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Abstract

In this paper we present a method to solve numerically elliptic problems with multi-scale data using multiple le
not necessarily nested grids. The method consists in calculating successive corrections to the solution in patch
discretizations are not necessarily conforming. It resembles the FAC method (see Math. Comp. 46 (174) (1986) 4
and its convergence is obtained by a domain decomposition technique (see Math. Comp. 57 (195) (1991) 1–21). How
of much more flexible use in comparison to the latter.To cite this article: R. Glowinski et al., C. R. Acad. Sci. Paris, Ser. I 337
(2003).
 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé

Approximation de problèmes elliptiques multi-échelles utilisant des patches d’éléments finis.Dans cette Note
nous présentons une méthode faisant apparaître plusieurs niveaux de grilles non nécessairement emboîtées po
numériquement des problèmes elliptiques à données multi-échelles. La méthode consiste à calculer des corrections
de la solution par sous-domaines discrétisés de façon non nécessairement conforme. Elle s’apparente à la méthode
Math. Comp. 46 (174) (1986) 439–456) et sa convergence s’obtient par une technique de décomposition de doma
Math. Comp. 57 (195) (1991) 1–21). Toutefois elle permet une plus grande souplesse d’utilisation que ces dernièr
Pour citer cet article : R. Glowinski et al., C. R. Acad. Sci. Paris, Ser. I 337 (2003).
 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

This Note presents several results whose proofs are to be found in [4].
Let V be a Hilbert space with scalar product(·, ·) and denote by‖ · ‖ the induced norm. IfL(V ) is the space o

linear and continuous operators fromV into V , we denote by‖B‖ = supv∈V,‖v‖=1‖Bv‖ the norm ofB ∈L(V ).
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ConsiderV1, V2 two closed subspaces ofV . We callPj :V → Vj ⊂ V the orthogonal projectors fromV into
Vj , j = 1,2. If I denotes the identity operator inV andω is a real parameter, we define the operatorB ∈L(V ) by

B = (I − ωP2)(I − ωP1). (1)

Introduce the number

γ = sup
v1∈V1, v1 	=0
v2∈V2, v2 	=0

(v1, v2)

‖v1‖‖v2‖ . (2)

Remark 1. Constantγ is necessarily included in interval[0;1]. If V1 ∩ V2 	= {0}, then we haveγ = 1. Moreover
γ = 0 if and only ifV1 is orthogonal toV2.

In the sequel we assume that the following hypothesis is satisfied:

Hypothesis (H). There exists a constantC0 such that for allv ∈ V there existv1 ∈ V1, v2 ∈ V2 satisfying
v = v1 + v2 and

‖v1‖2 + ‖v2‖2 � C2
0‖v‖2. (3)

Remark 2. If (H) is satisfied, we have necessarilyV = V1 + V2. Moreover ifV = V1 ⊕ V2, we have necessaril
C0 � 1. If V1 is orthogonal toV2, we can takeC0 = 1.

Adapting the proof of [3] to the present setting we obtain:

Lemma 1. If hypothesis(H) is satisfied and if0<ω < 2, then the norm of the operatorB given by(1) verifies

‖B‖ �
(

1− (2− ω)ω

C2
0(1+ ωγ )2

)1/2

< 1. (4)

Remark 3. Note that this estimate is not optimal. In particular ifV1 = V2 = V andω = 1, the optimum is‖B‖ = 0
which is not reached with (4).

Remark 4. By applying the Cauchy–Schwarz inequality together with (2) it is easy to show the follow
if V = V1 ⊕ V2 and ifγ < 1, then there exists a constantC0 �

√
1/(1− γ ) which satisfies hypothesis (H).

Now we apply the result of Lemma 1 to the following “multi-scale” situation.
Let Ω ⊂ R

2 be a polygonal domain and consider a bilinear, symmetric, continuous and coercive form

a :H 1
0 (Ω)× H 1

0 (Ω) → R. (5)

If f ∈ H−1(Ω), due to Riesz’ representation theorem (a(·, ·) being a scalar product onH 1
0 (Ω)) there exists a

uniqueu ∈ H 1
0 (Ω) such that

a(u, v) = 〈f |v〉, ∀v ∈ H 1
0 (Ω). (6)

Let us point out that (6) is the weak formulation of a problem of typeL(u) = f in Ω , u = 0 on the boundary
∂Ω of Ω , whereL(·) is a second order, linear, symmetric, strongly elliptic operator. An approximation ofu by
“finite elements” consists in introducing a triangulationTH of Ω , definingVH = {g :Ω → R continuous such tha
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or
g|K ∈ P1(K), ∀K ∈ TH andg = 0 on∂Ω}, whereP1(K) is the space of polynomials of degree� 1 on triangle
K ∈ TH , and calculatinguH ∈ VH satisfying

a(uH , v) = 〈f |v〉, ∀v ∈ VH . (7)

Consider nowΛ ⊂ Ω another polygonal domain wherein we would like to obtain a “better” precision on
solutionu than the one given byuH . Take note thatΛ̄ is not necessarily the union of several trianglesK of TH .
BesidesΛ can be determined in practice by an a posteriori error estimator for example. LetTh be a triangulation
of Λ̄ and considerVh = {g :Ω → R continuous such thatg|K ∈ P1(K), ∀K ∈ Th andg = 0 onΩ \ Λ}. Setting
VHh = VH + Vh we search as approximation foru the functionuHh satisfying

a(uHh, v) = 〈f |v〉, ∀v ∈ VHh. (8)

A priori VH ∩Vh does not necessarily reduce to the element zero and it is impossible, practically speaking, to
a “finite element”-type basis of the spaceVHh. That is why we suggest the following algorithm to computeuHh:

(1) Setu0 = uH and chooseω ∈ (0,2).
(2) Forn = 1,2,3, . . . find

(i) wh ∈ Vh such thata(wh, v) = 〈f |v〉 − a(un−1, v), ∀v ∈ Vh;
un−1/2 = un−1 + ωwh;

(ii) wH ∈ VH such thata(wH ,v) = 〈f |v〉 − a(un−1/2, v), ∀v ∈ VH ;
un = un−1/2 + ωwH .

Remark 5. When implementing the algorithm, the coarse and the fine parts ofun andun−1/2 are stored separatel
In practice this is efficient for calculating the scalar producta(·, ·) in the right-hand side of (i) and (ii).

It is readily seen that this algorithm is a domain decomposition method (Schwarz method) with co
overlapping but without any conformity between the meshesTH andTh! It resembles the FAC method (see [7])
possibly a hierarchical method (see [2]) with a mortar method (see [1]).

When applying Lemma 1 withV = H 1
0 (Ω), we shall usea(·, ·) as scalar product.

If Ph :VHh → Vh andPH :VHh → VH are orthogonal projectors fromVHh to Vh andVH respectively with
regard to the scalar producta(·, ·), it is easy to verify that

uHh − un = (I − ωPH )(I − ωPh)
(
uHh − un−1),

whereI denotes the identity operator inVHh. SettingB = (I − ωPH)(I − ωPh) we obtain thatuHh − un =
Bn(uHh − uH ). By applying Lemma 1 toV = VHh, V1 = Vh, V2 = VH , we have proved:

Theorem 2. If ω ∈ (0,2), then the algorithm(i), (ii) converges, i.e.,limn→∞ ‖un − uHh‖H1(Ω) = 0. The

convergence factor is bounded by(1− (2−ω)ω

C2
0(1+ωγ )2

)1/2.

Remark 6. A priori ω = 1
1+γ

gives the best factor which minimizes(1 − (2−ω)ω

C2
0(1+ωγ )2

)1/2. With this ω we obtain

‖B‖ � (1− 1
C2

0(1+2γ )
)1/2. If we have a prioriVH ∩ Vh 	= {0}, thenγ = 1,ω = 1

2 and‖B‖ � (1− 1
3C2

0
)1/2.

Remark 7. In the case where the boundary∂Λ of Λ is given by the union of edges of trianglesK ∈ TH , we can
estimateC0 (see [4]) by splittingv ∈ VHh into v = vh + vH , wherevH = rH v is the interpolant ofv in VH and
vh = v − rH v ∈ Vh. It is often possible as in [2,6] to estimatea(vh,vH )

‖vh‖‖vH ‖ better than 1.
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Remark 8. If we can obtain an estimate forγ with γ < 1, then by takingω = 1
1+γ

, C0 =
√

1
1−γ

(see Remark 4)

we obtain‖B‖ � (
3γ

1+2γ )1/2.

Let aij ∈ W1,∞(Ω), 1� i, j � 2, verifyingaij = aji and the hypothesis of strong ellipticity,

2∑
i,j=1

aij (x)ξiξj � α

2∑
i=1

ξ2
i , ∀(ξ1, ξ2) ∈ R

2, a.e. inΩ, (9)

whereα is a positive constant. IfL is the elliptic operator given byL(u) = −∑2
i,j=1

∂
∂xi

(aij
∂u
∂xj

), the associated

bilinear form is given bya(u, v) = ∑2
i,j=1

∫
Ω aij

∂u
∂xj

∂v
∂xi

dx. In this case we obtain the following result:

Theorem 3. Assume that(9) is satisfied and that there existsK ∈ TH such that Λ̄ ⊂ K. Then: if β =
[∑2

j=1(
∑2

i=1 ‖ ∂aij
∂xi

‖L∞(Λ))
2]1/2, thenγ � βd

α
whered is the diameter ofΛ̄. By assuming thatβ < α

d
, we can

chooseC0 =
√

1
1−γ

(see Remark4) with γ = βd
α

and consequently we obtain‖B‖ � (1 − α−βd
α+2βd )

1/2 when

ω = α
α+βd

(see Remark8).

Remark 9. If the aij ’s are constant overΛ, 1� i, j � 2, we clearly haveβ = 0, γ = 0, C0 = 1. In this caseVH

andVh are orthogonal and, sinceB = 0, algorithm (i), (ii) converges in only one iteration.

Numerical example. We illustrate the above presented algorithm with the following example: Conside
Poisson–Dirichlet problem−∆u = f in the domainΩ = (−1,1)2, u = 0 on its boundary∂Ω . Takef = f1 + f2

with f1 = 2k2π2 cos(kπx1)cos(kπx2) andf2 = −4ηχ(r)exp( 1
ε2 )exp( −1

|ε2−r2| )
r2+r4−ε4

|ε2−r2|4 wherer =
√
x2

1 + x2
2 and

χ(r) = 1 if r � ε, χ(r) = 0 if r > ε; k, η andε are parameters. The exact solution to the problem is give
u = cos(kπx1)cos(kπx2) + ηχ(r)exp( 1

ε2 )exp( −1
|ε2−r2| ).

We choosek = 0.5, η = 10 andε = 0.25. Away from the origin(0,0) the solution is smooth. In a region clo
to (0,0) where the solution is peaking, we need to apply a patch with a finer mesh. For the triangulation ofΩ , we
use a coarse uniform grid with mesh sizeH . We consider a patchΛ = (−ε, ε)2 (⊃ supp(f2)) with a fine uniform
triangulation of sizeh. We consider first a case where the fine triangulation is nested in the coarse one,
non-nested case where we slightly stretch the coarse triangulation so that the mesh size isH̃ = H/(1 + H). The
mesh sizesH andh are chosen in a way that the origin(0,0) is always a grid point. Furthermore, for numeric
quadratures and calculating the reference solution, we introduce a global fine uniform triangulation whe
fine grid is nested. It is an extension of the fine triangulation to the domainΩ in order to minimize the projectio
errors introduced when comparing the results against the reference solution.

We use the softwareFreefem++ [5] to generate the grids and implement the algorithm. We outline her
errors of the solution calculated on the reference grid withh = 1/12, 1/24, 1/48, 1/96 and 1/192. The relative
L2-norm error gives the values 6.41E−2, 2.22E−2, 6.99E−3, 1.87E−3, 4.75E−4; the relativeH 1-norm error
yields 2.20E−1, 8.13E−2, 2.16E−2 and 5.49E−3, 1.37E−3.

Tables 1 and 2 indicate the convergence of the algorithm to the reference solution with successive smH

and fixed ratioH/h = 3. The stopping criteria for the algorithm is|en − en−1|/e0 < 10−3 whereen is the relative
error at iterationn, n = 1,2, . . . . In the nested case (Table 1), we observe optimal convergence in the mes
we haveh2-accuracy for theL2-norm andh-accuracy for theH 1-norm. In the non-nested case (Table 2) the r
of convergence deteriorates: bothL2- andH 1-norm only have rate of convergence one.

In Tables 3 and 4 we change the ratioH/h to 6 to investigate its effect on the sensitivity of convergence. T
only slightly affects the results.
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Table 1
RelativeL2-, H1- andL∞-error and convergence of the algorithm for successive smallerH with ratioH/h = 3 and nested meshes

H 1/4 1/8 1/16 1/32

iter. L2 H1 L∞ L2 H1 L∞ L2 H1 L∞ L2 H1 L∞

0 3.58E−1 7.33E−1 4.46E−1 1.58E−1 5.50E−1 2.24E−1 1.31E−1 4.98E−1 2.26E−1 4.55E−2 2.99E−1 9.83E−2
0.5 7.10E−2 5.29E−2 2.39E−2 2.87E−2 3.21E−2 9.82E−3 2.71E−3 6.56E−3 1.74E−3 6.72E−4 2.81E−3 3.58E−4
1 2.71E−2 2.86E−2 5.21E−3 7.64E−3 1.67E−2 2.25E−3 1.72E−3 5.59E−3 3.46E−4 4.26E−4 2.70E−3 6.59E−5
2 2.61E−2 2.27E−2 3.64E−3 6.83E−3 1.17E−2 1.10E−3 1.70E−3 5.45E−3 2.67E−4 4.26E−4 2.70E−3 6.31E−5

conv. 2.61E−2 2.25E−2 3.66E−3 6.79E−3 1.14E−2 1.07E−3 1.70E−3 5.45E−3 2.67E−4 4.26E−4 2.70E−3 6.31E−5
iter. 3 3 3 3 3 3 2 2 2 2 2 2

Table 2
RelativeL2-, H1- andL∞-error and convergence of the algorithm for successive smallerH with ratioH/h = 3 and non-nested meshes

H 1/4 1/8 1/16 1/32

iter. L2 H1 L∞ L2 H1 L∞ L2 H1 L∞ L2 H1 L∞

0 2.98E−1 6.38E−1 3.60E−1 1.33E−1 4.46E−1 1.74E−1 1.22E−1 4.54E−1 2.26E−1 4.35E−2 2.55E−1 9.43E−2
0.5 8.98E−2 6.64E−2 2.98E−2 2.57E−2 5.66E−2 2.34E−2 1.03E−2 3.39E−2 1.43E−2 2.13E−3 1.34E−2 3.83E−3
1 7.97E−2 1.04E−1 5.48E−2 4.26E−2 9.09E−2 3.55E−2 2.08E−2 5.90E−2 2.32E−2 1.06E−2 3.43E−2 1.22E−2
2 6.31E−2 7.65E−2 4.06E−2 3.48E−2 7.41E−2 2.89E−2 1.77E−2 4.87E−2 2.02E−2 9.76E−3 3.09E−2 1.12E−2

conv. 1.59E−2 1.42E−2 2.51E−3 6.69E−3 2.49E−2 6.84E−3 4.64E−3 1.78E−2 4.00E−3 2.83E−3 1.15E−2 3.91E−3
iter. 13 14 17 30 22 13 22 17 17 36 22 27

Table 3
RelativeL2-, H1- andL∞-error and convergence of the algorithm for successive smallerH with ratioH/h = 6 and nested meshes

H 1/4 1/8 1/16 1/32

iter. L2 H1 L∞ L2 H1 L∞ L2 H1 L∞ L2 H1 L∞

0 4.06E−1 8.56E−1 5.33E−1 2.07E−1 6.34E−1 2.68E−1 1.46E−1 5.27E−1 2.32E−1 4.96E−2 3.13E−1 1.07E−1
0.5 7.19E−2 5.79E−2 2.46E−2 2.89E−2 3.12E−2 9.96E−3 2.94E−3 6.81E−3 1.87E−3 7.32E−4 2.93E−3 3.90E−4
1 2.95E−2 3.18E−2 6.36E−3 8.36E−3 1.71E−2 2.32E−3 1.86E−3 5.79E−3 3.60E−4 4.61E−4 2.81E−3 7.10E−5
2 2.86E−2 2.39E−2 4.05E−3 7.42E−3 1.18E−2 1.22E−3 1.84E−3 5.64E−3 2.77E−4 4.61E−4 2.81E−3 6.82E−5

conv. 2.87E−2 2.35E−2 4.06E−3 7.35E−3 1.14E−2 1.09E−3 1.84E−3 5.64E−3 2.77E−4 4.61E−4 2.81E−3 6.82E−5
iter. 3 3 3 3 3 3 2 2 2 2 2 2

Table 4
RelativeL2-, H1- andL∞-error and convergence of the algorithm for successive smallerH with ratioH/h = 6 and non-nested meshes

H 1/4 1/8 1/16 1/32

iter. L2 H1 L∞ L2 H1 L∞ L2 H1 L∞ L2 H1 L∞

0 3.38E−1 7.87E−1 4.47E−1 1.76E−1 5.48E−1 2.54E−1 1.37E−1 4.93E−1 2.25E−1 4.70E−1 2.75E−1 1.01E−1
0.5 6.79E−2 5.89E−2 2.56E−2 2.29E−2 4.45E−2 1.32E−2 5.24E−3 2.05E−2 7.36E−3 3.85E−3 1.75E−2 4.34E−3
1 3.36E−2 5.16E−2 2.27E−2 2.99E−2 7.05E−2 3.25E−2 1.35E−2 4.34E−2 2.07E−2 9.29E−3 3.44E−2 1.24E−2
2 3.00E−2 3.96E−2 1.97E−2 2.60E−2 6.21E−2 2.92E−2 1.23E−2 3.90E−2 1.87E−2 8.68E−3 3.19E−2 1.14E−2

conv. 1.93E−2 2.21E−2 8.01E−3 8.17E−3 1.81E−2 4.71E−3 3.34E−3 1.43E−2 2.05E−3 1.73E−3 1.02E−2 3.48E−3
iter. 16 15 17 21 20 26 24 18 27 40 27 26

Our algorithm can easily be generalized to multiple levels. For the 3-level case, we introduce a secon
Λ2 = (−2ε/3,2ε/3)2 ⊂ Λ with a uniform triangulation of sizeh2. For creating the non-nested grids, we sligh
stretch the triangulations in the same way as for the 2-level case (i.e.,h̃ = h/(1 + h/2), h̃2 = h2/(1 + h2)).
The reference grid is also the extension of the finest mesh onΩ . Table 5 illustrates the results with ratio
H/h = h/h2 = 3 with nested resp. non-nested grids. In the nested case (first two columns of Table 5) we
the same rates of convergence as with the 2-level algorithm.
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Table 5
RelativeL2-, H1- andL∞-error and convergence of the algorithm for successive smallerH with ratioH/h = 3,h/h2 = 3 and nested meshe

nested case non-nested case

H 1/4 1/8 1/4 1/8

iter. L2 H1 L∞ L2 H1 L∞ L2 H1 L∞ L2 H1 L∞

0 4.33E−1 8.83E−1 5.51E−1 2.18E−1 6.49E−1 3.02E−1 4.33E−1 8.83E−1 5.51E−1 2.18E−1 6.49E−1 3.02E−1
1/3 2.75E−1 2.75E−1 1.21E−1 5.83E−2 9.13E−2 3.22E−2 2.39E−1 2.39E−1 9.19E−2 5.62E−2 1.37E−1 2.84E−2
2/3 7.27E−2 8.38E−2 2.47E−2 2.94E−2 3.75E−2 9.99E−3 9.07E−2 1.76E−1 3.40E−2 3.13E−2 1.26E−1 2.29E−2
1 3.42E−2 6.91E−2 1.89E−2 8.96E−3 2.67E−2 3.86E−3 6.41E−2 1.55E−1 3.70E−1 2.83E−1 1.15E−1 1.82E−2
2 2.94E−2 2.57E−1 4.83E−3 7.56E−3 1.22E−2 1.19E−3 4.60E−2 1.10E−1 2.85E−2 2.51E−2 1.03E−1 1.62E−2

conv. 2.93E−2 2.31E−2 4.04E−3 7.49E−3 1.14E−2 1.07E−3 2.76E−2 4.29E−2 1.14E−2 1.13E−2 5.21E−2 8.94E−3
iter. 4 4 4 4 4 3 8 13 14 26 27 17

References

[1] Y. Achdou, Y. Maday, The mortar element method with overlapping subdomains, SIAM J. Numer. Anal. 40 (2) (2002) 601–628.
[2] R.E. Bank, R.K. Smith, A posteriori error estimates based on hierarchical bases, SIAM J. Numer. Anal. 30 (4) (1993) 921–935.
[3] J.H. Bramble, J.E. Pasciak, J. Wang, J. Xu, Convergence estimates for product iterative methods with applications to domain deco

Math. Comp. 57 (195) (1991) 1–21.
[4] R. Glowinski, J. He, J. Rappaz, J. Wagner, Finite element approximation of multi-scale elliptic problems using patches of elem

preparation.
[5] F. Hecht, O. Pironneau, K. Ohtsuka,Freefem++, ver. 1.28, http://www.freefem.org.
[6] M. Jung, J.-F. Maitre, Some remarks on the constant in the strengthened CBS inequality: estimate for hierarchical finite

discretizations of elasticity problems, Numer. Methods Partial Differential Equations 15 (4) (1999) 469–487.
[7] S.F. McCormick, J. Thomas, The fast adaptive composite-grid (FAC) method for elliptic equations, Math. Comp. 46 (174) (1986) 4


