Available online at www.sciencedirect.com S COMPTES RENDUS

SCIENCE<dDIRECT@ &
=4

ELSEVIER C. R. Acad. Sci. Paris, Ser. | 337 (2003) 805-808

Numerical Analysis

Stability of discrete liftings

Victor Domingue?, Francisco-Javier SayAs

8 Dep. Matematica e Informatica, Univ. Plblica de Navarra, Campus de Arrosadia, 31006, Pamplona, Spain
b Dep. Matematica Aplicada, C.P.S., Universidad de Zaragoza, 50018 Zaragoza, Spain

Received 3 June 2003; accepted after revision 7 October 2003
Presented by Philippe G. Ciarlet

Abstract

In this short Note we prove the equivalence between having a discrete lifting of Dirichlet boundary conditions for (abstract)
finite element spaces and having a Scott—Zhang type operator in the space, i.e., a stable projection preserving homogeneot
boundary conditions. Both results are equivalent to the possibility of obtaining a Céa estimate where approximation of
the boundary conditions is separated from the approximation capabilities of the $pagte this article: V. Dominguez,

F.-J. Sayas, C. R. Acad. Sci. Paris, Ser. | 337 (2003).
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Résumé

Stabilité desrelevementsdiscrets. Dans cette courte Note nous démontrons I'équivalence entre I'existence d’un relévement
discret des conditions aux limites de Dirichlet pour un espace (abstrait) d’éléments finis et I'existence d'un opérateur de Scott—
Zhang sur I'espace, c'est-a-dire, d’'une projection stable qui préserve les conditions aux limites homogénes. Ces deux résultat
sont équivalents a la possibilité d’obtenir une estimation de Céa, ou I'approximation des conditions aux limites est séparée des
propriétés d’approximation de I'espad@ur citer cet article: V. Dominguez, F.-J. Sayas, C. R. Acad. Sci. Paris, Ser. | 337
(2003).
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1. Statement of the problem

Let V and M be Hilbert spacesy:V — M be a bounded surjective linear operator (the abstract trace) and
VO =kery.Leta:V x V — C be a bounded sesquilinear form. We consider the following problem: givei,
find the solution to

ueV, yu=n,
{a(u,v):O, Vv e VO, ()
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Remark 1. To keep notations as simple as possible, in the following we will be using the same symbol for norms,
|l - I, and inner products;, -), of M andV'. Itis the notation for the elements (Greek letters for elemenig ahd
Latin for those ofV) that will make the context clear.

To ensure well-posedness of (1) we assume the following:

Hypothesis |. The operatorAg: VO — VO defined by the relatiofAou, v) = a(u,v), for all u,v € VO, is
invertible.

If this hypothesis holds, then (1) has a unique solution. We dé&fine — V to the operator such th&n :=u,
the solution of (1). Itis clear thak is bounded and is a right-inverse fpr We will call it a lifting. In particular, if
we take the inner product &f as sesquilinear form, the associated lifting is just the pseudoinveysendfich we
denotey ™ (see [2]).

Remark 2. The standard example for this abstract setting consists of takiagH(£2), M = HY2(I"), y the
trace operator (and thug = Hol(.Q)) anda(-, -) being the sesquilinear form associated to an elliptic operator, for
instancea (u, v) = [, Vu - V.

Let nowV;, C V be a family of finite dimensional subspaceslofind consider the spacé’# =V,nVv%and
My, .=y V. We then consider the discretized version of (1): giyer M, (in practice one takesg, ~ n in some
way), solve:

up € Vo,  yup =, o)
a(up,vp) =0, Vo, € V,?.
The discretized version of Hypothesis | is:
Hypothesis|1. There exists > 0 such that
la(up, vp)l
— == >alull, Vo, €Vy. (3)

osmeve  Iunl

If this hypothesis holds, it is very simple to prove that (2) has a unique solution and that ther€gxisfissuch
that

lu — upll < Coinf{llu — vull |vi € Vi, yvr =i} (4)

The operator mapping, to u, will be denotedRy : M;, — V. Again, in case the sesquilinear form is the
inner product, Hypothesis Il trivially holds and the operator, denotedy,by is just the pseudoinverse of
Yo =Vlv, Vi —> Mj.

Remark 3. There are two simple cases where both hypotheses hold.

(a) The sesquilinear form ig-elliptic, i.e., there exista > 0 such that Re(u, u) > «/|u||? for all u € V.
(b) There exists a Hilbert spadé, such thatV ¢ H with dense compact inclusion(-, -) satisfies a Garding
inequality (herex, x > 0):

Rea(u,u) > olul® =« |ulZ. YueVO (5)

and the homogeneous version of (1) does not admit but the trivial solution, then Hypothesis | is satisfied and
(3) holds fork small enough provided that for alle V°, infu;,eV,O lu — vy|| — O.

In the remainder of the paper, we will assume that Hypotheses | and Il hold.
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2. Main results
Theorem 2.1. The following statements are equivalent

(1) Ry is uniformly bounded
(2) y," is uniformly bounded
(3) there existd.;, : M, — Vj, linear uniformly bounded satisfyingLyn, = n;, for all n, € My,.

Proof. Notice that||yh+nh | < |lvg ]l for anyvy, € Vi, such thaty v, = n;,. Then we just have to prove that uniform
boundedness aR;, is implied by that ofy,j. This last is, however equivalent to the following discrete uniform
BabusSka—Brezzi type condition (see [1]): there exfsts 0 such that

[(yvn, i)l
O£vpeVy, ”Uh ”
Since(y vy, uy) =0 for all u, € My, implies thaty v, = 0, thenuy, := Ry, g, solves:

> Bllunll,  Yun € My, (6)

up € Vy, Ay € My,
a(up, vp) + (A, yop) =0, Yoy €V,
(Yun, n) = n, n), Virn € Mp.
Then (3) and (6) show thdit, || + |11 || < Clinnll, with a constan€ depending or andg. 0O

Hypothesis I11. For all i, there exists an operatdf;, : V — Vj;, such that, if it is uniformly bounded, it is a
projection ontoV;, and ifu € VO, theniT,u € V,? (it respects the boundary conditign: = 0).

Two of these operators have been studied in [4] and [3], for particular choices of finite element spaces.
Theorem 2.2. If Hypothesidll holds, thenry, is uniformly bounded.

Proof. Let n, € M; and consider := Ry, (i.e., problem (1) withy = ;) anduy := Rpn;, the solution of (2).
Sinceu — uj, € VO, thenlTpu — uj, = Iy (u — up) € V,? and we can takél,u in (4):

llu — unll < Collu — Myull < Co(1+ T4 ]) iren“/ llu —vnll < Callull.
Uh h
This easily gives the result.C
Remark 4. Notice that existence dfl;, satisfying Hypothesis Il allows to prove a variant of the Céa estimate (4),
lu—unll < C2 inf flu—wvpll + Cslln —nall. (7)
vpeVy

This allows for a simple approach to the analysis of the approximation of (1) by (2), even with non-homogeneous
right-hand side.
Theorem 2.3. If y," is uniformly bounded, then there exigf in the conditions of Hypothesil .

Proof. Let P0: V — V2 andTj, : M — M, be the orthogonal projections ont and M, respectively. Then
Iyu := P,?u + yh“LThyu.

It is clear that/T, is uniformly bounded and that if € VO (that is,yu = 0) thenIT,u = Plu € V2. If u;, € Vj,
thenTyyuy = yuj, and thus

0 + 0 1
Mpup = Prup + 7y, vup = vy, + vj,
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where
vp € Vi, yv)=0, and |vh€Va vvi=yun,
(027 vp) = (up,vp), Yoy € Vh0 (v%, vp) =0, Vo, € V,?.
ThereforelT,u;, satisfies:

Myup € Vi,  yHpup = yup,
(ITyup, vi) = (up, vp), Yoy € V2,

and by uniqueness of solutid,u;, = u,. O
Remark 5. The theory of mixed methods gives also some additional insight into this matter. Assume there exists

an operator 1, : V — Vj, satisfying the requirements of Fortin’s lemma: uniform boundedness and compatibility,
(ypu, up) = (yu, up), Yuy € My,. Then, if this operator is a projection onWy, it also satisfies Hypothesis I11.

3. Two simple consequences

The first by-product of these results is a simplified version of the Céa estimate, provided that the)ghoigce
is stable. Obviously, if the sequentg satisfies an approximation property¥h then this implies convergence of
the solutions of (2) to that of (1).

Corollary 3.1. Assume thaW, : M — My is a uniformly bounded projection onidy,. If R;, is uniformly bounded
and we takey, = Nj,n in (2), thenllu — up || < Cainfy, ey, llu — vall.
Proof. Letwy; the best approximation afin Vj, i.e., lu — wy| = infy,cy, llu — vy|l. Then
I —nall < (14 ||Nh||)p iQL I = pnll < (L4 1IN IIn — ywill < (L4 [Ny Il — wa.
h h

The result then follows by (7). O

The associated Dirichlet-to-Neumann operator in this abstract setting is the mapping/’ given by:
n+a(Rn,R)=a(Rny,y*t):M — C.

The final result proves uniform boundedness of the discretization of this operator between abstract Cauchy data
Its proof is straightforward.

Corollary 3.2.If R, is uniformly bounded, then the discrete operatyy — M, given byn;, — a(Runn, Ry-) : M, —
C is uniformly bounded.
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