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Abstract

In this paper we consider the problem of robust estimation of some parameters related to a multivariate lognormal dis
In this sense, we construct a class of estimators and discuss some of its properties, such as Fisher consistency, rob
asymptotic normality.To cite this article: A. Toma, C. R. Acad. Sci. Paris, Ser. I 338 (2004).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Estimateurs à fonction d’influence bornée pour des lois lognormales multivariées.Dans cet article, nous considérons
problème de l’estimation robuste de certains paramètres relatifs à une distribution multivariée lognormale. Dans ce
construisons une classe d’estimateurs et donnons certaines de leurs propriétés telles que la consistence au sens
robustesse et la normalité asymptotique.Pour citer cet article : A. Toma, C. R. Acad. Sci. Paris, Ser. I 338 (2004).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version française abrégée

Nous considéronsY = (Y 1, . . . , Y p)t un vecteur aléatoire de dimensionp avec une loi lognormale d
paramètresµ etV . NotonsY ∼ Λp(µ,V ). AlorsX = (X1, . . . ,Xp)t = (lnY 1, . . . , lnYp)t est un vecteur gaussie
de dimensionp de moyenneµ et de matrice de covarianceV . La génèse et quelques propriétés d’une distribu
multivariée lognormale sont données dans [6]. Iwase, Shimizu et Suzuki (cf. [5]), ont considéré les param

θα,B = eαtµ+trBV , (1)

où α est un vecteur réel arbitraire àp dimensions etB est une matrice réelle d’ordrep. Le paramètreθα,B peut
exprimer plusieurs paramètres deΛp(µ,V ), par exemple des moments produit ou le mode multivarié. Puisqu
estimateurs classiques sont très sensibles à la présence d’outliers, des alternatives robustes doivent être
Le but de cet article est de construire des estimateurs robustes des paramètresθα,B .
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1631-073X/$ – see front matter 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.
doi:10.1016/j.crma.2004.02.017
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A partir de données lognormales de dimensionp nous définissons des estimateurs pour les paramètresθα,B ,
en procédant de la façon suivante. On commence par appliquer une log-transformation aux données
calcule des estimateurs robustes et consistents au sens de Fisher pour les données gaussiennes obtenue
transforme ces estimateurs pour la loi lognormale en utilisant la relation entre les paramètres des deux lois.
chaque choix d’estimateurs robustes consistents au sens de Fisher dans le cas normal multivarié àp dimensions,
un autre estimateur robuste et consistent au sens de Fisher est obtenu. Dans le cas normal àp dimensions, plusieur
propositions robustes concernant le vecteur moyen et lamatrice de covariance ont été faites, telles que lesM-esti-
mateurs (cf. [8]) et lesS-estimateurs (cf. [2]).

Nous démontrons ici la consistence des estimateurs introduits pour la loi lognormale multivariée. Nous o
la consistence au sens de Fisher de ces estimateurs et nous en déduisons les fonctions d’influence corres
qui apparaissent bornées. Nous considérons aussi le cas particulier où les estimateurs pour les param
distribution normale àp dimensions sont affines équivariants. Nous développons deux exemples, à savoir
θα,B exprime respectivement les moments produit et le mode bivarié. Aussi nous donnons un résultat co
le point de rupture de nos estimateurs. Enfin, en supposant la normalité asymptotique des estimateurs dans le
normal multivarié de dimensionp et leur indépendence asymptotique,nous obtenons la normalité asymptotiq
de nos estimateurs.

1. Introduction and notations

We considerY = (Y 1, . . . , Y p)t ap-dimensional lognormal random vector with parametersµ andV and denote
Y ∼ Λp(µ,V ). ThenX = (X1, . . . ,Xp)t = (lnY 1, . . . , lnYp)t has thep-variate normal distribution with the mea
vectorµ and the covariance matrixV . A genesis and some properties of the multivariate lognormal distribu
were discussed in [6]. Iwase, Shimizu and Suzuki (see [5]), treated the parameter

θα,B = eαtµ+trBV , (2)

whereα is an arbitraryp-dimensional real vector andB is an arbitrary real matrix of orderp. The parameter (2
can express some parameters ofΛp(µ,V ), for example the product moments or the multivariate mode. Sinc
classical estimators are very sensitive to the presence of outliers, robust alternatives need to be looked for
of this paper is to construct robust estimators for the parameterθα,B . Note that for mean and covariance matrix
multivariate lognormal distribution,B-robust estimators were introduced in [11]. Here we extend those resu
this general parameterθα,B and also give a result regarding the breakdown properties of the proposed estim

In the following we consider those estimatorsTn(X1,X2, . . . ,Xn) with the property that there exists
functionalT defined on a convex setDT of distributions and valued in the parameters spaceΘ, such that, if

X1,X2, . . . ,Xn are i.i.d. random vectors with the distributionG = Gθ ∈ DT , thenTn(X1,X2, . . . ,Xn)
P−→ T (G).

The notationG is the same for a probability distribution and itscorresponding cumulativedistribution function.
The functionalT is called Fisher consistent ifT (Gθ) = θ, for all θ ∈ Θ.
The influence function of the functionalT in G measures the effect onT of adding a small mass atx and is

defined as

IF(x;T ,G) = lim
ε→0

T (G̃εx) − T (G)

ε
, (3)

whereG̃εx = (1− ε)G + εδx andδx is the Dirac distribution.
The gross error sensitivity measures aproximately, the maximum contribution to the estimation error tha

produced by a single outlier and is defined as supx ‖IF(x;T ,G)‖. Whenever the gross error sensitivity is finite, t
estimator associated with the functionalT is calledB-robust (for details see [4]).
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The robustness of an estimator could be also measured by means of the finite sample breakdown point
The breakdown point of an estimatorTn at a collectionX = (X1, . . . ,Xn) is defined as the smallest fractionm

n
of

outliers that can take the estimate over all bounds:

ε∗
n(Tn,X) = min

{
m

n
: sup

X̃m

∥∥Tn(X) − Tn

(
X̃m

)∥∥ = ∞
}
, (4)

where the supremum is taken over all possible corrupted collectionsX̃m obtained fromX by replacingm points
by arbitrary values.

We will use the Euclidean norm forp-vectors and the norm‖A‖ = (
∑n

i,j=1 |aij |2)1/2 for matrices.
Throughout the paper,F denotes thep-variate normal distributionNp(µ,V ) whereµ ∈ R

p andV is ap × p

symmetric positive definite matrix andF ′ denotes thep-variate lognormal distributionΛp(µ,V ). We will consider
those estimatorstn andCn of µ andV , respectively, which areB-robust and Fisher consistent and will denote
t andC the corresponding statistical functionals. As a particular case we will consider the one whentn andCn are
affine equivariant meaning thatt (AX + b) = At(X) + b andC(AX + b) = AC(X)At , for anyb ∈ R

p and any
p × p nonsingular matrixA (here the notationT (Z) instead ofT (G) means thatZ ∼ G).

2. The results

In the following, for anyp × p symmetric matrixA = (aij ), let uvecA denote thep(p + 1)/2 dimensional
column vector(a11, a22, . . . , app, a12, a13, . . . , ap−1,p)t formed from the elements in the upper triangular half ofA,
including the diagonal elements. Letfα,B be the function defined onRp+p(p+1)/2 andR valued,

fα,B

(
x

uvecX

)
= eαtx+trBX, (5)

wherex = (x1, . . . , xp)t andX = (xij ) is ap × p symmetric matrix.
Let Y1, . . . , Yn be a sample drawn fromF ′. We defineθα,B,n(Y1, . . . , Yn) the estimator ofθα,B, by

θα,B,n(Y1, . . . , Yn) = fα,B

(
tn(X1, . . . ,Xn)

uvecCn(X1, . . . ,Xn)

)
, (6)

whereXl
k = ln(Y l

k) for all k = 1, . . . , n andl = 1, . . . , p, Xl
k, Y

l
k being the components of the random vectorsXk

andYk , respectively.
The problem of robust estimation in the case of the multivariate normal distribution has been widely stu

this sense an overview of some existing estimators of multivariate location and covariance can be found in
also [2,8] and [10]).

Theorem 2.1.Assume that the random vectorsY1, . . . , Yn are i.i.d. from the distributionF ′. Thenθα,B,n
P−→

θα,B(F ′) where

θα,B(F ′) = fα,B

(
t (F ′ ◦ u)

uvecC(F ′ ◦ u)

)
= eαt t (F ′◦u)+trBC(F ′◦u), (7)

u is the function defined onRp and (R∗+)p valued,u(x1, . . . , xp) = (ex1, . . . ,exp) and (F ′ ◦ u)(x1, . . . , xn) =
F ′(u(x1, . . . , xn)).

Proof. From the consistency of the estimatorstn andCn we obtain the consistency of((tn)
t , (uvecCn)

t )t and then
the continuity of the functionfα,B will imply the consistency ofθα,B,n. The asymptotical value is obtained noti
thatF = F ′ ◦ u. �
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We observe the fact that the statistical functional corresponding to the estimatorθα,B,n is

θα,B(G) = fα,B

(
t (G ◦ u)

uvecC (G ◦ u)

)
= eαt t (G◦u)+trBC(G◦u). (8)

Corollary 2.2. The functionalθα,B(·) is Fisher consistent for the parameterθα,B at the distributionF ′, that is
θα,B(F ′) = θα,B .

Proof. The Fisher consistency of the functionalst andC imply the Fisher consistency of the functionalθα,B(·) by
using the relation (2). �

In the following, for everyx ∈ R
p andA a p × p symmetric positive definite matrix,‖x‖2

A is the notation for
xtAx. We recall that for any affine equivariant location estimator with corresponding functionalt possesing an
influence function, there exists a functionγt defined on[0,∞[ andR valued such that

IF(z; t,F ) = γt

(‖z − µ‖2
V −1

)
(z − µ), (9)

whereF is the distributionNp(µ,V ) (see [11]).
In Lemma 1 from [1], we see that for any affine equivariant scatter estimatorCn with corresponding functionalC

possesing an influence function, there exist two functionsαC andβC defined on[0,∞[ andR valued such that

IF(z;C,F) = αC

(‖z − µ‖2
V −1

)
(z − µ)(z − µ)t − βC

(‖z − µ‖2
V −1

)
V, (10)

whereF is the distributionNp(µ,V ).

Theorem 2.3.The influence function of the functionalθα,B(·) at the distributionF ′ is given by

IF(x; θα,B,F ′) = θα,B

[
αt IF(z; t,F ) + tr

{
BIF(z;C,F)

}]
, (11)

wherez = (z1, . . . , zp)t , zi = lnxi for all i = 1, . . . , p.

Proof. We first note that̃F ′
εx ◦u = F̃εz, wherez = (z1, . . . , zp), zi = lnxi for all i = 1, . . . , p andu is the function

from Theorem 2.1. Using the definition of the influence function and the Fisher consistency of the function
get

IF(x; θα,B,F ′) = lim
ε→0

θα,B(F̃ ′
εx) − θα,B(F ′)

ε

= lim
ε→0

1

ε

[
fα,B

(
t (F̃εz)

uvecC(F̃εz)

)
− fα,B

(
t (F )

uvecC(F)

)]
= lim

ε→0

1

ε

[
e
∑p

i=1 αi t (F̃εz)i+∑p
i,j=1 bij C(F̃εz)ij − e

∑p
i=1 αi t (F )i+∑p

i,j=1 bij C(F )ij
]

= lim
ε→0

θα,B

ε

[
e
∑p

i=1 αi [t (F̃εz)i−t (F )i]+∑p

i,j=1 bij [C(F̃εz)ij −C(F )ij ] − 1
]

= θα,B

[
p∑

i=1

αi IF(z; t,F )i +
p∑

i,j=1

bij IF(z;C,F)ij

]
= θα,B

[
αt IF(z; t,F ) + tr

{
BIF(z;C,F)

}]
. �

Using theB-robustness of the estimatorstn andCn, Theorem 2.3 leads to the following result:

Corollary 2.4. The estimatorθα,B,n is B-robust.
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Substituting (9) and (10) in expression (11) from Theorem 2.3 yields the following result:

Corollary 2.5. Let tn andCn be affine equivariant estimators ofµ andV , respectively. Then

IF(x; θα,B,F ′) = θα,B

[
γt

(‖z − µ‖2
V −1

)
αt (z − µ) (12)

+ αC

(‖z − µ‖2
V −1

)
tr
{
B(z − µ)(z − µ)t

} − βC

(‖z − µ‖2
V −1

)
tr{BV }], (13)

wherez = (z1, . . . , zp)t , zi = lnxi for all i = 1, . . . , p.

Remark 1.Note that forp = 2, the mode of the bivariate distributionΛ2(µ,V ), with µ = (µ1,µ2)
t andV = (vij )

a symmetric positive definite matrix of order 2, is given by(m1,m2)
t = (eµ1−v11−v12,eµ2−v22−v12)t . Because of the

symmetry of the subscripts, we treat here onlym1 which can be expressed by (2) settingα = (1,0)t and

B = −
(

1 1/2
1/2 0

)
. (14)

In this case we can rewrite (11) asm1[IF(z; t,F )1 − IF(z;C,F)11 − IF(z;C,F)12].

Remark 2. Let s = (s1, . . . , sp)t be an arbitraryp-dimensional real vector andr be an arbitrary real number. W
consider the parameterθ(s1, . . . , sp; r) = E[∏p

i=1(Y
i)si ]r . We have

E

[
p∏

i=1

(
Y i

)si]r

= E
[
estX

]r = erstµ+rstV s/2 = e(rst )µ+tr{V rsst/2}. (15)

Settingα = rs andB = rsst /2 in (6) we obtain aB-robust estimator ofθ(s1, . . . , sp; r). By Theorem 2.3, the
influence function of the corresponding functional is

θ(s1, . . . , sp; r)

[
rst IF(z; t,F ) + r

2
tr
{
sst IF(z;C,F)

}]
. (16)

Theorem 2.6.Let Y = (Y1, . . . , Yn) be a sample ofp-variate obsevations each of them having the compon
positive numbers. Then

ε∗
n(θα,B,n, Y ) � min

{
ε∗
n(tn,X), ε∗

n(Cn,X)
}
, (17)

where X = (X1, . . . ,Xn) with X1, . . . ,Xn obtained by transformations as in the definition of the introdu
estimators.

Proof. Let gα,B be the function defined onRp × SPD(p) and R valued,gα,B(a,A) = eαta+trBA, SPD(p)

being the set of allp × p symmetric and positive definite matrices. OnR
p × SPD(p) we consider the norm

‖(a,A)‖ = max{‖a‖,‖A‖}. Let Y and X be as above. The estimatorθα,B,n(Y ) = θα,B,n(Y1, . . . , Yn) could be
written asgα,B(tn(X),Cn(X)). Replace at mostm = min{ε∗

n(tn,X), ε∗
n(Cn,X)} − 1 points ofX and denotẽXm

the new corrupted collection. Becausem
n

< ε∗
n(tn,X) andm

n
< ε∗

n(Cn,X), we obtain sup̃Xm
‖tn(X)− tn(X̃m)‖ < ∞

and sup̃Xm
‖Cn(X) − Cn(X̃m)‖ < ∞. It follows that there exists a constantk which only depends onX, such that

‖tn(X) − tn(X̃m)‖ < k and‖Cn(X) − Cn(X̃m)‖ < k for all X̃m. The functiongα,B is Lipschitzian and therefor
there existsK > 0 such that∥∥θα,B,n(Y ) − θα,B,n

(
Ỹm

)∥∥ = ∥∥gα,B

(
tn(X),Cn(X)

) − gα,B

(
tn

(
X̃m

)
,Cn

(
X̃m

))∥∥ < Kk, (18)

for all Ỹm. We deduce that sup̃Ym
‖θα,B,n(Y ) − θα,B,n(Ỹm)‖ is finite and obtain the announced inequality.�
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Theorem 2.7.Suppose thattn and Cn are asymptotically independent,
√

n(tn − µ) has a limiting multinormal
distribution with zero mean and asymptotic covariance matrix ASV(t,F ) and

√
nuvec(Cn − V ) has a limiting

multinormal distribution with zero mean and asymptotic covariance matrix ASV(uvecC,F). Then
√

n(θα,B,n −
θα,B) has a limiting normal distribution with zero mean and asymptotic variance

ASV(θα,B,F ′) = θ2
α,B

[
αtASV(t,F )α + (uvecB)tASV(uvecC,F)(uvecB)

]
. (19)

Proof. By the hypothesis conditions we obtain that(t tn, (uvecCn)
t )t is asymptotically normal with mea

(µt , (uvecV )t )t and covariance matrix(
ASV(t,F ) 0

0 ASV(uvecC,F)

)
. (20)

Now we apply the well known delta method (see [7]) to(t tn, (uvecCn)
t )t and find thatθα,B,n is asymptotically

normal with the meanθα,B and variance

ASV (θα,B,F ′) = θ2
α,B

[
αtASV(t,F )α + (uvecB)tASV(uvecC,F)(uvecB)

]
. �
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