters off;, and (p,,, M,,) is the irreducible representation of Glof highest weightu € X*(7,,). We set
wY = —w,u, wherew, is the longest element in the Weyl grolify;., of GL,; 1" then is the highest weight of
the contragredient representatigry M,\[). For any fieldF containingQ we setM,, r = M, ® F. Moreover we
denote by ColtGL,, 1) the set of all cuspidal automorphic representations ®,, of GL,(A) such that

H*(gly, SO,(R) Z, (R)°, 710 ® My,) # 0.
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Since cuspidal representations are quasi unitary(Gbh, 1) is hon-empty only if the weight = (u;) satisfies
the following purity condition: there is an integeri € Z such that

Wi + ppp1—i =wWt(u), 1<i<n.

In casen odd this implies wiu) € 2Z. We note that a cuspidal representatiof GL, (A) with non-vanishing
relative Lie-Algebra cohomology is defined over a finite extendigri@Q (cf. [2], Théoréme 3.13). Furthermore,
these representations agebraicin the sense of [2], Définition 1.8.

Letw € ConGL,, ) and letL(z, s) =[], L(my, s) be the automorphit-function attached to it. Any complex
charactery, of R* is of the formye = el - [, Wheree, is of order< 2 andk € C. We say thaiy is critical
forme if ek €1/2+Zif nisevenand € Z if nis odde L(7wo0 ® o0, 0) andL(7y ® Xo_ol, 1) are regular values
(note that under the conjectural correspondence between mafiaasl algebraic automphic representations
on GL, we haveL(M, s) = L(w,s + (n — 1)/2); cf. [2], 4.5, 4.16). We say that: Q*\A* — C* is critical for z
if xoo IS critical for r. We denote the set of critical charactges resp.x by Crit(roo) resp. Critzr). Using the
classification of (generic) unitargl,, SO,)-modules with non-vanishing cohomology we find:

Proposition 1.1. Letu = (u;) € X (T;,) and letr € Con(GL,,, 1"). Thenxeo = exo|- X, is critical for 7 precisely
if

o —n2+1/2<k < 2 +1/2—wt(u) if n is even

® —lU(n-1)/2 <k < M(n—-1)/2 +1—wt(u) if nis odd.

In case that: is odd y in addition has to satisfy a parity conditiodenote byv,, the central character ot and
by wy |, its restriction to{x1} C Z,(R). Putl = (Wt(n) —n + 1)/2+ k; then o has to satisf. = wx |ﬂosgd
if k> (L4 wWt(1))/2 andece = wy [osgri+t if k < (1+wt(w))/2.

Obviously, x is critical for = precisely if x 71| - | is critical for the contragredient representatiol. In view
of the functional equation relating(z ® x,0) to L(z" ® x 1| - |, 0) it is therefore sufficient to consider points
x € Crit(r) with component at infinityy.o = 00| - |’;o satisfyingk < (1 — wt(u))/2. We denote the set of critical
characters satisfying this condition by Crit,)< and Cri(x)S.

We define a collection of complex numbe2sr, x.0) € C*/Ej;, wherer € CohGL,, 1) andye € Crit(mrso) S
such that for any finite extensi(m/E, the tuple

{'Q(”Uv XOO)}aeHom(E,C) c(E® C)*/E;
is well defined. HereE}/Eﬂ is a certain finite extension arffj,, is embedded a8 — {o («)}scHom(E,C). We set
xt=xl-17*, wherexe = eco| - 1%, and we defing” =o' (x| - || - |, o € Aut(C/Q).
Theorem 1.1. Assume that € X (7;,) is regular and letr € ConGL,,, u").

(1) For all but finitely manyy e Crit(z)S we have
L(r ® x.0)=2(7. xoo) ModEx(x?).
Moreover, denote b (x) the Gauss sum attached o For all ¢ € Gal(Q/Q) we have

o1 LT @ x,00\° o2 L7 ® x7,0)
G [/217) -G = A7
( 0 s 100) O TP

(2) Let x, =&l - |’g; e Crit(r)S. Then, the ratio (7, xo0)/$2 (7, x4,) only depends omeo, x., and u; in
particular, it does not depend an (obviously, in case odd it is also independent ef, ande.,).
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Remark 1. (a) The theorem is valid only under a certain non-vanishing assumption (cf. below). This assumption
is known to hold in case = 3 and is analogous to the assumption made in [1], p. 28.
(b) In cases = 1, 2 (which we have excluded) Theorem 1.1 has previously been known to hold (cf. [4]).

The proof of Theorem 1.1 uses an induction over the rank of.Gb be more precise, lgt € X (7). We
select aweight € X" (T;,—1) suchthaw A <, i€, u1 =A > pu2 > 2 Ay1 > iy ® A2 =—k +1/2if n'is
even andi(,41),2 = —k if n is odd. Proposition 1.1 implies that such a choice. a$ possible precisely it is a
critical point forr (i.e.,eo00] - |’;O € Crit(r) for somes,). We denote by’ < GL,,_1 the parabolic subgroup of type
(n — 2, 1) containingB,—1 and byW” c Wg,_, the relative Weyl group, i.eW” is a system of representatives
for Wi, \WegL,_,. We set

I L e

We define the weight' = W(A + pp—1) — pu—1l1,_, € X (T—2), wherep,_1 is half the sum of the positive
roots of Gl,,—1 determined byB,_1 and we embed},_» — T,,_1 viat — diag, 1). Using theQ-structure on the
cohomology of locally symetric spaces we define a collection of complex nunibersrt’, eoo) € C*/(Ex Ex1)*,
wherer € CohGL,, u), #’ € Coh(GL,,_2, u') ande, is a character of ordeg 2 such that for any finite extension
E/ELE!} the tuple{2(7?, 7', £x)}oecHomE.C) € (E ® C)*/(Ex Ex)* is well defined.

Theorem 1.2. Assume thatt € X (T},) is regular and letr € CohlGL,, ") andn’ € CohGL,_2, 1) (if n is
odd7’ in addition has to satisfy a parity conditipn

(1) Forall x € Crit()S with xo0 = £l - X, and allo € Aut(C/Q) we have

( G(x)Puk) L(m®x,0) )0: G(x?) Pu(k) L’ ® x?,0)
@, 7', e(Xo0)) Lt @ x, 0) R, 7%, (Xo0)) L(("V)? @ x7,0)

Here, P, (k) € C only depends ok and . (i.e., it is independent of, ') ande (xo0) = e0oSgrt.
(2) Crit(r) C Crit(z’").

Obviously, Theorem 1.1 follows from Theorem 1.2 using induction everith the previously known cases
n =1, 2 of Theorem 1.1 serving as starting point for the induction.

Remark 2. Theorem 1.2 (and, hence, Theorem 1.1) is valid only under a certain non-vanishing assumption (cf.
below).

2. Relation to Cohomology of locally symetric spaces

We setS,(K) = GL,(Q)\GL,(A)/KSO,(R)Z,(R)° and F,,(K) = GL,(Q)\GL,(A)/KSO,(R), whence, a
natural mapp: F,(K) — S,(K). We denote bysS, (K) the Borel-Serre compactification 6f,(K). S,(K) =
Up/~0pS,(K) is a union of faces corresponding to conjugadgsses of rational parabolic subgroupsof
GL,. /\/l;j denotes the locally constant sheaf 6p(K) and on S, (K) attached to the finite dimensional
representatiom/ll\[. We setH*(S,, /\/l,j) =limg H*(S,,(K), /\/l,j). By assumption, the representatiop embeds
into cohomology

mp > H"(Sy, M))). 1)

Here,b, is the lowest degree, in which cuspidal cohomology occursmgndccurs with multiplicity 1.
On the other hand, the cohomology of the fages,,_1(K) attached to the parabolic subgroBp< GL,,—1 of
type (n — 2, 1) with coefficients inM; decomposes
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Hi(3pSp_1, M;) = Indor 249 (=t (5, . M HO(S1, M
POn-1, r) = @ P(Af) ( (Sn—2, w-)\|r’172)® (81, w~)»\((;,m))-
weWw?

Let n’ € Coh(GL,_») and x € Crit(xx). Our choice ofr implies thatn} ® xr embeds into the cohomology of
S,—2 x S1 with coefficients in/\/l@‘wnf2 ® Mip.ag,, - Sinceb,—1 = by—2 + £(w) we obtain a map

Ei

Ind"™ 27} @ xy > HP(0p 8,1, My) = HP (8,1, My), (2)
The last arrow is given by Eisenstein summation (cf. [3,6]). Sineex we know thatM, — M,|cL, , and we
obtain a diagram

HZ" (S5, M) HP1(8,-1, M)
ii* p* (3)

wUw’ )
H(Fy_1, M}lGL, ) ® H"1(F,_1, Myl gamrag, o) =c,

whereM,ﬂGLH is the sheaf attached M,ﬂGLn,l andi: F,_1(K) — S,(K), g — diagg, 1) is the inclusion.

Using the description of the cohomology via automorphic forms and combiningétieod of Zeta-integral&f.

[5]) with the method of Langlands—Shahidif. [7]) we are able to compute the pairing defined in (3): there are

classesv, € H"(S,, M;j)(nf) andoweisr gy € Hé’i”sfl(Sn_l, M,) such that

) L(r® x,0)
Z/l*r;"wn U p*wEisr'ey = Pu(k) X
u

L7’ ®x,0)
Here,u € Np(Ay) runs over a finite set of unipotent matrices apdienotes right translation hy. P, (k) is the
quotient of the local factor at infinity o}, [ i*r oy U p*wgisrey BY L(Teo ® Xoos 0)/L(7}y ® X0, 0). The
choice of the local components at infinity@f andweis;', is already determined by the coefficient syste¥f)s
andM; and we de not know whether for these choi®gsgk) = 1 or at leastP,, (k) # 0. Thus, we have to make the

(4)

Assumption. P, (k) # 0.

In casen odd we have computed the $®@esp. SQ_1-types supporting the cohomology classes resp.
WEist' @y and we verified that they allow for non-vanishing Bf (k). Using ideas of [3] we are able to compute
the action of AutC/Q) on the cohomology: we find that after dividing by an appropriate complex number
2w, 7', e(x0)) the left-hand side in (4) behaves equivariantly with respect to the action gCAQY, which
finally yieds Theorem 1.2. As a last remark we note that the assumptioruthet regular perhaps can be
circumvented by allowing more general parabolic subgraRigsGL,,—1.
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