Available online at www.sciencedirect.com = CoMPTRS RENDUS

Cﬁ e
SCIENCE DIRECT?® f’ )
C/ )

ELSEVIER C. R. Acad. Sci. Paris, Ser. | 338 (2004) 975-980

Mathematical Problems in Mechanics

Asymptotic behavior of an elastic beam fixed on a small part
of one of its extremities

Juan Casado-DidzManuel Luna-Layne¥ Francois Murat

@ Departamento de Ecuaciones Diferenciales y Analisis NizsméUniversidad de Sevilla, ¢/ Tarfia s/n, 41012 Sevilla, Spain
b | aboratoire Jacques-Louis Lions, Université PierréMarie Curie, boite courrier 187, 75252 Paris cedex 05, France

Received 16 February 2004; accepted 23 February 2004
Available online 7 May 2004
Presented by Philippe G. Ciarlet

Abstract

We study the asymptotic behavior of the solution of an anisotropic, heterogeneous, linearized elasticity problem in a cylinder
whose diametes tends to zero. The cylinder is assumed to be fixed @geneous Dirichlet boundanondition) on the whole
of one of its extremities, but only on a small part (of siz€) of the second one; the Neunraboundary conditio is imposed on
the remainder of the boundary. We show that the result depends and that there are 3 critical sizes, namely= 3, ré =&,
andr¢ = ¢1/3, and in total 7 different regimes. We also prove a corrector result for each behavidr Tf cite this article:
J. Casado-Diaz et al., C. R. Acad. Sci. Paris, Ser. | 338 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Comportement asymptotique d’'une poutre élastique fige sur une petite partie de I'une de ses extrémitédNous
étudions le comportement asymptotique de la solution d’'un probleme d’élasticité linéaire anisotrope et hétérogéne dans ur
cylindre dont le diamétre tend vers zéro. Le cylindre est fixé (condition de Dirichlet homogéne) sur la totalité de I'une de ses
extrémités, mais seulement sur une petite partie (de taiflede I'autre base ; sur le reste de la frontiére on a la condition de
Neumann. Nous montrons que le résultat depencd det qu’il existe 3 tailles critiques, a saveif = &3, rf =g etrf =1/3,
et au total 7 comportements différents. Nous donnons un résultat de correcteur pour tous les comporterhePosideiter
cet article: J. Casado-Diaz et al., C. R. Acad. Sci. Paris, Ser. | 338 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version francaise abrégée

Dans cette Note, nous étudions le comportement asymptotique de la solution d’'un probleme d’élasticité linéaire
anisotrope et hétérogéne posé dans un cylitzfre= (0, 1) x ¢S c R dont le diamétre: tend vers zéro et dont
I'axe est le premier axe de coordonnées;. A I'une de ses extrémités{ = 1) le cylindre est fixé (condition de
Dirichlet homogeéne) sur la totalité de la basg= {1} x &S, tandis qu’a I'autre extrémité:( = 0), il est seulement
fixé sur une petite parti€ = {0} x ¢r®Sp de la base, partie qui est bien plus petite guearr¢ tend vers zéro.
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Sur le reste de la frontiére de¢, on a la condition de Neumann. Padirtenseur d’ordre 4 coercif & coefficients
continus dans2 (22 = (0,1) x ), et f € L?(22)3, h e L?(£22)3*3 donnés, on définit®, F* et H® par (1) et (2)
et on définitU¢* comme la solution du probleme d’élasticité (3).

Le but de cette Note est de décrire le comportement asymptotiqlié dede donner un résultat de correcteur
poure(U?) quands etr® tendent vers zéro. Ce résultat est décrit dans le théoréme enoncé dans la version anglaise
ci-dessous, qui fait apparaitre 3 tailles critiques, & saxdir €3, ré ~ ¢ et r¢ ~ ¢1/3, qui séparent 4 zones
correspondant @ « €3, 3 «rf ¢, ¢ < rf <« e'/3 etel/3 «rf < C, donc au total 7 cas différents. Le
résultat de convergence est donné par (5)y @st défini par la solution de (4), tandis que (6) est un résultat de
correcteur poue(U?).

1. Position of the problem and notation

In this Note we study the asymptotic behavior of the solution of an anisotropic, heterogeneous, linearized
elasticity problem posed in a thin cylindé&r* whose diameter tends to zero and whose axis is the first axis
of coordinatesDx;. On one of its extremitiescg = 1) the cylinder is fixed on its whole basl§” whereas on the
second onex; = 0) it is fixed only on a small party of it, of diametersr®* much smaller tham. The Neumann
boundary condition is iposed on the remainder of the boundarysaf. Mathematically the problem can be
formulated as follows.

For ¢ > 0, we consider? a positive parameter which tends to zero withLet Sp and S be two bounded
smooth domains iR?, with 0 € S. We define2 = (0,1) x S, £2¢=(0,1) x ¢S and I'® = I'; U Iy, where
I'y ={0} x er®So, I'y ={1} x £S. Observe that the size ¢f; is much smaller than the size of the ba€lsx ¢S
sincer?® tends to zero.

The elements oR3 are decomposed as= (x1,x'), x1 € R, x’ = (x2, x3) € R2. We denote byel, €, €3}
the canonical basis @3 and by£(R3*3) the space of linear maps &> into itself (or in other terms of fourth
ordertensors), wheﬁ@s3X3 is the space of the 83 symmetric matrices. We adopt Einstein’s convention of repeated
indices. Greek indices(andg) take only the values 2 and 3, while latin indicea(d) take the values,12 and 3.

We considerd € CO(2; L(R3*3)) such that there exisig > 0 with A(y)&£ > m||?, for all & € R3*3 and for
all y € 2, and we definet® € CO(2%; L(R3*3)) by

/

Ag(x)=A<x1, %) Vx € 2°. (1)

We also considey € L?(£2)% andh € L?(£2)3%3, and we defing"® € L2(£2)3 and H® e L?(£2¢)3*3 by
/

Fe(x) = f1<x1, x—)el s (xl, x-)e“, He(x) = h<x1, x—>, aexe Q. )
& & &
In the thin domain2¢ we consider the elasticity problem
Ut e HE (2°)°,

/ A%e(U°) : o(TF) dx = / FeO* di + / H :o(T%)dx, VO* e A (@) ®)
QS QS QS

whereHﬁg(Qg) ={U € HY(£2%): U =0o0onI¢}; observe that in the above formulation, as well as in the remain-
der of the present Note, complex numbers never appear, ant tHaind lateriz, v, w) denotes the test function
associated to the solutidit®, and not its complex conjugate. Observe also that the soldtioof (3) satisfies a
nonhomogeneous Neumann bournydeondition on the par ¢ \ I'* where it is not fixed, since integrating by
parts [,. H® : e(U®) dx (whenh and thereforeg* is sufficiently smooth) produces both body forces and surface
forces. Similarly to the body forcek® we could have introduced explicit surface for€g@son 0£2¢ \ I'¢, but we
have preferred not to include them for the sake of simplicity.
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It is well known that problem (3) has an unique solution (see, e.g., [5]). The aim of the present Note, which
announces our paper [4], is to describe the asymptotic behavior of the sdltitiamd to give a corrector result for
e(U*®) ase tends to zero. The result depends on the behaviet ahd exhibits 3 critical sizes, namedy, ¢, and
¢1/3, so that there are 7 different regimes:« €3, re ~¢3, 3« rf e, rf~e, e < rf < /3, re ~¢1/3 and
e1/3 « rf < C, wherer® « ¢* stands for? /e — 0 (and equivalently* < ¢ for r¢/e* — +00), while ré ~ ¢*
stands for¢ /e* — p, for somep with 0 < p < +o0.

To express the results and to make the proofs, we will use two changes of variables.

The first change of variables is given by= y®(x) with y; = x1, ¥y = x’/e, which transforms the variable
domains2¢ into the fixed domain2. This is the usual change of variables used to study equations in thin cylinders
(see, e.g., [6,9-12]). Whetf =1 andSp = S (but the same proof works fof = ¢ independent o such that
¢So C §), it was used successfully in [6,9-11] to pass to the limit in (3). Wifetends to zero witle, this first
change of variables allows us to describe the behavidr‘oin the part of2¢ far from Iy (this behavior is the
same as in the case whete= c), but it does not provide the information we need about the behavigr af the
part of 2¢ close toly.

Thus we introduce a second change of variables givensy® (x) with z = x /er®, which transforms the vari-
able domair2¢ into a variable domaitZ?, the limit of which is the half spacg = (0, +00) x R2. Observe that the
Dirichlet boundary condition is now imposed on the fixed péytx So of the boundary oZ*. This change of vari-
ables provides a suitable rescaling neg& 0. It was used successfully in [2,3] to study the diffusion problem sim-
ilar to (3) in the geometry that we consider in the present Note, and even in a more complicated one (see also [1]).

We denote byD12(Z) the Deny’s space2(Z) = {p: p € L8(Z), Vp € L?(Z)3}. We will also use the
functional spaces (already used in [7,8,10,11])

dz
BNy(2) = {u: 3, € H2(0,1), Co(1) = d—ila) —0, ug(y) = La(y1). Va € (2.3},
dz.
301 € HY(0,1), c1(1) = 0, uy(y) = &1(y) — diylm)ya }

Rp(£2) = {v: v € LZ(O, 1; Hl(S)), / v1(y1, ¥y)dy =0a.ey; € (0, 1),
S

3ce HY(0,1), c(1) =0, va(y) = c(y1)ys, v3(y) = —C(yl)yz},

RD3(22) = {w: w1 =0, wy € L?(0,1; HY(S)), / we(y1,y)dy' =0, Vo € (2,3},
S

/(mwz(yl, ¥) — yaw3(y1,y"))dy’=0a.ey1 € 0, 1)}-
s

For a given(u, v, w) € BNp(§2) x Rp(£2) X RDrj(Q), we denote byE (u, v, w) the second order symmetric
tensor with values irR?X3 defined byE11(u, v, w) = e11(u), E1g(u, v, w) = e15(v), Eqp(u, v, w) = eqg(w),
Va, g € {2, 3}.

2. The result and some comments

The asymptotic behavior of the solution of (3) depends on the sizéwith respect ta:. Seven regimes appear
in the following theorem which describes the asymptotic behavidyofind provides a corrector result for
ande(U?).

Theorem 2.1.Let U® be the solution of(3). There exist a closed linear subspa€eof BN, (£2) x Rp(§2) x
RDy (£2), afunctionP? € L2(£2¢)3*3, and a bilinear continuous nonnegative fofron € x & such that, defining
(u, v, w) as the solution of the variational problem
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(u,v,w) €&,
/AE(u,v,w):E(ﬁ,ﬁ,ﬁ)dy—l—B((u,v,w),(IZ,E,E))=/fﬁdy+/h:E(ﬁ,l7,E)dy, (4)
Q Q Q

Vi, v,w) ek,

then, where tends to zero, we have

1 N (2 3

2 ( Ui (x) — u1<x1, x;) + 2:2|8U§(x) — ua(X1)|2) dx — 0, (5)
feld o=

! Ut E Y () a0 6

27 e( )(x)— (u,v,w)(xl, z)— (;) x — 0. (6)
QE‘

The definitions of, P¢ andB do not depend on the forcgsand/ which defineF¢ and H¢, but only on the
setSp, on the fourth order tensoA, and on the behavior off whene tends to zero, and more specifically of its
behavior with respect te3, ¢, ande1/3, such that there ar& regimes, which are described now.

o If r® < &3, thenf = BN,(£2) x Ry(2) x RDF(£2), P* =0, B=0.
o If r® ~ g3 with r¥/e3 — p, then€ = BN,(22) x Ry(2) x RD5(£2), and definingy’, i € {1, 2,3}, as the
solution of

o' e DY2(2)3, ¢'=¢€ on{0} x So,
/A(O)e(q)f) ce(@)dz=0, VgeDz)®, =0 on{0} x So, (7)
Z

then one has

1
Pé(z) = —Wga(O)e(wa)(z), aezeZz,

B((u, v, w), (i, v, E)) = p/A(O)(;a(O)e(goa)) : (Eﬂ(O)e(wﬂ)) dz, V(u,v,w), (@, v,w)e’.
z

o Ife2 «rf «e,then
E={(u,v,w) € BNy(2) x Ry(22) x RD3(£2): £4(0) =0, Vo €{2,3}}, P*=0, B=0.
o If r® =~ g withrf/e — p, then
E={(u,v,w) € BNy(£2) x Rp(2) x RD3(£2): £,(0) =0, Vo € {2, 3}},
and settingp® = ¢ + a, ¢, wherey' is defined by(7) and where(ay, a3) is defined by
(az, as) € R?, / A0)(e(p?) +awe(p®)): (ape(¢?))dz=0, V(ao,az) e R?,

Z
then one has

1
PR =—— a(0e(¢N) (), aezez,

B((u,v,w),(ﬁ,ﬁ,w)):p/A(O)(;l(O)e(gal)) L (C(0e(¢h)) dz, Vi, v, w), (@, 0, W) € €.

V4
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o If ¢ < rf < &l/3 then
& ={(u,v,w) € BNy(£2) x Rp(£2) x RD3 (2): £a(0) =¢1(0) =0, Ve €{2,3}}, P*=0, B=0.
o If r¢ ~ 13 with (r4)3/e — p, then
& ={(u,v,w) € BNy(£2) x Rp(£2) x RD3 (2): £4(0) = £1(0) = 0, Ve € {2, 3}},
and definingy! as the solution of
vte DY%(2)3, yl=1z36? —2€> on{0} x So,
/A(O)e(wl) ce(y)dz=0, V¢ eDY%(2)3, ¥ =0 on{0} x So,

Z
andy?®, a € {2, 3}, as the solution of

v e DY2(Z2)3,  y¥ =716 —z,€! on{0} x So,
/A(O)e(w“) re()dz=0, V¥ eD%(2)3, ¥ =0 on{0} x So,
zZ

and then setting/’ = ' + b} o*, whereg* is defined by7) and where(b!, b5, b), i € {1,2, 3}, is defined by

(bl bh, bh) e R®, / A0)(e(¥') +ble(¢")) : (bie(¢)) dz=0, V(b}, bh. bh) € R?,
V4

then one has
£ 1 71 dé‘“ Ta
P (z)=—- (c(O) e(w )(z) + —(O)e(w )(z)), a.ezeZ,
€ dy1
Y(u,v, w), @, v,w) €€, B((u,v,w),(ﬁ,ﬁ,w)) }
- pZ/A(O) <c(0)e(1&1) + 3%’1(0%(1&“)) : (E(o)e(xﬁl) + 3%’1(@6(@“)) dz.

o If 13 «re < C, then

&= {(u, v, w) € BNy(£2) x Rp(2) x RD3 (R2): £4(0) =1(0) = 3%(0) =c(0)=0, Vae{2 3}},
1
P*=0, B=0.

Let us make some comments about the statement of this theorem.
Assertion (6) is a corrector result, since one can prove ﬂéﬁtfm le(U®)|%dx + m—lglfm |E(u, v, w) X

(r1, 2)2dx + 3 foe [P ()2 dr ~ 1.
If one examines the definition &, one realizes that the nhumber ofribhlet boundary conditions imposed
in the definition of€ increases with the size of. Indeed, in view of the definitions aB N, (£2), R, (£2) and

RDZL(SZ), the sole functions which have a trace far=0 are¢y, 1, g—i‘i, andc, wherea € {2, 3} (the other

functions, namely; andwy,, have no trace far; = 0). Whenr¢ « &3, the setl'y = {0} x er®Sp is too small and
the homogeneous Dirichlbbundary conditionmhposed forr; = 0 to the solutior/¢ of (3) completely disappears
at the limit. Whene® « ¢ « ¢, the setl; is sufficiently large to impose at the limit that(0) = 0 for « € {2, 3}.
Whene <« r¢ « ¢¥/3, one further hag1(0) = 0. Finally whene'/3 « r¢, the setls is so large that all the possible

Dirichlet boundary conditions are imposedvat= 0, namelyz, (0) = ¢1(0) = g—ij(O) =¢(0)=0.
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Except in the three regimes where the size*ds critical (i.e., when® ~ ¢*, with A = 3, 1, or 1/3), one always
hasP? =0 andB = 0. For these three critical sizes, one can show fhsta coercive bilinear form, in the sense
that there exists some> 0 such thaf3((u, v, w), (u, v, w)) is greater thamp (|22(0)|2 + |£3(0)|%) whenr? ~ &2,
thannp|¢1(0)|2 whenré & ¢, and thamp (|c(0)|% + I%(O)l2 + I%(O)F) whenr¢ ~ ¢1/3, This implies that for
every critical size-* ~ ¢*, the new Dirichlet boundary conditions which appearfors> ¢* (with respect to those
imposed for¢ « ¢*) are penalized by the value pf This introduces some type of continuity in the transition of
the Dirichlet condition between the two regimes which are separated by a criticat'siger these three critical
sizes, the functiong®, ¢!, ¢1, ¥, andy/’ are in some sense generalized capacitary potentid® of So in Z,
and the bilinear fornis is in some sense an asymptotic trace of some type of capadity of 2¢ for the weighted
el’lergylg—lg| Joe A(x)e(p) s e(p) dx.

The present work is the natural generalization to the elastic case of [2,3], where diffusion problems were posed
in the union of two cylinder$(—z%, 0) x erSp} U {(0, 1) x &S}, with both#® andr¢ tending to zero (the present
geometry corresponds t6 = 0). Whent® = 0, the diffusion problem was in comparison more simple, since
only one critical size, namely® ~ ¢, appeared in the analysis, sepgarg the Neumann boundary condition
(corresponding to the analogue wfsatisfyingu € H1(0, 1), u(1) = 0) for r® « ¢, and the Dirichlet boundary
condition (corresponding to the analogueicatisfyingu € H%(0, 1), u(0) = u(1) = 0) for r¢ >> ¢. These works
were related to [1], where a notched beam for diffusicsbpems was considered. The present work is also related
to [7,8], where a multidomain made of an dlasertical beam of length 1 and of radiu$ and of an horizontal
plate of radius 1 and of heiglatwas considered. Finally, the present work is also the generalization of [10,11],
which were concerned with the case= ¢, to the present case wherétends to zero.

The detailed proofs of the results of the present Note will be given in a forthcoming paper [4].
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