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Abstract

We analyze the influence of additive and multiplicative periodic modulations on the asymptotic behavior of eigenvalues
of some Hermitian Jacobi Matrices related to the Jaynes—Cummings model using the so-called “successive diagonalization”
method. This approach allows us to find the asymptotics ofntheeigenvaluer,, asn — oo stepwise with successively
increasing precision. We bring to light the interplay of additive and multiplicative periodic modulations and their influence on
the asymptotic behavior of eigenvalu@s.citethisarticle: A. Boutet de Monvel etal., C. R. Acad. Sci. Paris, Ser. | 338 (2004).
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Résumé

Effet de modulations périodiques sur I'asymptotique des valeurs propres d'une variante du modéle de Jaynes—
Cummings. L'objet de cette Note est d'analyser I'effet de modulations périodiques additives et multiplicatives sur le
comportement asymptotique des valeurs propres de matrices de Jacobi liees au modele de Jaynes—Cummings. Nous utiliso
une méthode «de diagonalisations successives» pour obtenir le comportement asymptotique;>peao, de lan'®Me
valeur proprexr,, celles-ci étant supposées rangées par ordre croissant. Les résultats obtenus mettent en évidence I'effet de
modulations périodiques considérées sur le comportement asymptotique des valeurs lpoapi@ter cet article: A. Boutet
deMonvel et al., C. R. Acad. Sci. Paris, Ser. | 338 (2004).
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Version francaise abr égée

Soit N = {1,2,...} 'ensemble des entiers > 0. On note/2(N) I'espace de Hilbert des suites complexes
u = {u,}>>, de carré sommable &k (N) le sous-espace dedelles quex, = 0 pour tout: assez grand.
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Soientb = {b, },en €tg = {gn}nen deux suites reelles,, > 0. SoitJ = J, , 'opérateur dan#?(N) défini pour
toutu € linj (N) par

(Ju)1 = quu1 + biua, (1)
(Ju)p =bn—1un—1+ gnitn +bpuny1, n=2. (2
Cet opérateur a pour matrice dans la base hilbertienne stand&rd\¥léa « matrice de Jacobi»
g b1 0 O
b1 g2 b2 O

0 b2 g3 b3 - |- 3)

Dans cette Note on s'intéresse au cas ou les shittg sont de la forme

by =Bu/n et gu=n’>+&, (4)
oU{B,}nen et{&,}en Sont deux suites réelles périodiques de péribdeN :
B, = Bn+T >0 et & = n+T - (5)

Ce type de matrice de Jacobi est inspiré du modele «de Jaynes—Cummings », qui est le modéle le plus simpl
d’interaction électromagnétique entre un atome a deux niveaux et un champ unimodal. On peut en effet montrel
(voir [7]) que I'étude des propriétés spectrales du Hamiltonien de Jaynes—Cummings (6) se raméne a l'analyse
spectrale d’'une matrice de Jacobi du type (3), pour des duieg de la forme

by=gvn et gu=nw+E, E,=En2, (6)

OU{E,} est une suite réelle 2-périodique, etpatw sont deux constantesO.

L'objectif de cette Note est d’analyser I'effet des modulations périodigigs et {£,} sur le comportement
asymptotique, poun — +oo, de lan®M valeur propre, de I'opérateur = Jp,q. Par rapport au modele de
Jaynes—Cummings, nous avons modifié, par commodité, la partie non modulée de la diagonalena@, et
nous avons considéré une modulation addifiyele périodel’ au lieu de 2, par référence a un atonié aiveaux.
Quant a l'introduction d’'une modulation multiplicatii¢s,} & la place de la constange elle correspond & une
formulation plus générale du modéle de Jaynes—Cummings [7]. .

Les deux théorémes de cette Note donnent le comportement asymptotique <l laleur propret, de J,
les, étant supposées rangées par ordre croissant :

(i) enl'absence de modulations, i.&.=1:

B3 — 4B, 1
Ap=n’+E L 0 ,
T (#ﬁ)

(i) en présence de modulations, i.&.> 1:

B2, —B? 1
Ap=nl4+ &+ =L T of = ).
n~+&, + > + (ﬁ)

Les démonstrations utilisent systématiquement une méthode «de diagonalisations successives» déja utilisé
dans [2] et inspirée de Rozenblum [6] et de la méthode de 'opérateur de transformation. Dans une premiére étape
on obtient une matricé; dont on sait déterminer trés facilement le comportement asymptotique:ti&faaleur
proprex, (J1), par exemple une matrice dlagonale et qui est « presque semblalileceaui permet d’estimer

la différencen, (J) — 4,(J1) pourn — +o0. A I'étape suivante, on obtient une matrigg qui a des propriétés
analogues & celles di, mais dont les valeurs propres donnent une meilleure approximation asymptotique des
valeurs propres dé pourn — +o0. Et ainsi de suite. Les preuves détaillées sont données dans [1].
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1. Introduction

Let N ={1,2,...} be the set of positive integers. LIE(N) be the Hilbert space of square sommable complex
sequences = {u,}.° ; andisni(N) the subspace of such that:, = 0 for n large enough.

Let b = {b,},en be a sequence of positive real numbers, and {g,},en @ sequence of real numbers. In
I12(N) = I?(N, C) let J = J, , be the operator defined for evarye lsini (N) by

(Ju)1 = quu1 + biua, 1)
(Ju)yp =bp—1un—1+ gty +bpups1, n= 2. (2)

This operator is symmetric, therefore closable, and whenever we refer to this operator’'s spectrum we shall have in
mind its closure’s spectrum. The matrix representation of this operator with respect to the canonical/Bésjs in
is the Hermitian Jacobi matrix

@1 b1 0 O
by g2 b O

0 by g3 by - |- (3

In this Note we assume= {b,,},cv andq = {g, },en Of the form

by=By/n and g,=n’+¢&, forallneN, (4)
where{B,},eny and{&, },en are real periodic sequences of peribd N, with {3,} positive:
By=Butr >0 and &, =&,4r forallneN. (5)

It follows straightforwardly from (4) that/ is essentially self-adjoint and has discrete spectrum. Indéésla
relatively compact perturbation of a diagonal operator [3].

The main goal here is to find the exact asymptotics of the eigenvalugsusing the so-called method of
“successive diagonalization”. In [2], this approach has already been used successfully for obtaining the exact
asymptotic behavior of the spectrum of a class of Jacobi matrices which, as in our case, may be of physical
interest. The idea behind the method of “successive diagonalization” goes back to the method of transformation
operator, but using a successive approximation approach. Rozenblum developed somewhat similar ideas for th
case of pseudo-differential operators on the circle [6]. The point is that under certain conditiérngeocan find
a diagonal matri¥, say J1, which is similar to the original matriy modulo some compact matrix with special
structure. Then, it turns out that it is possible to estimate, asymptotically-asoo, the distance between the
eigenvalues of and the eigenvalues of the obtained mattixMoreover, the procedure for obtainidg allows us
to obtain a subsequent mattix which is similar to the matri¥ modulo some other compact matrix such that the
asymptotic behavior of ’s eigenvalues is expressed by means of the eigenvalukswith greater precision than
in the previous step usinfj. So, it is possible to apply this procedure repeatedly and thus, to obtain the asymptotic
behavior of/’s eigenvalues as — oo with arbitrary precision.

Our choice of the sequencésand g in Eq. (4) is inspired on the Jaynes—Cummings model, which is the
simplest model for describing the electromagnetic interaction between a two-level atom and a single mode field. In
this model the Hamiltonian is given by

H = wooo+wata+ gor(a+a™), (6)

wherewy is the atomic transition frequenay, is the field mode frequency, anda™ are the photon creation and
annihilation operatorg is the coupling constant, ang = (3 9) andoy = (9 ). In this model the counter-rotating

1 Or at least a matrix such that the asymptotic behavior of its eigenvalues can easily be found.
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term is considered [4,5]. Despite the seeming simplicity, this model cannot be solved exactly. Nevertheless it has
been found that the study of the spectral properties of (6) can be reduced to the spectral analysis of an Hermitiar
Jacobi matrix (see [7]) of the form (3) with= {b,,},eny andq = {g, }»en Qiven by

bp=g+/n and g,=nw+E,, (7)

where{E, },cn is a real 2-periodic sequencg & 2), andw andg two positive constants.

Since we are mostly interested in how the modulations affect the asymptotic behavior of eigenvalues, we have
modified the Jacobi matrix obtained from the Jaynes—Cummings model stressing the role of the modulations
and in such a way that the calculations involved in the method of successive diagonalization are easily carried
out (compare (4) and (7)). If we had not changed the growing rate of the main diagonal, then the additive
modulation{&, },cn proposed in our model would correspond td devel atom. On the other hand, the introduced
multiplicative modulation{B,},cn, can arise when considering a more general setting of the Jaynes—Cummings
model [7].

The successive diagonalization approach used in this work allows us to disclose the asymptotics of eigenvalue:
in the case of additive and multiplicative periodic modulations and to study the interplay of the modulations and
their influence on the asymptotic behavior of eigenvalues.

2. Asymptotics of eigenvaluesfor the case without modulations

The case without modulations, i.d,= 1, is rather elementary, but we consider it separately as a reference
for comparison to the case with modulated entries. The following result shows that when the seddg)jegs

and{&,}°2, are constants, i.e3, = By and&, = & for all n € N, thenB; firstly appears in the ternjz of the

asymptotic expansion of thé" eigenvalue.,,. We proved this assertion applying straightforwardly the successive
diagonalization method in its simple form.

Theorem 2.1 (without modulations)Let J = J,, , be the operator (1), (2)with b, g given by (4), (5), and T = 1.
Let o(J) = {r,};2, be the spectrum of J, the A,’s being enumerated in ascending order. Then 1, behaves
asymptotically as n — oo asfollows

B3 —4B; 1
2 1

3. Asymptotics of eigenvaluesfor the case of additive and multiplicative periodic modulations

Let us assume that the modulation sequergs,cn and{&,},cn have a period” > 1. In this case we have
to consider the Jacobi matrix (3) as a block matrix (see below). It turns out that, when applying the successive
diagonalization technique to generalized Jacobi matrices (block matrices), matrix equations of commutator type
arise. This is the main difference between the application of the successive diagonalization method in the previous
section and the present one and, to some extent, the equations involved in the proof of this section’s main resul
resemble the multidimensional case.

We introduce thdg” x T matrices

0O 0 ... 0
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and
AnT—(T-1) bar—(1-2)
bat—(1-1) GnT—(T-2) bur—(17-2)
but—(T-2) GnT—(T-3) baT—(7-3)
Qn:

byr—3 qnT -2 bar—2
bnT—Z qnT-1 bnT—l
bnT—l qnT
Consider the following generalized Jacobi matrix (block matrix):

01 B
B 02 B
B; Q3 B3 - 9)

This matrix can be seen as the matrix representation of the opefaitoi2(N, CT) defined for every sequence
w = {wy}nen € lini (N, CT) by

(Jw)1 = Q1w1 + Biwy, (10)
(Jw)y = Bp—1wy—1+ Qnwy + Bywp+1, n>=2. (11)

It is clear that7 is unitarily equivalent to the original operatdr Thus, we study the asymptotic behavior of the
spectrum of/ by means of7 using the successive diagonalization approach. Our result is the following

Theorem 3.1 (with modulations)Let J = J, , be the operator (1), (2) with b, ¢ given by (4), (5), and T > 1.
Let o(J) = {An},2, be the spectrum of J, the A,’s being enumerated in ascending order. Then A, behaves
asymptotically as n — oo asfollows

N B2 — B2 of X 12
=t Gt = — 40 ). (12)

Thus, the effect of the sequen¢s,};>, on the asymptotic behavior of eigenvalues is sharply increased
(O(1/n?) +— O(1)) when {B,}72, is periodically modulated, i.e., whefi > 1. Notice that in this case an

appropriate choice of the modulations may cancel th® @rm of the asymptotic expansion.
The detailed proofs of both theorems are in [1].
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