Available online at www.sciencedirect.com = CoMPTRS RENDUS

SCIENCE(&DIRECT“ &
=4

ELSEVIER C. R. Acad. Sci. Paris, Ser. | 338 (2004) 849-852

Functional Analysis/Harmonic Analysis

A composition formula for squares of Hermite polynomials
and its generalizations

Piotr Graczyk, Adam Nowak

@ Département de mathématiques, Université d’Ang&rboulevard Lavoisier, 49045 Angers cedex 01, France
b |nstitute of Mathematics, Wroctaw University of Technology, Wyb. Wyskiego 27, 50-370 Wroctaw, Poland

Received 23 September 2003; accepted 16 December 2003
Available online 17 April 2004

Presented by Gilles Pisier

Abstract

We prove a general formula which, with appropriately chosen parameters, gives a composition formula for squares of Gould—
Hopper polynomialg,%(x, h), and hence also for Hermite polynomials. Our main tool is the classical Mehler formula, but with
imaginary argumentd.o citethisarticle: P. Graczyk, A. Nowak, C. R. Acad. Sci. Paris, Ser. | 338 (2004).

0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Une formule de composition pour les carrés des polynémes d’Hermite, et sa généralisation. Nous démontrons une
formule générale qui, avec des coaffitts convenablement clsig, donne une formule de cawsition pour les carrés des
polyndmes de Gould—Hoppgﬁ(x, h) et, par conséquent, pour les carrés des polyn6mes d’Hermite. Notre outil principal est la
formule de Mehler classique avec I'argument imagindair citer cet article: P. Graczyk, A. Nowak, C. R. Acad. Sci. Paris,
Ser. | 338 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Letn > 1 be a natural number. In what follows we shall use fairly standard multi-index notation, with multi-
indicesm = (m, ..., m,) € N" (in the sequel multi-indices will always listinguished by tildes). In particular

lit] =ma+ - +my

is the length ofz,

m/2=(my/2,...,my,/2), m!'=mi!---my,!, x’%:le---x,’,"”, x=(x1,...,x,) € R".
Moreover,
0<k<m=0<k <m;, 1<i<n,
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where0 denotes the multidimensional zei@ ..., 0) € N”. Givenx € R”", by |x| we denote its Euclidean norm
in R".

Fork < 7i/2 we defineE; ; = Emy &y -+ Em, &, » Where
N! N
E =2N—2k7, N=0,1,2 ..., 0<k<
MK KI(N — 2k)!

Note that Ey ; is the absolute value of the coefficient standing(&t— 2k)-th power in theN-th Hermite
polynomialHy, since

Hyw= Y (-D'Eyu™ % N=012...
0<k<N/2

The numbersE y ; appear also in certain generalizations of Hermite polynomials, for instance in the polynomials

gy@u.p)= > Enxpu"* upeR,
0<k<N/2

considered by Gould and Hopper [1]. Notewortrg,f,, (u, p) are contained in certain general classes of
hypergeometric polynomials studied by Brafman, Gould and Hopper, and others, see [4, Chapter 1, Section 1.9] anc
references therein. Mtidimensional polynomialg%(x, p), m € N", x ¢ R", are defined in a standard manner
to be the tensor products’, (x1.p)---g2 (x..p). and similarly for multidimesional Hermite polynomials
Hz(x), x e R".

Our main result can be expressed as follows.

Theorem 1. Let M be an arbitrary natural number and I€8; }o< j< /2 be arbitrary complex numbers. Then, for
all x e R*, we have

2% n—-1 M—2j—2k ?
= Z 7(_M)2j< > )( Z Ey—2jxlx|" ™% ,3k+j> } 1)
) J

0<k<M/2—j

where(1); denotes the Pochhammer symbrelcall that(A), =1if k=0and(A)y =A(A+1)---(A+k — 1) for
k=12,..).

Proof. After expanding both sides, the identity (1) takes the form

lm|=M Q<1§<m/2
0<i<ii/2
22 n—1 :
2M —4j—2k—2I
= Z —(=M)2; 3 Z Ey—2jxEpm—2j11x| / Bi+jBi+js (2
oj<ms2 7’ J ogk<M/2—
0<ISM/2—

and therefore it suffices to show that the coefficient8,¢f;, 0 < r,s < M/2, are equal on both sides.

To proceed, we note that classical Mehler’s formula [¢f Chapter 1, Section 1.11], for instance) holds also
with imaginary arguments (which seems to be well-known, and may be proved by essentially the same reasoning
as in case of real arguments, see thmopin [3]). Therefore, observing that

. -N .
o= () (G oo
gn(u, p) <J17 Nﬁu pP#
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and using “imaginary” version of Mehler’s formula, one gets

i (—/Pa2)"
ZgN(Zu P)gx (v, q)ZNN' X:HN<—“>1‘IN<\/(7 ) N N1

N=0

B exp(zz(qu + pv?) + 22uv>
Vi- pqz2 1-pqz?
provided|z| < | pg|~Y2. In particular, foru = v we have

N 2
ZgN@u P82 (2, @) = zw)

1
exp<u
N=0 e V1= pgz? 1-pgz?

Consequently,

n o] oM
1'[[ > g2, (2xi. p)g2, <2xi,q>m}

i=1-m;=0

= (1- pq??)

—(n=1)/2 |2(p+q)z +2z>

\/1—pqz2exp<| 1-pqz?
S 1(n-1 Y- z*
= X5 ),(pq)z Z (21, p)gg (2, q)zkk,
: J

=0/

since

—(n—1)/2 O n—1\ u
il

j=0

Further, comparing the coefficientsgf we obtain

M!
D = 8a 2 Pgg2x. )
|ml=M

2% n—1 i 2 2
= ) = M)z,( 5 )'(pq)’gM_zj(ZIXI,p)gM_zj(lel,q),
' J

0<jsM/2
which after expansions yields

M! 2m—2k—2l || |
>ow 2 Eniap p"lq"

851

3)

22 n—-1 OM—4j—2k—21 k+j I+j
= > — ("M)2j| —; > Em-2jxEm—2j1lx| pigT.

7 ogk<M/2—j
0<ISM/2—]

Since the above identity holds for gll ¢ > O, it follows that the coefficients g ¢*, 0 < r, s <
on both sides. This, in view of (2), finishes the proofl

We note two important applications of Theorem 1.

Theorem 2. Forall M € N, p € R andx € R" we have

M/2, are equal
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1.5 2 (2p)? (” - 1) 2 2

~ m ’ = . . 27 ) 5 4
IﬁX—:Mm![gm(x ) ong/zﬂ(M_zf)! 2 j[gM 2 (1.7 @

1 2 22J n—1 2

= [Hi(0)]" = . . ( ) [ (1x1)]" (5)
IﬁX—:M m ogjzng/zj!(M —2D'\ 2/, !

The composition formula for squares of Gould—Hoppeypomials (4) is obtained by using Theorem 1 with
B;j = p’ (ortakingp = ¢ in (3)). The identity for Hermitgolynomials (5) follows by taking; = (—1)/ in (1), or
directly from (4), sincely (1) = g12V (2u, —1). Noteworthy, a bilinear version of (4) ip was derived and exploited
in the proof above, see (3).
Let us also remark, that there is no bilinear version of (1). Nevertheless, by using the technique presented in the
proof of Theorem 1, one may derive a bilinear extension of (4), and hence also of (5). In fact, the following holds.

Theorem 3. Forall M € N, p e R andx, y € R” we have

1 2n)2J -1
Y =P D= Y er) <n )jgﬁ—zj(x’l’)g@—zf'(y’l’)’

\ii|=M ocjomye /M =212
and
Y g = Y 2 (”‘1) Ht2; () Hyr 2} (V),
|rm:Mm! 0<ng/ZJ!(M - 2! 2 j
where
leerylszlx—yl’ YzliryI;Ix—yI.

The necessity of deriving multivariate versions of (1) arises in harmonic analysis of orthogonal expansions,
in connection with studying mutual dependence of highrdeo Riesz—Hermite and Riesz—Laguerre transforms,
cf. [2]. However, we were not able to find in accessible literature even the simplest discussed consequence o
Theorem 1, namely the composition forladior squares of Hermite polynomials (5).
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