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Abstract

Following the idea of an invariant differential complex, we construct general-type cyclic modules that provide the common
denominator of known cyclic theories. The cyclicity of these modules is governed by Hopf-algebraic structures. We prove that
the existence of a cyclic operator forces a modification of thige¥eDrinfeld compatibility condition leadhg to the concept
of a stable anti-Yetter—Drinfeld module. This module plays the role of the space of coefficients in the thus obtained cyclic
cohomology of module algebras and coalgebras, and the cyclic homology and cohomology of comodule algebras. Along
the lines of Connes and Moscovici, we show that there is a pairing between the cyclic cohomology of a module coalgebra
acting on a module algebra and closed 0-cocycles on the latter. The pairing takes values in the usual cyclic conomology of the
algebra. Similarly, we argue that there is an analogous pairing between closed 0-cocycles of a module coalgebra and the cyclit
cohomology of a module algebr#o citethisarticle: PM. Hajac et al., C. R. Acad. Sci. Paris, Ser. | 338 (2004).
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Résumé

Homologie et cohomologie Hopf-cycliques a coefficientSuivant I'idée d'un complexe différentiel invariant, nous
construisons des modules cycliques de type général qui ma&mi un dénominateur commun aux théories cycliques connues.
Le caractére cyclique de ces modules est gouverné par des structures Hopf-algébriques. Nous montrons que I'existence d'u
opérateur cyclique oblige & une modification de la conditionatematibilité de Yetter—Drinfelét mene au concept de module
anti-Yetter—Drinfeld stable. Ce module joue le réle d’espace de coefficients pour la cohomologie de modules algebres et de
modules cogébres ainsi obtenue, ainsi que pour I’homolddéeamhomologie cycliques de comodules algébres. Comme I'ont
fait Connes et Moscovici pour leur cohomologie, nous montronigexiste un appariement entre la cohomologie cyclique d’un
module cogebre agissant sur un module algebre et les 0-cycles fermés sur ce dernier. Cet appariement prend ses valeurs de
la cohomologie cyclique usuelle de I'algébre. De fagon similaire, nous établissons un appariement analogue entre les 0-cycle:
fermés d’'un module cogébre et la cohomologie cyclique d’'un module algedwe citer cet article: PM. Hajac et al., C. R.
Acad. Sci. Paris, Ser. | 338 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.
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Version francaise abrégée

Le résultat principal de cet article est la construction de modules cycliques qui nous permettent de définir la
cohomologie cyclique dé7-modules cogebres et dé-modules algebres a coefficients dans des modules anti-
Yetter—Drinfeld stables. De plus, si uti-module cogéebre& agit sur unH-module algébred au sens olu nous
avons une application linéai€ ® A — A satisfaisant(ab) = (cPa)(c@b), c1=e(c), h(ca) = (hc)a, pour
toush € H, c € C, alors il existe un certain appariement entre ces cohomologiespetA.

Théoreme 0.1.Soit H une algébre de Hopf avec une antipode bijective et 86itun module anti-Yetter—
Drinfeld sur H stable. Alors les formulef)—(5) (resp.(8)—(11) définissent une struate de module cyclique
sur{M @y C®" D} (resp.{Hom (M ® A®"+D k)},cn) pour toutH-module cogébr€ (resp. algébred).

Si de plusC agit sur A etQ C k, alors, pour toutz € N, les formuleg12) et (13) définissent, respectivement, les
homomorphismes suivants

#, #o
HC?,(C,M)® HCY (A, M) =5 HC™(A),  HC%(C,M)® HC},(A, M) =5 HC"(A). (1)

De facon similaire, pour tout comodule algebre, les formules (15)—(18) et (19)—(22) déterminent respectivement
notre construction d’'une homologie et d'une cohomologie cycliques a coefficients dans un module anti-Yetter—
Drinfeld stable.

1. Introduction

Ever since its invention, among the main applications of cyclic cohomology was the computation of
theoretical invariants. While enhang the feasibility of such computations, Connes and Moscovici discovered
a new type of cyclic cohomology, notably the cyclic cohomology of Hopf algebras [4]. Invariant cyclic homology
introduced in [7] generalizes the Connes—Moscovici theory and its dual version [8]. It shows that passage from the
cyclic homology of algebras to the cyclic cohomology aipi algebras is remarkably similar to passage from de
Rham cohomology to cohomology of Lie algebras via invariant de Rham cohomology [2]. The idea of employing
invariant complexes proved to be a key in resolving lgngicantly more effective mans the technical challenge
of showing that thén + 1)th power of the cyclic operatat, is identity [5, p. 102], and allowed the introduction
of higher-dimensional coefficients.

We continue this strategy herein. Our motivation is to obtain and understand computable invaréaiiteofy.
The aim of this paper is to provide a general framework for cyclic theories whose cyclicity is based on Hopf-
algebraic structures. We refer to such homologies and cohomologldsgscyclic The definition and sources
of examples of stable anti-Yetter—Drinfeld modules that play the role of coefficients for Hopf-cyclic theory are
provided in the preceding ticle [6]. (Note that modular pairs in invdlion are precisely 1-dimensional stable
anti-Yetter—Drinfeld modules.) Here we construct cyclic module structures on invariant complexes for module
coalgebras and module algebras, respectively. It turns out that the cyclic cohomology of Hopf algebras is a specia
case of the former, whereas both twisted [9] and usual cyclic cohomology are special cases of the latter. As a
result of this generality, we obtain now a very short proof of the Connes—Moscovici key result [5, Theorem 1].
Furthermore, aé-invarianto -traces can be viewed as closed 0-cocyolea module algebra, our pairing for Hopf-
cyclic cohomology generalizes the Connes—Moscovicdidfar map [5, Proposition 1] from the cyclic cohomology
of Hopf algebras to ordinary cyclic conomology. Finallye end this article by deriving Hopf-cyclic homology and
cohomology of comodule algebras. This extends the formalism for comodule algebras provided in [7].

The coproduct, counit and antipodekfare denoted by, ¢ andsS, respectively. For the coproduct we use the
notationA(h) = kD @ K@, for a left coaction o we write yy A(m) = m ™Y @ m©, and for a right coaction
Ap(m) =m@@m® . The summation symbol is suppressed everywhere. We assume all algebras to be associative,
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unital and over the same ground figldPartly for the sake of simplicity, we also assume that the antipodes of all
Hopf algebras under consideration are bijective.

2. Cyclic cohomology of module algebras and coalgebras

An algebraA which is a module over a Hopf algebfasuch that:(ab) = (h'Va)(h@b) andhl = (h), Vh €
H, a,b e A, is called anH-module algebraSimilarly, a coalgebr& which is a module over a Hopf algebfa
such thatA(hc) = (WP D) @ (12 ¢c@) ande(he) = e(h)e(c), Yh € H, ¢ € C, is called anH -module coalgebra
In this section we construct cyclic modules for both module algebras and coalgebras.

We begin with the coalgebra case. First, we take adeftomoduleM, H-module coalgebré&’, and define an
auxiliary simplicial complexC"(C, M) := M ® C®"*+D = (M ® C) ® C®", n € N, by endowingM ® C with
the bicomodule structurggc A(m @ ¢) =m P @ (M@ ® ¢?), Ayecm @ c) = (m @ cP) ® ¢@. Then the
standard formulas for faces and degeneracies on the corfipt@modulep C®"},cy translate immediately into

Si(m®co®-~®cn—1)=m®co®---®cl-(1)®ci(2)®c,,_1, 0<i<n (faces) (2)
5m@co®-®cr1)=mP@cP @c1® - @1 @m I (flip-over face) (3)
oiMm®cO® - Qcpr1) =MR®Rco® - ®e(cit1) - Rcptr1, 0<i<n (degeneracies) 4)

It is straightforward to check that these morphisms together with
m®co® Q) =mP%@c1®---®c, @mVeg ()

form a paracyclic structure of€” (C, M)},cn. Now let us assume thaf is also a rightd-module. We can treat
c®+D as a leftH-module via the diagonal action (i.é.(co ® - -- @ ¢n) = hPeg @ --- @ K"+ V¢,) and define
the quotient (invariant) comple&, (C, M) :== M ®y c®+D ;e N. Except forz, ands,, it is clear that the
aforementioned morphisms are well defined on the quotient complex. The key result of this paper,isstine|
defined if and only ifM is an anti-Yetter—Drinfeld module.

Theorem 2.1.Let M be a leftH-comodule and a righ# -module. Then the mafy given by the formul&b) is well
defined oM @ y C®"+1 for anyn e N and anyH -module coalgebra’ if and only if M is an anti-Yetter-Drinfeld
module. If furthermore is stable, theriCy, (C, M)},cn is a cyclic module vig2)—(5)

Proof. First note that, is well defined onV ®y C®"+D if and only if
mP @y (NP (c1® - ®cn) @mTPhPco) = (hm) O @4 (1 ® -+ ® ca ® (hm) o). (6)

The equalityn @ @5 (1@ @ m VD) = (hm)©@ @y (1® (hm) D) evidently implies (6) for any andC, and
follows if we assume that (6) holds for anyandC. (E.g., taken =2, C = H andcgp = 1 = ¢1.) Now, observe
that there is an isomorphisth: H@ H > HQ H, ®(h®@k) =h®D @ Sk, o L(h @ k) =hD @ hPk. @
is left H-linear if we view the domain as a le -module via the diagonal action and the counter-domain as a left
H-module via the multiplication in the first factor. Thus we have an isomorphism
id®g P ~

My (H®H) — My H)@H=M®H. (7)
Applying this isomorphism to the equality below Eq. (6) yietld® 1@ @ S(h@)ymDr® = (hm)©@ @ (hm)—D.
This is equivalent to the anti-Yetter—Drinfeld condition, as desired. Next, sipee 7,80, all morphisms are
well defined onCy,(C, M), if M is an anti-Yetter-Drinfeld module. I/ is also stable, then the equality
(t)" P2 m @p (c0® - R¢cn) =mOmD @y (co® - - ® ¢,) entails that(z,)"t1 = id, as needed. O
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For C = H and M =%k;, the complex{C}, (C, M)},cn becomes the cyclic module of Connes—Moscovici [5].
As an intermediate step, one can take the Hopf cotriples of [7].

We can proceed much the same way in the algebra case. Again, we first have an auxiliary complex
C"(A, M) := Hom(M @ A®"+D k) = Hom(A®", Hom(M ® A, k)). Here A is a left H-module algebra and/
a left H-comodule. The formulag(m ® a) = m©@ @ (S~ Xm "D)b)a, (n ® a)b =m ® ab turn M ® A, and
consequently HoitM ® A, k), into a bimodule. Thus we can use the standard formulas [10, p. 37] to define a
simplicial structure or{C" (A, M)},cn. TO define an invariant subcomplex, we assume Muwo be also a right
H-module, viewA®"+D as a left H-module via the diagonal actiod ® A®"+D as a rightH-module via
(m®a)h =mh® @ S(h?®)a, andk as a rightd -module via the counit map. Then we can restrict to righlinear
holomorphisms and put}, (A, M) := Homy (M ® A®0+D k) n e N. Also along the same lines, one can prove
that if M satisfies the anti-Yetter—Drinfeld condition, then the morphisms

G )M ®a® - ®an) = f(M®ao® - @aiai1® - ®an), 0<i<n, ®)
GnHM®ao® -+ @ay) = f(m? @ (S7HmP)ay)ao®@a1® - @ an_1), 9)
@i mM®a® - ®a))=f(mMPIa® - ®a;®1Q---Qa,), 0<i<n, (10)
() m®a®-- ®ay) = f(mM? @5 Hm P)a,®a0® - ®a1), (11)

define a paracyclic structure 4@, (A, M)},en. (This means that all axioms of the cyclic structure are satisfied
except for(z,)"*1 = 1d.) Adding the stability assumption a¥, one obtains:

Theorem 2.2.1f M is a stable anti-Yetter—Drinfeld module amdis a left H-module algebra, then the maps
(8)—(11)define a cyclic module structure ¢@y, (A, M)},eN.

For H = k = M we recover the usual cyclic conomology of algebras. For the Laurent polynomial Hopf algebra
(H = k[o, 0~1]) and M =, we obtain the twisted cyclic cohomology [9]. We can also take as a stable anti-
Yetter—Drinfeld module a Hopf algebi# thought of as a left comodule over itself via the coproduct, and as a right
module over itself vig - h = S(h®)kh™®. Then we arrive at the construction considered in [1]. This is a special
case of the construction in [6, Proposition 3.R]= K°°P=H.

Finally, if we take M =°ks, we can view aj-invarianto-trace of [5, Definition 1] as a closed 0-cocycle
in our complex. On the other hand, @ € k, we can define cyclic cohomology as followsy, (x, M) :=
Ker by [Ker(r,— (-1, By G+, M) := 1M by _1lxerr, ,—(1y-1), HCl Gk, M) 1= Z3(x, M)/ B}y (x, M), n € N. This
brings us to the following generalization of [5, Proposition 1]:

Proposition 2.3.Let C be a leftH-module coalgebrad a left H-module algebra, and/ a stable right-left anti-
Yetter—Drinfeld module ovell. Assume also th&) C k andC acts onA in the sense that we have a linear map
C ® A — A satisfyingc(ab) = (cPa)(c®b), cl=¢e(c), h(ca) = (hc)a,forallhe H, c € C, a,be A. Then,
for all n € N, the formulas
([m®nH (0@ ®@ca)|#f) (a0 ® -+ ® an) = f(m Qu (coao) - - - (cnain)), (12)
(m@u # f1) (a0 ® - ®an) = f(m@u (cPao) ® - & (c"Pay)). (13)

define, respectively, the following homomorphisms
#, n
HC',(C, M) ® 2% (A, M) =S HC™(A), 2%(C, M) ® HC, (A, M) Fox HC"(A). (14)
We conjecture that one can construct along these line a cup product between the Hopf-cyclic conomology of a

module coalgebra and the Hopf-cyclic conomology of a module algebra. This would generalize, in some sense, the
cup productin [3, p. 105].
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3. Cyclic theory for comodule algebras

In this section we define cyclic cohomology with coefficients in a right-right stable anti-Yetter—Drinfeld
module, and cyclic homology with coefficients in a left-left stable anti-Yetter—Drinfeld module. The latter case
generalizes theory introduced][ify]. In both cases, we assume thais a right H-comodule algebra. Our strategy
for constructing cyclic theory is the same as before: bimodule strueturgmplicial structure~ paracyclic
structure~ invariant complex-» cyclic theory. In the cohomology case, we define the invariant subcomplex as
CH (A, M) :=HomH (A®"+D M), n e N. HereM is a right-right stable anti-Yetter—Drinfeld module®+1
is viewed as a right comodule via the diagonal coaction, and Hstands for rightH -colinear holomorphisms.

The following maps define, respectivelgces, degeneracies and cyclic operator§d@n (A, M)} ,ex.

Gif)ao® - ®ap) = f(a0®---®aiaiy1®---®ay), 0<i<n, (15)
Gaf)ao®: - ®an) = f(a’ao®a1® - ® ap-1)as’, (16)
(0if)ao® -+ Qan) = f(a® - ®a;®L®--®ay), 0<i<n, 17)
(@ f)ao®--@ay) = f(a® ®ao® - - ® an_1)ad. (18)

In the homology case, we take a left-left stable anti-Yetter—Drinfeld madudand define the invariant subcomplex
via the cotensor product/’ (A, M) := A®"*+D0, M, n e N. (Recall thatX( ¥ := Ker(Ax ® id —id®y A).)
Here, again, we viewi®"*+1 as a rightH -comodule via the diagonal coaction. The following homomorphisms
establish, respectively, the desireaés, degeneracies and cyclic operator&C§h(A, M)}, cn.

di(ag® - ®a, ®m)=ao® - Qa;jai+1 Q- Qa, ®m, 0<Li<n, (19)
dy(a®---Qap ®m)=a,(l°)ao®a1--'®an_1®a,gl)m, (20)
5i(@®---®a, ®m)=ao®---®a; ®LY---®a,@®m, 0<i<n, (21)
t,,(ao®~'®a,,®m)=a,50)®ao®~--®an_1®a,(ll)m. (22)

Theorem 3.1.Let A be a right H-comodule algebra and/ a right-right (resp. left-lefi stable anti-Yetter—
Drinfeld module overH. Then the formulag15)—(18) (resp. (19)—(22))define a cyclic module structure on
{Hom" (A®C+D M)}, ey (resp. (A DTy M) en).

Now one can either define the cyclic cohomology (resp. homology) @fith coefficients inM as the total
cohomology (resp. homology) of an appropriate double complex [10, p. 77 and p. 72], or assuf@@&thand
proceed as above Proposition 2.3.
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