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Abstract

In this paper we consider the problem of robust estimation of some parameters related to a multivariate lognormal distribution.
In this sense, we construct a class of estimators and discuss some of its properties, such as Fisher consistency, robustness &
asymptotic normalityTo citethisarticle: A. Toma, C. R. Acad. Sci. Paris, Ser. | 338 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Estimateurs a fonction d’influence bornée pour des lois lognormales multivariée®ans cet article, nous considérons le
probléme de I'estimation robuste de certains parameétres relatifs & une distribution multivariée lognormale. Dans ce but, nous
construisons une classe d’estimateurs et donnons certaines de leurs propriétés telles que la consistence au sens de Fisher
robustesse et la normalité asymptotigBeur citer cet article: A. Toma, C. R. Acad. Sci. Paris, Ser. | 338 (2004).

0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version frangaise abrégée

Nous considérong = (Y1,...,Y?)" un vecteur aléatoire de dimensign avec une loi lognormale de
parameétreg et V. NotonsY ~ A, (u, V). Alors X = (X1, ..., XxP)' =(nY, ..., InYP)" estun vecteur gaussien
de dimensiorp de moyenne. et de matrice de covariande La géneése et quelques propriétés d’une distribution
multivariée lognormale sont données dans [6]. lwase, Shimizu et Suzuki (cf. [5]), ont considéré les paramétres

Ou.B = g nArBY. (1)

ou « est un vecteur réel arbitrairefadimensions eB est une matrice réelle d’'ordpe Le parametré, g peut
exprimer plusieurs parameétres dg (u, V), par exemple des moments produit ou le mode multivarié. Puisque les
estimateurs classiques sont trés sensibles a la présence d’outliers, des alternatives robustes doivent étre cherché
Le but de cet article est de construire des estimateurs robustes des parégngtres
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A partir de données lognormales de dimensjonous définissons des estimateurs pour les paranties
en procédant de la fagon suivante. On commence par appliquer une log-transformation aux données, puis o
calcule des estimateurs robustes et consistents au sens de Fisher pour les données gaussiennes obtenues et enfi
transforme ces estimateurs pour la leghormale en utilisant la relation entre les parametres des deux lois. Pour
chaque choix d’estimateurs robustes consistantsens de Fisher dans le cas normal multivapiédimensions,
un autre estimateur robuste et consistent au sens de Fisher est obtenu. Dans le cagndimmahsions, plusieurs
propositions robustes concernant le vecteur moyenraglaice de covariance ont été faites, telles queMessti-
mateurs (cf. [8]) et les-estimateurs (cf. [2]).

Nous démontronsici la consistence des estimateurs introduits pour la loi lognormale multivariée. Nous obtenons
la consistence au sens de Fisher de ces estimateurs et nous en déduisons les fonctions d’influence correspondan
gui apparaissent bornées. Nous considérons aussi le cas particulier ou les estimateurs pour les parameétres de
distribution normale @ dimensions sont affines équivariants. Nous développons deux exemples, & savoir lorsque
0, B €Xprime respectivement les moments produit et le mode bivarié. Aussi nous donnons un résultat concernan
le point de rupture de nos estimateurs. Enfin, en suppésaormalité asymptotique des estimateurs dans le cas
normal multivarié de dimensiop et leur indépendence asymptotiqneus obtenons la normalité asymptotique
de nos estimateurs.

1. Introduction and notations

We considet = (Y1, ..., Y?)" a p-dimensional lognormal random vector with parametesndV and denote
Y ~ Ap(u, V). ThenX = (X1,..., XP)' = (nYL, ..., InYP)" has thep-variate normal distribution with the mean
vectoru and the covariance matriX. A genesis and some properties of the multivariate lognormal distribution,
were discussed in [6]. Iwase, ShimizudBuzuki (see [5]), treated the parameter

90513 _ eoz’:‘”'trBV, (2)

wherex is an arbitraryp-dimensional real vector anBl is an arbitrary real matrix of ordgr. The parameter (2)
can express some parametersigfiu, V), for example the product moments or the multivariate mode. Since the
classical estimators are very sensitive to the presence of outliers, robust alternatives need to be looked for. The air
of this paper is to construct robust estimators for the paranigtgrNote that for mean and covariance matrix of
multivariate lognormal distributionB-robust estimators were introduced in [11]. Here we extend those results for
this general parametéy, g and also give a result regarding the breakdown properties of the proposed estimators.

In the following we consider those estimatofg(X1, Xo,..., X,,) with the property that there exists a
functional T defined on a convex sddr of distributions and valued in the parameters sp@cesuch that, if

X1, Xo, ..., X, arei.i.d. random vectors with the distributich= Gy € D7, thenT,, (X1, X2, ..., X,,) LN T(G).
The notationG is the same for a probability distribution and @srresponding cumulativeistribution function.
The functionall” is called Fisher consistentif(Gy) =0, forall 9 € ©.
The influence function of the functiondl in G measures the effect dh of adding a small mass atand is
defined as

IF(x: T, G) = "mow,
£—

(3)
whereégx =(1-¢)G + &8, ands, is the Dirac distribution.

The gross error sensitivity measures aproximately, the maximum contribution to the estimation error that can be
produced by a single outlier and is defined as b (x; T, G)|. Whenever the gross error sensitivity is finite, the
estimator associated with the functiorfals called B-robust (for details see [4]).
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The robustness of an estimator could be also measured by means of the finite sample breakdown point (see [3];
The breakdown point of an estimatgy at a collectionX = (X3, ..., X;) is defined as the smallest fractiénof
outliers that can take thesemate over all bounds:

sjl‘(Tn,X):min{%: sup| 7, (X) — T (X) | :oo}, 4
Xm

where the supremum is taken over all possible corrupted colleckgnsbtained fromx by replacingm points
by arbitrary values.

We will use the Euclidean norm for-vectors and the norpA|| = (37 ;_; la;;|%)*/? for matrices.

Throughout the papeF, denotes the-variate normal distributiov, (11, V) wherep e R? andV isap x p
symmetric positive definite matrix arfd denotes the-variate lognormal distributior , (1, V). We will consider
those estimators, andC,, of u andV, respectively, which ar@-robust and Fisher consistent and will denote by
¢t andC the corresponding statistical functionals. As a particular case we will consider the one,vemelC,, are
affine equivariant meaning thatAX + b) = At(X) + b andC(AX + b) = AC(X)A’, for anyb € RP and any
p x p honsingular matrixA (here the notatio’ (Z) instead off (G) means thaZ ~ G).

2. The results

In the following, for anyp x p symmetric matrixA = (a;;), let uvecA denote thep(p + 1)/2 dimensional
columnvectoai1, az, ..., app, a1z, ais, ..., ap—1,p)' formed from the elements in the upper triangular halof
including the diagonal elements. Léf p be the function defined dR?*7(P+D/2 andR valued,

X _ 'x+trBX
o (ymx ) =%, ©)
wherex = (x1,...,x,)" andX = (x;;) is ap x p symmetric matrix.

LetY,...,Y, be asample drawn frori’. We defin€y 5 (Y1, ..., Y,) the estimator ob,_ g, by

tn(Xl,---,Xn) )

G(X,B,H(Ylv MR Yn) :fa,B (UVGCC,,(X]_ . Xn) (6)

wherexi = In(Y,ﬁ) forallk=1,...,nandl=1,..., p, X,l{ Y,ﬁ being the components of the random vect&s
andYy, respectively.

The problem of robust estimation in the case of the multivariate normal distribution has been widely studied. In
this sense an overview of some existing estimators of multivariate location and covariance can be found in [9] (see
also [2,8] and [10]).

Theorem 2.1.Assume that the random vectars, ..., ¥, are i.i.d. from the distributionF’. Then6y, s , LN
04.5(F") where

elx’t(F/ou)+trBC(F/ou)’ (7)

N t(F' ou)
Ou,B(F') = fu,B <uvecC(F’ou)>

u is the function defined oR” and (R%)? valued,u(x1,...,xp,) = (€,...,€%) and (F' o u)(x1,...,x,) =
F'(u(x1,...,x0)).

Proof. From the consistency of the estimatgrandC, we obtain the consistency 6ft,)?, (uvecC,)")" and then
the continuity of the functiory,, g will imply the consistency of, g ,. The asymptotical value is obtained noting
thatF =F' ou. O
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We observe the fact that the statistical functional corresponding to the estiipatqris

t(G ou)
0, 8(G) = fa,B (uveCC (Gou) >

ea’t(Gou)+trBC(Gou). (8)

Corollary 2.2. The functionab, p(-) is Fisher consistent for the parametey p at the distributionF’, that is
Ga,B(F/) :Goz,B-

Proof. The Fisher consistency of the functionasndC imply the Fisher consistency of the functiodals (-) by
using the relation (2). O

In the following, for everyx € R? andA a p x p symmetric positive definite matri>t|,x||fx is the notation for
x' Ax. We recall that for any affine equivariant laica estimator with corresponding functionapossesing an
influence function, there exists a functipndefined o0, oo[ andR valued such that

IFzt, F)=yi(lz — wl? 1)@ —w, 9)

whereF is the distributionv, (i, V) (see [11]).
In Lemma 1 from [1], we see that for any affine equivariant scatter estirGateith corresponding functionat!
possesing an influence function, there exist two functignand ¢ defined o0, oo[ andR valued such that

IF(z: C. F)=ac(lz = nl31) @ — & —w' = Be(llz — ul31) V. (10)
whereF is the distributionV, (i, V).

Theorem 2.3.The influence function of the functiortal 5 (-) at the distributionF”’ is given by

IF(x; 0,8, F') = 0o, [ IF (z; 1, F) + tr{BIF(z; C, F)}], (11)
wherez = (z1,....zp)", zi=Inx; foralli =1,..., p.
Proof. We first note thaﬁ’x ou= fsz, wherez = (z1,...,2p), zi =Inx; foralli =1, ..., p andu is the function

from Theorem 2.1. Using the definition of the influence function and the Fisher consistency of the functionals, we
get

0. 8(F.,) — O 5 (F")
£

1 1(Fer) 1(F)
=M [f“*B <uvecC(ng)> = Ja <uvecC(F) )}

— lim 1‘[ezl!):lait(fsz)i‘FZﬁj:lbijc(Fsz)ij — @it (it X by €y

IF(x; 645, F') = lim
e—0

e—>0¢
— im B [ez,ilai[z(Fmi—z(F)iHfo j=1bif[C(Feo)ij=C(F)ij) _ 1]
e—>0 &
p p
=0up| Y ilF(z:t, F)i+ Y bijIF(z; C, F)j
i=1 i,j=1

=0u,8[a'IF(z;t, F) +tr{BIF(z; C, F)}]. O
Using theB-robustness of the estimataysandC,, Theorem 2.3 leads to the following result:

Corollary 2.4. The estimatoby, g , iS B-robust.
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Substituting (9) and (10) in expression (11) from Theorem 2.3 yields the following result:

Corollary 2.5. Lett, andC, be affine equivariant estimators afand V, respectively. Then

IF(x: 6,8, F') = 00, 8[ 1 (Ilz = 11l _1)e' (2 — ) (12)
+ac(lz = pl? ) tr{BG@—w@—w'} = Be(lz — mlé 1) tr{BV}], (13)
wherez = (z1,...,zp)", zi=Inx; foralli =1,..., p.

Remark 1. Note that forp = 2, the mode of the bivariate distributiotp(u, V), with o = (1, n2) andV = (v;;)
a symmetric positive definite matrix of order 2, is given(bay, m2)" = (et~ v11—v12 gh2—v22—v12)! Because of the
symmetry of the subscripts, we treat here anlywhich can be expressed by (2) setting= (1, 0)' and

1 12
B:—(l/z O). (14)

In this case we can rewrite (11) ag[IF (z; ¢, F)1 — IF(z; C, F)11 — IF(z; C, F)12].

Remark 2. Lets = (s1,...,sp,)" be an arbitraryp-dimensional real vector andbe an arbitrary real number. We
consider the parametéts, ..., sp; r) = E[[]/_,(Y)*]". We have

)4 r
E|:l_[(Yz')Si:| _ E[es’X]r — e(s’u-'rrs’Vs/Z — e(rs’)u-i—tr{Vrss’/Z}. (15)
i=1
Settinge = rs and B = rss'/2 in (6) we obtain aB-robust estimator ofl (s1, ..., s,; r). By Theorem 2.3, the
influence function of the corresponding functional is

0(s1,...,8p; r)|:rs’IF(z; t,F)+ %tr{sstlF(Z; C, F)}:| (16)

Theorem 2.6.LetY = (Y1,...,Y,) be a sample op-variate obsevations each of them having the components
positive numbers. Then

en (0o, B0, Y) = min{er(tn, X), 65 (Cu, X)}, (17)

where X = (X1,..., X,) with X1,..., X, obtained by transformations as in the definition of the introduced
estimators.

Proof. Let g, be the function defined of”? x SPD(p) and R valued, g, p(a, A) = e¥'¢t'BA  SP[Yp)
being the set of alp x p symmetric and positive definite matrices. ®% x SPIXp) we consider the norm
(@, A)|| = maxX{|la|l, |All}. Let Y and X be as above. The estimatéy g ,(Y) = 64.8.,(Y1,...,Y,) could be
written asgy, 5 (t,(X), C,(X)). Replace at most = min{e(z,, X), £(C,, X)} — 1 points ofX and denotex,,
the new corrupted collection. Becau$e< ¢ (t,, X) and? < &;(Cy, X), we obtain sup [, (X) —t, (X))l < o0
and sug, ICx(X) — Cy (X))l < oco. It follows that there exists a constantvhich only depends oX, such that
[12(X) — t2(X) || < k @and [|C(X) — Cu(Xm)|| < k for all X,,. The functiong,, s is Lipschitzian and therefore
there existX > 0 such that

HGC{,B,H(Y) - Ga,B,n(?m)H = Hgoz,B(tn(X)v Cn(X)) - ga,B(tn(Xm)s Cn(im)) ” < Kk, (18)

for all ¥,,. We deduce that SYP 10, ,n(Y) — 64.8.0(Y,n) | is finite and obtain the announced inequalityz
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Theorem 2.7.Suppose that, and C, are asymptotically independenyn(z, — 1) has a limiting multinormal
distribution with zero mean and asymptotic covariance matrix &SN) and \/n uveqC, — V) has a limiting
multinormal distribution with zero mean and asymptotic covariance matrix(Q8¢C, F). Then/n (0, p.n —

0«.8) has a limiting normal distribution with zero mean and asymptotic variance

ASM0y ., F') = 931 p[o'ASMt, F)a + (uvecB)' ASMuvecC, F)(uvecB)]. (19)

Proof. By the hypothesis cortions we obtain that(z!, (uvecC,)")’ is asymptotically normal with mean
(u!, (uvecV)H)’ and covariance matrix

ASMt, F) 0
< 0 ASMuvecC, F) > ’ (20)

Now we apply the well known delta method (see [7]Xth, (uvecC,)")" and find tha®, s , is asymptotically
normal with the mea#,, g and variance

ASV (045, F) = 93,3 [«' ASMt, F)a + (uvecB) ASMuvecC, F)(uvecB)]. O
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