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Abstract

Given a smooth Lagrangian path, both in the finite and in the infinite dimensional (Fredholm) case, we introduce the notion of
partial signatures at each isolated intersection of the path with the Maslov cycle. For real-analytic paths, we give a formula for
the computation of the Maslov index using the partial signatures; a similar formula holds for the spectral flow of real-analytic
paths of Fredholm self-adjoint operators on real separable Hilbert spaces. As applications of the theory, we obtain a semi-
Riemannian version of the Morse index theorem for geodesics with possibly conjugate endpoints, and we prove a bifurcation
result at conjugate points along semi-Riemannian geoddsicite thisarticle: R. Giambo et al., C. R. Acad. Sci. Paris, Ser. |
338 (2004).
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Résumé

Calcul de I'indice de Maslov et du flux spectral au moyen de signatures partielle€tant donné un chemin régulier

de lagrangiens, nous introduisons dans le cas de la dimension finie et le cas (Fredholm) de dimension infinie la notion de
signatures partielles en chaque intersection isolée d’un tel chemin avec le cycle de Maslov. En utilisant les signatures partielles
nous donnerons une formule de calcul de l'indice de Maslov. Une formule semblabe vaut pour le flux spectral de chemins
réel-analytiques d’opérateurs auto-adjoints de Fredholm sur des espaces de Hilbert réels et séparables. Comme application de
théorie, nous obtenons une version semi-Riemannienne du théoréme de I'indice de Morse dans le cas de géodésiques avec ¢
points initiaux conjugués. Enfin, nous démontrons un résultat de bifurcation en ces points conjugués le long des géodésique
semi-Riemannienne®our citer cet article: R. Giambo et al., C. R. Acad. Sci. Paris, Ser. | 338 (2004).
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Version francaise abrégée

L'indice de Maslov d’'un chemin lagrangien, dans le cas transversal, est donné par une somme algébrique de:
intersections du chemin avec le cycle de Maslov [10]. Dans ce travail nous introduisons la notion de signatures
partielles [4,5,9] pour une intersection isolée d’un chemin réguliere avec le cycle de Maslov, et hous donnons une
formule pour le calcul de cet indice en termes de signatures partielles dans le cas d’intersections non transversale
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Soit V un espace vectoriel réel— B(t) une courbe régulierad®°) de formes bilinéaires symétriques sur
V et un temps isolé en lequedt est dégénérée. Uapplication racinepour B en g d’ordre ordu) = k est
une fonction réguliére — u(r) telle quer — B(r)u(t) a un zéro d'ordrek ent = rg. Pour toutk > 1, soit
Wi le sous espace de Keét(zp)) qui consiste en les vecteutg tels qu'il existe une fonction racine pour B
enty avecu(tp) = uo et ordu) > k. Nous définissons une forme bilinéaire symétriqiesur W, en posons
By (ug, vo) = k—l!ngkh:toB(t)(u(t), v(t)), ouu etv sont des fonctions racines poBrent = ro d’ordre supérieur ou
égal ak telles queu(rg) = ug etv(tg) = vg. Un calcul simple montre quB; est bien définie eW;.,1 = Ker(By)
pour toutk > 1. Nous désignons pazr,‘f(B, 10), n; (B, to) etoy (B, to) respectivement le co-indice, l'indice et la
signature deB; qu’on appelera collectivement legynatures partiellesle B entg.

Soit maintenan{V, w) un espace vectoriel symplectiqua,= A(V, w) la grassmannienne des lagrangiens
de V avecLg € A un point fixe. Pour toutr =0, ..., 2 dim(V), on poseA,,(Lo) = {L € A: dim(L N Lg) =
m}. LensembleA,(Lg) = Um>1 A, (Lg) est appelé lecycle de Maslov avec le sommet £p. Etant donné
L1 € Ao(Lo), pour toutL € Ag(L1), on considére sufg la forme bilinéaire symétrique,,, ., (L) définie par
o(T-, )Ly OUT : Lo — L1 estl'unique opérateur linéaire dont le graphelesta famille des formes bilinéaires
{oLo.L,} constitue un atlas réel-analytique de Si y :[a, b] - A est réguliére el € [a, b] est une intersection
isolée dey avecA.(Lo), les signatures partielles de la couthg, 1., o ¥ enrg ne dépendent pas du choix fe et
seront désignées paf(y, t0; Lo), ny (v, to; Lo) etox(y, to; Lo). Notons parr(A) le groupoide fondamental de
A muni de I'opération partielle de concaténation.

Proposition 0.1.11 existe un uniqgue homomorphisme de groupo{@edice de Maslovuy, : 7 (A) — Z tel que

pro([y]) =nt(ero..(v(®)) +dim(y (b) N Lo) — n* (¢4, (v (@)) — dim(y (a) N Lo)

pour L1 € Ag(Lg) et pour touty : [a, b] — A continue telle que ([a, b]) C Ao(L1).
Siy:[a,b] — A est réelle analytique et son image n’est pas entierement contenue dans le cycle de Maslov,
alors

uno(lyl)= D> Y ou-1(y.t0: Lo) +dim(y (b) N Lo) — dim(y (a) N Lo)
toey ~(Ax(Lg)) K
toela,bl
+ Y ni(y.a; Lo) = Y (ng_y (v, b; Lo) +ng (. b; Lo)).
k k

Pour tout coupld.g, L1 € A et tout chemin continy : [a, b] — A, la quantitéur, ([y]) — ur,([¥]) dépend
seulement des extrémitds) = y(a) et L} = y(b) et sera déesigneée pa(Lo, L1; Ly, L}). Lindice triple de
Kashiwarat(L1, L2, L3) est donné pag(L1, L2; L3, L1), d’autre partq(Lo, L1; Ly, Ly) = ©(Lo, L1, Ly) —
t(Lo, L1, L)) ; il s’ensuit facilement que la fonction indice est univoquement déterminée par l'indice triple de
Kashiwara [3,6]. La théorie s'étend intégralement au cas de Fredholm en dimension infinie, en remplagant la
différence des co-indices par le flux spectral des chemins d’opérateurs de Fredholm auto-adjoints.

Comme application, nous obtenons la version suivante du théoréme de I'indice de Morse pour les géodésique
semi-Riemanniennes [8] avec des extrémités arbitraires(8oi¢) une variété semi-Riemannienn&efa, b] —

M une géodésique; I'évolution des données initiales par le biais du flux associé a I'équation de Jacobi produit une
courbe de lagrangiens dont l'indice de Maslov sera notéypal@). L’ indice spectrabled, ispectraf#), se définit

comme le flux spectral du chemin de formes bilinéaires de Fredhehkxn, 0] > A — fabg(V’, W) + g((R —

AV, W)de, ouV, W sont des champs de clasdé nuls aux extrémités le long deet R est le tenseur de courbure

de la connexion de Levi-Civita de L'indice de Morse généralis#ed, imorse(6), se définit comme le flux spectral

du chemin des formes bilinéaires de Fredhddnmb] > ¢ — ]a’ gV, W)+ g(RV, W)ds.

Proposition 0.2.imaslo(®) = ispectra(0) = iMorse(0).



R. Giambo et al. / C. R. Acad. Sci. Paris, Ser. | 338 (2004) 397-402 399

1. Introduction

In the symplectic world, a recurrent notion is that of Maslov index, that appears naturally in many different con-
texts, especially in relation with solutions of Hamiltonian systems. The Maslov inde¥isedued homotopical
invariant for continuous curves in the Lagrangian Grassmamitirat gives an algebraic measure of the intersec-
tions with the Maslov cycle [10]. Under generic circumstances, the intersections of a curve with the Maslov cycle
occur at its regular part, and they are transversal (hence isolated). In this case the computation of the Maslov inde;
is done via well established results obtained by differential topological methods, and its relations with the geo-
metrical and analytical invariants of the variational problem are clear. Typically, the nontransversal case is studied
by perturbative techniques, which allow us to extend to this case the results involving quantities that are stable by
uniformly small perturbations. There are several reasons to develop a nonperturbative analysis of the nontransvet
sal intersections, and that motivated the research exposed in this paper. In first place, perturbation arguments d
not work properly when nontransversal intersections occur at the endpoints; namely, in this case arbitrarily small
perturbations may destroy the intersection. Second, and more important, perturbative methods preserve globe
quantities, but destroy the information concerning each single intersection, which of course may be relevant in the
problem under consideration. In semi-Riemannian geometry the presence of conjugate points have global geomet
rical implications on their own, and perturbing the data (i.e., the metric) would not be a very meaningful procedure.
Along a semi-Riemannian geodesic, nontransversal intersections with the Maslov cycle (that may occur only if the
metric is not positive definite) correspond to degenerate conjugate points; the presence of this kind of conjugate
points is responsible for a series of new and interesting phenomena in the semi-Riemannian vs. the Riemannial
world, hence it deserves a specific analysis.

2. Partial signatures, Maslov index and spectral flow

We introduce the notion gbartial signatureq4,5,9] at an isolated, possibly nontransverse, intersection of a
smooth curve in the (Fredholm) Lagrangian Grassmannian of a symplectic space with the Maslov cycle, and we
give a formula for computing the Maslov index in terms of the partial signatures.

Let V be areal vector spacer> B(r) a smooth (i.e.C>) curve of symmetric bilinear forms ovi having an
isolated degeneracy instantrat 1g. A root function forB of orderk at 7g is a smooth curve — u(t) € V such
thatz — B(t)u(t) has a zero of order atr = ro. For allk > 1, let W, be the subspace of K@ (7)) consisting
of all vectorsug € V such that there exists a root functianfor B at 1o with u(zg) = uo and ordu) > k. We
define a symmetric bilinear fornB;, on W; by setting By (1o, vo) = %%ﬂt:mB(r)(u(r), v(t)), whereu andv
are root functions foB at #p with ord(u), ord(v) > k, u(tg) = ug andv(tg) = vo. An easy computation shows
that By is well defined, and thaW, 1 = Ker(By) for all £k > 1. We will denote byn, (B, 1), n,‘f(B, to) and
ox(B,19) = n,f(B,to) — n;, (B, tp) respectively the index, the coindex and the signatureBgf such integer
numbers will be referred to collectively as tpartial signatures ofB at t = 7. Let now (V, w) be a symplectic
vector space and lett = A(V, w) denote the Lagrangian Grassmannianvgfwith Lo € A a fixed point; for
allm=0,...,3dim(V), setA,,(Lo) = {L € A: dim(L Nlg) = m}. The setA,(Lo) = Um>1Am(L0) is called
the Maslov cycle with vertex atg, and it is an algebraic subvariety df whose regular part igt1(Lg). Choose
L1 € Ao(Lo); forall L € Ag(L1), letey, 1,(L) be the symmetric bilinear form obg given byw (T -, -)|.,, where
T : Lo — L1 is the unique linear map whose graplLiswhenLg andLj run in the set of transversal Lagrangians
of V, the mapsp, .1, form a real-analytic atlas of charts df. If y : [a, b] - A is a smooth curve, and € [a, b]
is an isolated intersection instant pfwith A.(Lo), then the partial signatures of the cumves ¢, 1, (y (¢)) at
t = tg do not depend on the choice bi, and they will be denoted byki(y, to; Lo) andoy (y, to; Lo).

There are several definitions of Maslov index available in the literature, not always equivalent. Duistermaat’s
definition of Maslov index in [2] does not depend on the choicd.gf but it is not additive by concatenation.

A semi-integer valued Maslov index for arbitrary continuous Lagrangian paths, which has the two properties
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above has been introduced by Robbin and Salamon in [10] by considering first regular curves having transversa
intersections with the Maslov cycle (“regular crossings”, in the language of [10]) and then extending by homotopy
invariance. The definition of Maslov index given by de Gosson (see [3]) is based on the ndtenawys indexfor
pairs in the universal covering of the Lagrangian GrassmantidBooss—Bavnbek and Furutani have given in [1]
a functional analytical definition of Maslov index, both in the finite and infinite dimensional case, of a Fredholm
Lagrangian paths. This is obtained by defining a one-parameter operator family of operators associated to the patt
whose spectrum oscillates on the unit circle aroufidrethe complex plane, and giving an appropriate algebraic
count of the passages through a fixed gauge. The construction is done locally, and then patched together followin
Phillips’ definition of spectral flow in [7]. We simplify the approach of [1] using a “van Kampen type theorem”
for the fundamental groupoid of a topological space, that reduces the proof of the well-definiteness of the Maslov
index to a simple local compatibility condition in the space of symmetric bilinear forms.

Let us denote byr(A) the fundamental groupoid of, endowed with the partial operation of concatenation,
and by[y] the fixed-endpoint homotopy class of the continuous cytve

Proposition 2.1.There exists a unique groupoid homomorphjspg : 7 (A) — Z such that

HLo= n+(g0L0,L1(y (b))) + dim(y b)N Lo) — n+(g0L0,L1(y (a))) - dim(y (a)N Lo)

for L1 € Ao(Lpg) and for all y :[a,b] — A continuous curve having image entirely contained/p(L1). If
y :la, b] — A is real analytic and its image is not entirely contained in the Maslov cycle with vertey,dhen

nLo(lyl)= > Y ou-1(y.t0: Lo) +dim(y (b) N Lo) — dim(y () N Lo)
oey YA (Lo)) k
to€la,b[

+) ni(v.aiLo) = ) (ny_1(v. b Lo) +ng (v, b; Lo)).
k k

The mapu, above will be called thdaslov indexin our notation, the definition of Maslov index of Robbin
and Salamon in [10] for smooth curves[a, b] — A having only transversal intersections with the Maslov cycle
is given by:

(v, Lo) = 2o1(y.a; Lo) + 201y, b Lo) + > (y.10: Lo)
IJ«% O_Zdlyvaa 0 201% k] 0 lev 0, 0).

toey (A« (Lo))
to€la,b[

The result of Proposition 2.1 holds true also in the case of curves in the Fredholm Lagrangian Grassmannian
of an infinite dimensional symplectic Hilbert space, provided that the “difference of coindex” is replaced by the
“spectral flow” of paths of self-adjoint Fredholm operators. DenoteFB§(H) the space of self-adjoint Fredholm
operators on the real, separable Hilbert sgiceecall that, given a continuous pdi, b] > ¢t — S(r) € F5(H),
thespectral flowsf(S, [«, b]) is an integer number given by the net number of eigenvalu&gludit pass through 0
ast runs froma to b. Let A andK be self-adjoint operators on a separable Hilbert sgéceith A invertible and
K compact. Assume thag € R \ {0} and thaﬁro‘l is in the spectrum of- A~1K, so thatrg is an isolated singularity
of the affine path — S(r) = A +¢tK in F5&H). Then, fore > 0 small enough:

Sf(S, [0 — &, 10]) = n" (B2) — n* (By) + dim(Ker(A + 10K )) =n " (B2) — n* (By),
S(S. [10. 10+ £1) = n ™ (B1) — n™ (B) — dim(Ker(A + 10K)) = n~ (B1)— n " (B2),
whereB; = (A-, MHyg B2 = ((A+ 1K), ) [Hig andH,, is the finite dimensional subspaceZfgiven by

1
Hio=J Ker(A—lK + 5|d>

n>1

n
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3. Kashiwara’'s and Hormander’s index

For every pairLg, L1 € A and every continuous curve: [a, b] — A, the quantityu,,(y) — nr,(y) only
depends on the endpoinig, = y(a) and L} = y (b); we will denote this quantity byj(Lo, L1: Ly, L}), this
is known in the literature as thdérmanderfour-fold index. The Hérmander’s indaex has several symmetries,
resembling those satisfied by the curvature tensor of a symmetric connection on a smooth manifold; observe
that q(Lo, L1: Ly, L)) = —q(Lg, L} Lo, L1), which, in turn, gives a cocycle identity fay. The Kashiwara’s
triple indexz: A x A x A — Z is related toq by the equationc (L1, Lo, L3) = q(L1, L2; L3, L1); likewise,
q(Lo, L1; Ly, LY) = ©(Lo, L1, L) — t(Lo, L1, LY). It follows that the Maslov index function is uniquely
determined by the Kashiwara’s index (see [3,6]):

M
wio(lyl) =) [e(Lo, Li, y (ti-1)) — T(Lo, Li, y (@))],
i=1
wherey :[a,b] — A is any continuous curve,i,..., Ly € A andig=a <1 < --- < tyy = b are such that
y([ti—1, ;1) C Ao(L;) forall i.

4. The semi-Riemannian Morse index theorem

As an application of the theory of partial signatures, we obtain the following version of the semi-Riemannian
Morse index theorem for geodesics, extending the result of [8] to the case of degenerate endpoiis gl et
be a semi-Riemannian manifold add[a, b] - M a geodesic; the evolution of the initial data by the flow of the
Jacobi equation along produces a smooth curve in the Lagrangian Grassmannian of a fixed symplectic space,
whose Maslov index is denoted byiasio(@). At each conjugate instamj € [a, b] of 6, one defines the partial
signaturea,f(@, to) andoy (0, 1) as the partial signaturesitof the corresponding curve in. In the Riemannian
or in the nonspacelike Lorentzian casé,(e, to) = 01(0, to) equals the multiplicity of the conjugate instant, while
n,jgrl(e, to) =n; (0, 10) = ox+1(0, t0) = 0 for allk > 1, and thusmasiol(®) equals the number of conjugate instants
along6 in ]a, b] counted with multiplicity. More generally, denote By the vector space of all Jacobi fieldsalong
6 such that/(a) =0, and byJs[to] = {J(t0): J € Ja} C Touy) M. Then,nf(@, to) ando1(0, ro) are the signatures
of the restriction of the metrig to the g-orthogonal spacgy[o]*; when such restriction is nondegenerate, then
n,:—L(e, to) =ox(0,10) =0 forallk > 2. If (M, g) is real analytic, in which case the set of conjugate instants along
any compact geodesic portion is finite, then:

iMaslod®) = > > ox1(0.10) = Y [ng_1(0.b) +nk (0. b)] +ng,

fo conjugate k>1 k>1
instant in]a,b[

whereny is thenullity of 9, i.e., the multiplicity of the conjugate instant= . Thespectral index o, denoted
by ispectral®), is defined as the differeneg — sf(1, ]—o0, 0]), where? is the real analytic path of Fredholm
symmetric bilinear formg? (1)(V, W) = fabg(V’, W) + g((R — 1)V, W) dr defined on the space of all vector
fields of Sobolev clas&! alongd and vanishing at the endpoints. An explicit formula for the spectral indéx of
can be given in terms of the generalized eigenspaces of the Jacobi differential operater. dibageneralized
Morse index of), denoted byivorse(d), is defined as the differenag — sf(S?, Ja, b]), wherer — $%(z) is the
curve of Fredholm symmetric bilinear fornsé (r)(V, W) = ]a’ gV, W)+ g(RV,W)ds.

Proposition 4.1(Morse Index Theoremjmasiol6) = ispectraf6) = imorse(0).

Idea of the proof. The equalityispectra(®) = imorse(f) iS Obtained by a direct infinite dimensional homotopy ar-
gument, using the homotopy invariance of the spectral flow. A similar finite dimensional homotopy argument
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shows the equality afyasio(0) and the Maslov index of the curve-po, 0] 3 A — £(X) = &, (b)(Lo) € A, where

[a,b] x R > (¢, A) = &,(¢) is the resolvent of the Morse—Sturm equatiti= (R — L)V, seen as a first order
system inR%*. The path¢(i) in A is real-analytic; its intersections with the Maslov cycle occur at the eigen-
values of the Jacobi operator, which correspond precisely to the degeneracy instants of itfe Pathequality
ispectra(6) = imaslo(£) IS proven by a direct computation of the partial signatures at each nonpositive eigenvalue of
the Jacobi operator.

5. On the semi-Riemannian conjugate locus

The notion of partial signatures can be employed in the study of the conjugate locus in semi-Riemannian
manifolds. Let(M, g) be a semi-Riemannian manifold; [«, b] — M be a geodesic i andig € ]a, b[. The
pointé (7o) is said to be &ifurcation point along if there exists a sequenég: [a, b] — M of geodesics it and
a sequencér,),enN C la, b[ such thav, (a) = 6(a) for all n, 6,(t,) = 6(¢,) forall n, 6, — 60 asn — oo, t, — 1o
(and thug), (t,) — 0(19)) asn — oo.

Proposition 5.1.Let (M, g) be a real-analytic semi-Riemannian manifold,defa, b] — M be a geodesic and let
to € ]a, b[ be a conjugate instant alorgy

If 20102;(_1(9, t0) # 0, thend(to) is a bifurcation point alon@. Thus, the exponential magxp,,,, is not
injective on any neighborhood afd (1g).

In particular, every conjugate point along a Riemannian or a nonspacelike Lorentzian geodesic is a bifurcation
point.
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