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Abstract

In this paper we present a method to solve numerically elliptic problems with multi-scale data using multiple levels of
not necessarily nested grids. The method consists in calculating successive corrections to the solution in patches whos
discretizations are not necessarily conforming. It resembles the FAC method (see Math. Comp. 46 (174) (1986) 439-456)
and its convergence is obtained by a domain decomposition technique (see Math. Comp. 57 (195) (1991) 1-21). However it is
of much more flexible use in comparison to the laffercitethisarticle: R. Glowinski et al., C. R. Acad. Sci. Paris, Ser. | 337
(2003).
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Résumé

Approximation de problémes elliptiques multi-échelles utilisant des patches d’éléments finidans cette Note

nous présentons une méthode faisant apparaitre plusieurs niveaux de grilles non nécessairement emboitées pour résou
numeériquement des problémes elliptiques a données multi-échelles. La méthode consiste a calculer des corrections successiv
de la solution par sous-domaines discrétisés de fagon non nécessairement conforme. Elle s’apparente & la méthode FAC (vc
Math. Comp. 46 (174) (1986) 439-456) et sa convergence s'obtient par une technique de décomposition de domaines (voil
Math. Comp. 57 (195) (1991) 1-21). Toutefois elle permet une plus grande souplesse d’utilisation que ces derniéres citées
Pour citer cet article: R. Glowinski et al., C. R. Acad. Sci. Paris, Ser. | 337 (2003).
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This Note presents several results whose proofs are to be found in [4].
Let V be a Hilbert space with scalar prodyct-) and denote by - || the induced norm. IL(V) is the space of
linear and continuous operators frdminto V, we denote by| B|| = sup,cy =1 |Bvll the norm ofB € L(V).
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ConsiderVy, V> two closed subspaces &f. We call P;: V — V; C V the orthogonal projectors froii into
Vi, j =1,2.1f I denotes the identity operator ihandw is a real parameter, we define the operdtar L(V) by

B=(—-wP)(I —wP1). Q)
Introduce the number
(v1, v2)
y= — (2
vievy, vi0 llvallllvz2 |l

v2€ Vo, 12#£0

Remark 1. Constanty is necessarily included in intervgd; 1]. If V1 NV £ {0}, then we haver = 1. Moreover
y =0 if and only if V1 is orthogonal toV,.

In the sequel we assume that the following hypothesis is satisfied:

Hypothesis (H). There exists a constarlp such that for allv € V there existv1 € Vi, v2 € Vo satisfying
v =11+ v and
el + llvz2ll® < CElvll?. 3

Remark 2. If (H) is satisfied, we have necessarly= V1 + V>. Moreover if V = V; @ V>, we have necessarily
Co > 1. If V1 is orthogonal tovz, we can takeCg = 1.

Adapting the proof of [3] to the present setting we obtain:

Lemma 1.If hypothesigH) is satisfied and i0 < w < 2, then the norm of the operat@ given by(1) verifies

_ 1/2
@ oo ) <1

- 4
C2(1+ wy)? “)

1Bl < (1

Remark 3. Note that this estimate is not optimal. In particulavif= V> = V andw = 1, the optimum ig|B|| =0
which is not reached with (4).

Remark 4. By applying the Cauchy—Schwarz inequality together with (2) it is easy to show the following:
if V=Vi® Vyandify <1, then there exists a constarg < +/1/(1 — y) which satisfies hypothesis (H).

Now we apply the result of Lemma 1 to the following “multi-scale” situation.
Let 22 ¢ R? be a polygonal domain and consider a bilinear, symmetric, continuous and coercive form
a:HY(2) x HY(2) - R. (5)

If f e H1(£2), due to Riesz’ representation theoremi-(-) being a scalar product 0H01(52)) there exists a
uniqueu € H3(£2) such that

a(u,v)=(flv), Yve H}). (6)

Let us point out that (6) is the weak formulation of a problem of tylie) = f in £2, u = 0 on the boundary
a52 of £2, whereL(-) is a second order, linear, symmetric, strongly elliptic operator. An approximatiarbgf
“finite elements” consists in introducing a triangulatiBi of 2, definingVy = {g: 2 — R continuous such that
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glk € P1(K), VK € Ty andg = 0 ond$2}, whereP1(K) is the space of polynomials of degreel on triangle
K € Ty, and calculatinge y € Vy satisfying

a(ug,v)=(flv), YveVy. (7)

Consider nowA C £2 another polygonal domain wherein we would like to obtain a “better” precision on the
solutionu than the one given by . Take note thatA is not necessarily the union of several triange®f 7y .
BesidesA can be determined in practice by an a posteriori error estimator for exampl&, beta triangulation

of A and consideV), = {g: 2 — R continuous such that|x € P1(K), VK € 7, andg =00on \ A}. Setting

Vun = Vg + Vi, we search as approximation feithe functionu g, satisfying

a(ugnp,v) = (flv), Vve Vg (8)

A priori Vg N'V;, does not necessarily reduce to the element zero and it is impossible, practically speaking, to exhibit
a “finite element’-type basis of the spa®g;. That is why we suggest the following algorithm to computsg,:

(1) Setu® = uy and choose € (0, 2).
(2) Forn=1,2,3,...find
(i) wy € V; such that(wy, v) = (f|v) —a@" 1, v), Yv € Vj;
Mn—l/2 — Mn—l + wwp;
(i) wy € Vi suchthau(wy, v) = (f|v) —a@" Y2, v), Yv e Vy;
w =u" Y2 4 pwpy.

Remark 5. When implementing the algorithm, the coarse and the fine part’ afdu”—1/2 are stored separately.
In practice this is efficient for calculating the scalar produgt-) in the right-hand side of (i) and (ii).

It is readily seen that this algorithm is a domain decomposition method (Schwarz method) with complete
overlapping but without any conformity between the meshesnd7,! It resembles the FAC method (see [7]) or
possibly a hierarchical method (see [2]) with a mortar method (see [1]).

When applying Lemma 1 witly = H&(.Q), we shall use: (-, -) as scalar product.

If P,:Vyy — V, and Py : Vg, — Vg are orthogonal projectors froig, to vV, and Vg respectively with
regard to the scalar product-, -), it is easy to verify that

wpp =" = (I — 0Py)(I — 0Py) (upn —u" ),

where I denotes the identity operator Wy,. SettingB = (I — wPy)(I — wPy) we obtain thatug, — u" =
B"(ugn —upg). By applying Lemma 1 t&/ = Vg, Vi = Vy, Vo = Vg, we have proved:

Theorem 2. If w € (0,2), then the algorithm(i), (i) converges, i.e.Jim,— o 4" — upnlly1 o) = 0. The

convergence factor is bounded @dy— %)”2.

Remark 6. A priori w = 7+, gives the best factor which minimizé$ 7C§(l+wy)2) . With this v we obtain

_ 1 1/2 i - -1 — 1,172
1Bl <(1 c§(1+2y)) . If we have a prioriVy N'Vj, # {0}, theny =1, w0 = 5 and|| B|| < (1 303) .

Remark 7. In the case where the boundayt of A is given by the union of edges of triangl&se 7y, we can
estimateCy (see [4]) by splittingv € Vg, into v = v, + vy, wherevyg = rgyv is the interpolant ob in Vg and

vy =v —ryv € Vy. Itis often possible as in [2,6] to estim ,”ﬁ\iZZ)u better than 1.
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Remark 8. If we can obtain an estimate fgrwith y < 1, then by takings = % Co= /ﬁ (see Remark 4),

we obtain|| B|| < (sz)l/2

Leta;; € wlo(2),1<i,j <2, verifyinga;; = a;; and the hypothesis of strong ellipticity,

2
Z aj()EE; >y 2 V(E1£2) €R?, ae.ing, 9)
i,j=1 i=1

whereq is a positive constant. If is the elliptic operator given b (u) = — 212] -1 ax (alj I Ju ) the associated

bilinear form is given by: (u, v) = 7 =1 aij 0;‘ "’”i dx. In this case we obtain the foIIowmg result:

Theorem 3. Assume that(9) is satisfied and that there exist& € 7y such thatA c K. Then if 8 =
DIFTO D ||%L);/||L00(A))2]1/2, theny < £2 whered is the diameter ofA. By assuming thag < ¢, we can

chooseCp = /ﬁ (see Remarld) with y = ’i—d and consequently we obtaipB| < (1 — 0‘5‘;2’73‘2)1/2 when
w= afw (see RemarR).

Remark 9. If the a;;'s are constant oven, 1 <7, j < 2, we clearly havgg =0, y =0, Co = 1. In this casé/y
andVj, are orthogonal and, sinag= 0, algorithm (i), (ii) converges in only one iteration.

Numerical example. We illustrate the above presented algorithm with the following example: Consider the
Poisson-Dirichlet problem Au = f in the domain2 = (-1, 1)%, u =0 on its boundary?Q Takef = fi+ f2

with f1 = 2k%72 cogkmx1) cogkmxz) and fo = —4nx (r) exp( 2) eXP( 7 rz\ ) ";2” ,5‘84 wherer = /x2 + x2 and
x(r)=1lifr<e, x(r)=01if r > ¢; k, n ande are parameters The exact solution to the problem is given by
u = Cogkmx1) cogkmx2) + nx (r) eXpy 2) exp(‘{_‘2 rz\)

We choose& = 0.5, =10 ande = 0 25. Away from the origin(0, 0) the solution is smooth. In a region close
to (0, 0) where the solution is peaking, we need to apply a patch with a finer mesh. For the triangula@pwef
use a coarse uniform grid with mesh side We consider a patch = (—¢, £)2 (D Supp f2)) with a fine uniform
triangulation of sizez. We consider first a case where the fine triangulation is nested in the coarse one, then a
non-nested case where we slightly stretch the coarse triangulation so that the meslﬁsﬁdﬁ(l + H). The
mesh sizedd andh are chosen in a way that the origi, 0) is always a grid point. Furthermore, for numerical
guadratures and calculating the reference solution, we introduce a global fine uniform triangulation wherein the
fine grid is nested. It is an extension of the fine triangulation to the doamorder to minimize the projection
errors introduced when comparing the results against the reference solution.

We use the softwarkr eef emt++ [5] to generate the grids and implement the algorithm. We outline here the
errors of the solution calculated on the reference grid with 1/12, 1/24, 1/48, 1/96 and ¥192. The relative
L2-norm error gives the valuesBlE—2, 222E-2, 6.99E-3, 1.87E-3, 475E-4; the relativeH*-norm error
yields 220E-1, 813E-2, 216E-2 and 549E-3, 137E-3.

Tables 1 and 2 indicate the convergence of the algorithm to the reference solution with successiversmaller
and fixed ratioH / h = 3. The stopping criteria for the algorithm|is, — e,_1|/e0 < 10~2 wheree, is the relative
error at iteratiom, n =1, 2, . ... In the nested case (Table 1), we observe optimal convergence in the mesh size:
we haveh?-accuracy for thd.2-norm andi-accuracy for theZ1-norm. In the non-nested case (Table 2) the rate
of convergence deteriorates: bdtR- and H1-norm only have rate of convergence one.

In Tables 3 and 4 we change the ratig i to 6 to investigate its effect on the sensitivity of convergence. This
only slightly affects the results.
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Table 1
Relative L2-, H1- andL*-error and convergence of the algorithm for successive snidlleith ratio #/h = 3 and nested meshes
H 1/4 1/8 1/16 1/32
iter. L? H! L® L? H! L® L? H! L® L? H! L®

0 358E-1 7.33E-1 446E-1 158E-1 b550E-1 224E-1 131E-1 498E-1 226E-1 455E-2 299E-1 983E-2
05 710E-2 529E-2 239E-2 287E-2 321E-2 982E-3 271E-3 656E-3 174E-3 6.72E-4 281E-3 358E-4
1 271E-2 286E-2 521E-3 7.64E-3 167E-2 225E-3 172E-3 559E-3 346E-4 426E-4 270E-3 6.59E-5
2 261E-2 227E-2 364E-3 683E-3 117E-2 110E-3 170E-3 545E-3 267E-4 426E-4 270E-3 6.31E-5

conv. 261E-2 225E-2 366E-3 679E-3 114E-2 107E-3 170E-3 545E-3 267E-4 426E-4 270E-3 631E-5

iter. 3 3 3 3 3 3 2 2 2 2 2 2

Table 2

Relative L2-, H1- and L®-error and convergence of the algorithm for successive smilieith ratio #/h = 3 and non-nested meshes
H 1/4 1/8 1/16 1/32

iter. L? H! L>® L? H! L>® L? H! L™ L? H! L™

0 298E-1 638E-1 360E-1 133E-1 446E-1 174E-1 122E-1 454E-1 226E-1 435E-2 255E-1 943E-2
05 898E-2 664E-2 298E-2 257E-2 O566E-2 234E-2 103E-2 339E-2 143E-2 213E-3 134E-2 383E-3
1 797E-2 104E-1 548E-2 426E-2 909E-2 355E-2 208E-2 590E-2 232E-2 106E-2 343E-2 122E-2
2 6.31E-2 7.65E-2 406E-2 348E-2 741E-2 289E-2 177E-2 487E-2 202E-2 976E-3 309E-2 112E-2

conv. 159E-2 142E-2 251E-3 669E-3 249E-2 684E-3 464E-3 178E-2 4.00E-3 283E-3 115E-2 391E-3

iter. 13 14 17 30 22 13 22 17 17 36 22 27
Table 3
Relative L2-, H1- andL*-error and convergence of the algorithm for successive sn¥dlleith ratio #/h = 6 and nested meshes
H 1/4 1/8 1/16 1/32
iter. L? H! L® L? H! L® L? H! L® L? H! L®

0 406E-1 856E-1 533E-1 207E-1 634E-1 268E-1 146E-1 527E-1 232E-1 496E-2 313E-1 107E-1
05 719E-2 579E-2 246E-2 289E-2 312E-2 996E-3 294E-3 6.81E-3 187E-3 7.32E-4 293E-3 390E-4
1 295E-2 318E-2 636E-3 836E-3 171E-2 232E-3 186E-3 579E-3 360E-4 461E-4 281E-3 7.10E-5
2 286E-2 239E-2 405E-3 742E-3 118E-2 122E-3 184E-3 564E-3 277E-4 461E-4 281E-3 6.82E-5

conv. 287E-2 235E-2 406E-3 7.35E-3 114E-2 109E-3 184E-3 564E-3 277E-4 461E-4 281E-3 682E-5

iter. 3 3 3 3 3 3 2 2 2 2 2 2

Table 4

Relative L2-, H1- and L>-error and convergence of the algorithm for successive smilieith ratio #/h = 6 and non-nested meshes
H 1/4 1/8 1/16 1/32

iter. L? Ht L L? Ht L L? Ht L>® L? Ht L>®

0 338E-1 7.87E-1 447E-1 176E-1 548E-1 254E-1 137E-1 493E-1 225E-1 470E-1 275E-1 101E-1
05 679E-2 589E-2 256E-2 229E-2 445E-2 132E-2 524E-3 205E-2 736E-3 385E-3 175E-2 434E-3
1 336E-2 516E-2 227E-2 299E-2 7.05E-2 325E-2 135E-2 434E-2 207E-2 929E-3 344E-2 124E-2
2 300E-2 396E-2 197E-2 260E-2 621E-2 292E-2 123E-2 390E-2 187E-2 868E-3 319E-2 114E-2

conv. 193E-2 221E-2 801E-3 817E-3 181E-2 471E-3 334E-3 143E-2 205E-3 173E-3 102E-2 348E-3
iter. 16 15 17 21 20 26 24 18 27 40 27 26

Our algorithm can easily be generalized to multiple levels. For the 3-level case, we introduce a second patch
Ap = (—2¢/3,2¢/3)% C A with a uniform triangulation of sizé,. For creating the non-nested grids, we slightly
stretch the triangulations in the same way as for the 2-level case/{i=ez/(1 + h/2), ho = h2/(1 + h2)).

The reference grid is also the extension of the finest mesk2omable 5 illustrates the results with ratios
H/h = h/hy =3 with nested resp. non-nested grids. In the nested case (first two columns of Table 5) we observe
the same rates of convergence as with the 2-level algorithm.
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Table 5
Relative L2-, H1- and L>-error and convergence of the algorithm for successive snlieith ratio H/h = 3, h/ hy = 3 and nested meshes
nested case non-nested case
H 1/4 1/8 1/4 1/8
iter. L? H* L>® L? HY L>® L? H* L>® L? HY L>®

0 433E-1 883E-1 551E-1 218E-1 649E-1 302E-1 433E-1 883E-1 551E-1 218E-1 649E-1 302E-1
1/3 275E-1 275E-1 121E-1 583E-2 913E-2 322E-2 239E-1 239E-1 9I19E-2 562E-2 137E-1 284E-2
2/3  727E-2 838E-2 247E-2 294E-2 375E-2 999E-3 907E-2 176E-1 340E-2 313E-2 126E-1 229E-2

1 342E-2 691E-2 189E-2 896E-3 267E-2 386E-3 641E-2 155E-1 370E-1 283E-1 115E-1 182E-2

2 294E-2 257E-1 483E-3 756E-3 122E-2 119E-3 460E-2 110E-1 285E-2 251E-2 103E-1 162E-2

conv. 293E-2 231E-2 404E-3 749E-3 114E-2 107E-3 276E-2 429E-2 114E-2 113E-2 521E-2 894E-3
iter. 4 4 4 4 4 3 8 13 14 26 27 17
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