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Abstract

M. Lejeune-Jalabert (Lecture Notes in Math., vol. 777, Springer-Verlag, 1980, pp. 303—-336) proposed the following ‘problem
of wedges’: letX be a surface over an algebraically closed fielaf characteristic zero. Given a wedgeSpe&([[&, r]] — X,
whose special arc lifts to the minimal resolutisnof X in an arc transversal to an irreducible component of the exceptional
locus in a general point, dogslift to Y? The main result in this Note is to extend this problem to a problem of wedges in a
variety X of any dimension and to prove that, if the wedge problem is tru&fahen the Nash problem is true f&r. From this,
necessary and sufficient conditions are given for an essential divisor to belong to the image of the Nash map, and we conclude
that the Nash problem is true for sandwiched surface singularfitesite this article: A.J. Reguera, C. R. Acad. Sci. Paris,
Ser. | 338 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.
Résumé

Image de I’application de Nash en termes de coins. M. Lejeune-Jalabert (Lecture Notes in Math., vol. 777, Springer-
Verlag, 1980, pp. 303-336) a proposé le «probleme de coins» suivantX swi€ surface sur un corps algébriquement clos
de caractéristique zéro. Etant donné un epirSped[[£, 1]] — X, dont son arc spécial se reléve a la résolution mininiiale
de X en un arc transverse a une composante irréductible du lieu exceptionnel en un point gésérad|éve-t'il &Y ? Le
résultat principal de cette Note est d’étendre ce probléme a un probléme de coins sur une&vaeiétignension supérieure,
et de démontrer que si le probléeme de coins est vrai pgualors le probleme de Nash est vrai potir On en déduit des
conditions nécessaires et suffisantes pour qu’un diviseur essentiel appartienne a I'image de I'application de Nash, et on conclu
gue le probleme de Nash est vrai pour les singularités sandwich de siRfaceiter cet article: A.J. Reguera, C. R. Acad.
Sci. Paris, Ser. | 338 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version francaise abr égée

Soit k un corps algébriguement clos, non dénombrable et de caractéristique zér. Buitk-variété etS
son lieu singulier. Urdiviseur essentiel suk est une valuation divisorielle du corps de fonctiong(X) de X
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telle que, pour toute désingularisatipnY — X, le centre de» dansY est une composante irréductible du lieu
exceptionnel de.

Considérons l&-schéma (non de type fing, des arcs suk, et le ferméx3, des arcs centrés en un point non
spécifié des. Etant donné un diviseur essentigkoit £ le centre de dans une désingularisation fixgeY — X,
et soitNg I'adhérence de 'image, par I'application natureflg — X, de I'ensemble des arcs shrcentrés en
un point non spécifié d&€. LensembleNg est un fermé irréductible d&3. qui dépend seulement du diviseur
essentieb, et qui détermine aussi. On aX3, = | J, Nk, ol E varie parmi les centres des diviseurs essentiels
dans une désingularisation fixée quelconque.

L’application de Nastest I'application\V de 'ensemble des composantes irréductibleX gledans I'ensemble
des diviseurs essentiels e définie pat\'(Ng) := v, OUE est le centre de.

Etant donnée une extension de cofpsle k, un K-coin surX est unk-morphisme® : Sped [[£, t]] — X.
On appelle respectivemeatc génériquest arc spécial ded les arcsSped ((¢))[[¢]] - X etSpedX[[7]] —> X
induits par les morphisméd§[[£, t]] < K ((§))[[¢]] et K[[£, r]] — K[[]], € — O.

Le résultat principal de cette Note est :

Théoréme 0.1. Soit E, un diviseur essentiel sut. Soitz, le point générique d&g,, etk, son corps résiduel.
Les conditions suivantes sont équivalentes

() E, appartient al'image de I'application de Nash.
(i) Pour toute désingularisatiop: Y — X et pour toute extension de corfgsdek,, tout K-coin @ sur X dont
I'arc spécial estz,, et dont I'arc générique appartient 5 _, se reléve & .
(i”) Il existe une désingularisation satisfaisdiij.

La partie fondamentale de la preuve es) @ (i). Celle-ci se réduit a un résultat de finitude dans I'espace
des arcs : dans le Lemme 3.2, il est prouve qu'il existe un ouvert dffie X, tel queNg, N W est un fermé

non vide deW et dont I'idéal est finiment engendré. En particulier, I’anném/g;a est noethérien, et il est alors

possible d’appliquer le Lemme de Sélection de Courbe Ma.
Comme conséquence du Théoréme 2.1 et de [6], on obtientapmication de Nash est bijective pour les
singularités sandwich de surface

1. Introduction

Let k be an uncountable algebraically closed field of characteristic zero, akiddetak-variety (i.e., a reduced
and irreducible scheme of finite type ov@rwith singular locusS. Let 7 : Xoc — X be the canonical projection
from the space of arc¥,, on X to X and letj, : Xoo — X, be the projection fromX, to the space ofi-jets
X, of X. For any closed subsét of X, (resp.C, of X,) we will consider the schem&s, C,, with the reduced
structure (see the introduction in [1]). Recall th&f, = lim _ X,,; that, for a field extensio& of k, the K -points
of X are in 1-1 correspondence with the afpe K [[¢]] — X, and that, given € X, with residue field,, we
havern (x) = h,(0) whereh, : Sped,[[t]] — X is the corresponding arc and 0 is the closed poirBpéd,[[z]]
(see [1,4)).

The Nash mags a canonical map/ from the set of irreducible components £, := 7 ~1(S) into the set of
essential components on a resolution of singularitief X. An essential componeo Y is the center orY of
an essential divisor oveX. An essential divisoover X is a divisorial valuatiorv of the function fieldk(X) of
X centered inS such that the center of on any desingularizatiop:Y — X is an irreducible component of the
exceptional locup~1(S) onY. Note that the sefy, x of essential components dnis in 1-1 correspondence with
the set of essential divisoésover X, hence the mapy” does not depend on.
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We now outline the construction of the Nash nidpSincek is a field of characteristic zero, by [4] Lemma 2.12,
the arch, corresponding to the generic point of an irreducible compo@enftX S, does not factor through. Since
p is proper and is an isomorphism outsislethere exists a unique afg on Y such thath, = p o i.. Its center
h.(0) is the generic point of an essential componEran Y. The Nash map send3to E; it is injective, but need
not be surjective as shown by the 4-dimensional example given in [4].

In this Note, we give necessary and sufficient conditions for an essential dvismibe in the image of the
Nash map. We follow the strategy introduced in [5] which consists in proving that “the wedge problem implies the
Nash problem”.

2. Main result

We now introduce the necessary concepts to state our result.

(1) The generic point of the inverse image of an essential compdnenta resolution of singularitie of X
under the canonical maj,, — Y projects to the generic point of a closed subvariggy of X5, by Yoo — X .
The varietyNg only depends on the divisorial valuationcentered a on Y, and we haveVa/ ) = C for any
irreducible componer@ of X53,. Therefore

Xgo = U NEg.
Ee&
For anyx € X« \ Soo, We will denote byﬁx :Spe,[[t]] — Y the unique arc orY lifting h,. Two subspaces
of Ng depending or¥ will play a role: Ng(Y) := {x € Xoo \ Soo; /1x(0) € E}, andN2(Y) := {x € Ng(¥); hy
intersects transversally at a nonsingular point f1(S)eq}. We will prove in Lemma 3.1 that both sefg: (Y)
andN2(Y) are dense iVg.
(2) For any field extensioX of k, a morphismyp : SpeX [[&, r]] — X is called aK-wedge onX; ¢ may also
be viewed as & [[£]]-point iy Of X, Via the isomorphisnK [[£, 1] = K[[£]][[¢]]. The arcs defined by, (0)
andhg (SpedX ((£)) are called the special arc and the generic akg,akspectively.

Theorem 2.1. Let E, be an essential divisor ovéf. We will denote by, the generic point oV, := Ng,, and by
k, its residue field. The following conditions are equivalent

(i) E, belongs to the image of the Nash map.
(i) For any resolution of singularitiep : Y — X and for any field extensiok of k., any K-wedgegp on X such
thath(0) =z, andhy (Spedk ((6))) € X5, liftsto Y.
(ii”) There exists a resolution of singularitips Y — X satisfying(ii).

Remark 1. We may rephrase (i) by saying that, for apyany K -arc on the gerniXs,, z,) can be lifted uniquely
to (Yoo, Zo) Wherez, is the point ofY, corresponding tdZm.

Corollary 2.2. The Nash map is bijective in the following cases

(i) Quasi-homogeneous surface singularities listefbin
(i) Sandwiched surface singulariti¢see[6]).

If X is a surface and:,, is a smooth arc orX, thenE, belongs to the image of the Nash mape[3]).

I dea of the proof of Theorem 2.1. (i) = (ii). Let ¢ be aK-wedge as in (ii) and lety be the corresponding arc
on X«. Let n be the generic point dbpedK [[£]]. We have that, := hy(0) is a specialization of := hg(n).
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Spee £((€))][[¢]]

.

Spec k[[€,1]]  ——  Spec Ong 2 [lt]] —— x
Spee k(1] Spec ka[[t] e

Fig. 1. Commutative diagram.

There exists8 in £ such that; € Ng. Thereforez, € {z} C Ng. By (i), we haveN, = Ng, hencez = z, and the
wedge lifts trivially toY.

(i) = (ii") is clear.

(i) = (i). Assume thatV, C Ng, N, # Ng, and letp:Y — X be a resolution of singularities satisfying Yii
The natural inclusioniNg, z¢) C X corresponds to a morphis8pe®ys, ., [[t]] — X. HereOy, ., denotes the
local ring of Ng (with its reduced structure) at the generic painof N,,. We will build a commutative diagram as
in Fig. 1 such that € Ng \ N, and« is a field extension of,. Hence. (0) does not belong to the center Bf,
onY, thay we also denote b, . By (ii’), the wedgeSpea[[£, ]] — X lifts to Y. This implies that the generic
point of theessentiatomponentt,, onY is a specialization ok (0) ¢ E,, which is a contradiction. We will see
in the next section that the diagram in Fig. 1 follows from Lemmas 3.1, 3.2 and 3.3. This construction is inspired
by the sufficient condition to Nash problem in [9], Theorem 1.10 (see also the more recent work [8]).

3. Proof of (ii") = (i)

We may assume thakX is affine, let X C A,’(\’. The idea for the next result comes from [7], section
“Correspondence of families to components”.

Lemma 3.1. Let p: Y — X be a resolution of singularitiest, an essential component dn andP the prime
ideal of Ox_, definingNy. Then,

0] NO?(Y) is a nonempty open subset/gf.
(i) There existsGg € Ox,, \ P and a finitely generated idedl of Oy _, such that the radical of (Ox )¢, is
P(Ox)Go-

Proof. We may assume thdi, is a divisor ofY. Let U be an affine chart of such thaty N E, # ¢ and E, is
defined inU by a single equatiofd € O(U). Let z, be the generic point aV,,, andv, the divisorial valuation of
k(X) centered orE,. Let f; € Ox, 0<i < M, be such that the birational map. - - — U is given byy; = f;/ fo,
1<i < M,andleta € N andp a polynomial ovek in M + 1 variables such that

fol T fo 13 '

Since Egm(O) is the generic point ofE,, we haveb; := ord, h’éa(f,-) <oo for 0<i <M. Any x € X
such thatord, hﬁ(fi) = b; for 0<i < M lifts to an arch, on Y and, for such anx, the condition
ord, h:(p(fo, ..., fu)) = 1+ abo is equivalent toord, 7% (¢) = 1. Thus,2 = {x € Xoo | 0rd; A2 (f;) = b;, 0<
i <M, ord, hi(p(fo,...,fM)) = 1+ abo} is a nonempty open subset of, contained inNo?(Y). In fact,
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£2 = D(Go)NC, for someGg € Ox,, \ P, whereD(Go) := (Go # 0) andC is the zero set of a finitely generated
idealZ of Ox_, contained infP. HenceN, N D(Gg) = C N D(Go), and (ii) follows from Nullstellensatz, sinde

is uncountable. From this argument applied to a finite cover of the set of nonsingular pgntX freq in E, by
affine open subsets, (i) follows. In particular, this implies that; = v, (f;). O

Let O, = (’)J X" for n € N, and letP, be the prime ideal 00, defining j,(Ny). We haveO, C O, 1,
X =, On andP, =P N O,.

Lemma 3.2. There existss € Ox_, \ P such that the ideaP (Ox_, )¢ is finitely generated.

Proof. Thereis a closed subscher&iéof A,ﬂv such thatX’ 2 X, X’ is a complete intersection and the arg does
not factor through the closure of \ X (see [1] or [2]). ThenX/, and X, are isomorphic in a neighbourhood
of z4. Hence, we may assume thétis a complete intersection. Following [1], proof of Lemma 4.1, it suffices to
understand the case whexes a hypersurface. Suppose that it is definedloy ) = 0, wherex = (x1, ..., x4+1),
ande := va(af ) = ord; hga(af) € N is the v, -value of the Jacobian ideal of. Let hoo : AZFIX Spedc[[t]] —
A9+1 pe the universal family, andls, (f) = ¥, Firl, hio (2L D=3 Qjit' € Oyanllrl], for 1< j <d + 1.
Then Ox,, = Oya11//({Filiz0) = k[X0,X1....1/\/({Fi }z>0) where X; = (Xg,i, ..., Xa41,i) and Fi,.Qji €
k[Xo,...,X;] for “all Jj. ForanyH € k[X o, X1, ...], we will denote byH its class inOx, . Note thatQ;; € O;.

From the argument of elimination, in [1], Lemma 4.1, based on Taylor's formula (see also [5]), it follows that, for
n-e,

d+1 e
Frretr1 =Hpqer1 + Z Z Qji Xjntetriis
j=1i=0
whereH,,i.+1 € k[Xo, ..., X,] is the coefficient in"+e+1 of £(37_oX;t') (see (1) in [1]). Let F, el

Hyyer1+ Z?:} Qj,er,nJrl € Ont1. Then 0= F, 4 + Zd“ Y50 X jnrer1mi In Ox, henceFriJreJrl
belongs to the finitely generated ide@ < P in Ox,_, generated bY{Q;.il1<i<d+1,0<i<e- Thus, (P, +
(F/+e+1))0n+l - Pn+1 forn > e.

Let Go € Ox,, \ P andZ as in (ii) of Lemma 3.1, and letg € N be such thaGo and a system of generators of
7 are inO,,. Letny =supng, e} andG = Go - Q1,.. Forn > ny, let us consider the morphisms

(OnG/PalX2n 11 - Xap1n11] = On0)6/ (Pu + (Flrio ) (Oni1)6 2 (Ons1)6/Pusts

where s, (X ,4+1) = X n41. By the elimination argument,(Ny) N D(G) = j,(Ny) N D(G) for n > ny. By
Lemma 4.1 in [1],y, o 8, is an isomorphism. This follows from the following two arguments: the first one
is Hensel's Lemma, which implies thgh11(N,) N D(G) is defined as subset afi,(Ny) N D(G)) x AT

by F/+e+l =0, ie, (On+1)6/Pnt+1 = (On)G/Pu)X n+1l/ (F,:+e+1) ([l] p. 219, Is. 16_18) The second

one is the elimination 0K ,+1 in the equatlonF’H+1 =0, sinceQ1,. is invertible, henc&O,11)G/Pnt1 =
(O)6/Pu)X2.1n+1, - - -» Xa+1.n+1]. This elimination argument also implies thaf ,+1 belongs to the image
of §,, i.e., 8, is surjective Therefore, botld, and y, are isomorphisms, thu®,1(On+1)g = Py +
(F/+e+l))(0n+1)(; and it follows thatP(Ox )¢ is finitely generated by the generatorsif, and the generators
of Q. O

Remark 2. We may have that, fat > 0, P, (O) G % Pu(On)g forallm > n + 1. See Example 4.5 in [4].
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Lemma3.3. LetE,, Eg, E, # Eg, be essential divisors ovef and let us keep the notation as before. We have

(i) Ox..., is Noetherian.
(i) If Ny C Ng, thendimOy; -, > 1.

Here the completions are with respect to the topology defined by the maximal ideal.

Proof. The ring (D/X;a is a complete local ring with maximal ide@lO/x;;a, which is finitely generated by
Lemma 3.2. Therefore (i) holds. For (i), I& = Oy, ., andM = POy, ., its maximal ideal, which is finitely
generated. Sinc€, # Eg, Ny # Ng, andR is not a field. Sincer is a domain, we havaf” # (0) for all n > 1.
By (i), R is a Noetherian ring. If it were artinian, theéd” R = 0 for somen, thusM” = M"+1, henceM" = (0)
by Nakayama, which is a contradictionc

End of proof of Theorem 2.1. To construct the diagram in Fig. 1, by Lemma 3.3, we may apply the curve
selection lemma t8&pecy, ., and obtain a morphisnt : Spea[[§]] — Spedy, ., such that the image of the
closed pointis the closed pointﬁpem, the image of the generic pointis not the closed poit&im%,

andk is a finite extension of,. The composition ofy and the morphisrﬁ;pec(m — Spedy,. ., induces the
morphismSpe«[[&, ¢]] — Spec(ONﬂVZa[[t]] inFig.1. O
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