Available online at www.sciencedirect.com

—__COoMPTES RENDUS

SCIENCE(dDIRECTﬁ 3‘595

— 5 MaTHEMATIQUE
ELSEVIER C.R. Acad. Sci. Paris, Ser. | 337 (2003) 667-673 8

Probability Theory/Statistics

Limiting laws associated with Brownian motion perturbated
by normalized exponential weights

Bernard Roynett® Pierre Vallois, Marc YorP

@ Département de mathématiques, institut Elie Cartan, BP 239, 54506 Vandaaivre-|és-Nancy cedex, France
b | aboratoire de probabilités et moddles aléatoires, Université Paris VI et Vi1, case 188, 75252 Paris cedex 05, France

Received 11 June 2003; accepted 17 September 2003
Presented by Marc Yor

Abstract

We perturb Brownian motion on the time interv@l 7] by an exponential weight; we show that for a large class of these
weights the corresponding probability laws converge weakly-asoco. To citethisarticle: B. Roynetteet al., C. R. Acad. Sci.
Paris, Ser. | 337 (2003).

O 2003 Académie des sciences. Published by Editions scientifiques et médicales Elsevier SAS. All rights reserved.
Résumé

Lois limites associées au mouvemnt brownien perturbé par des poids exponentiels normalisés. Nous perturbons le
mouvement brownien sur l'intervalle de ten{fs¢] par un poids exponentiel ; nous montrons que pour une large classe de tels
poids, les lois de probabilités correspondantes convergent étroitement lorsgoe. Pour citer cet article: B. Roynetteet al.,

C. R. Acad. Sci. Paris, Ser. | 337 (2003).

O 2003 Académie des sciences. Published by Editions scientifiques et médicales Elsevier SAS. All rights reserved.

Version francaise abr égée

On perturbe la mesure de Wien®@f, sur C(R;,RR) a I'aide du poids exponentiel : eé@p%féu(xh)dh),
normalisé par son espéranee,R — R désignant une fonction borélienne localement bornée. On h\ﬁ’fela

probabilité ainsi obtenue, et on s'intéresse a I'existence de la limite é@élffede cette famille de probabilités,
lorsquer — oo.

Dans cette Note, on présente I'existence de cette loi limite lorggadisfait a I'une des conditions suivantes :
+00

u(x)>0; /(1+|x|)u(x)dx<oo,

—00

(C1)
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0
u(x)=>0; / [x]u(x)dx < oo; lim x*u(x)>y >0, pouruna <1, (C2)
e X—>+00
u(x)>0; lim u(x)=1>0, (Cs)
[x]—+o00
C"(x) . ..
u(x) = o avecC une fonction positive de class®, (Cq)
X
telle que
(a) C est paire,
(b) C décroit suR,
(©) Jo(C(x))P dx < oo, pour unp € (0, 1),
u(x):m, )\,>O, O<C¥<2, (C5)
(x)= * withe=0or1 (Ce)
ux)= e+ xz, &= 6

Supposant I'une quelconque de ces conditions satisfaite, la proba@ﬂﬂéest localement équivalente a la
mesure de Wiener, et peut étre définie par :

C(Xy) 1 S

(u) — _Z .

0lF = ko) eXD( 2/M(Xh)dh) Wil
0

ol Fy = o{Xy; h < s}, pour une fonctionC:R — R solution de I'équation de Sturm-LiouvilleC”(x) =
C(x)u(x), et satisfaisant certaines conditions frontieres-en.

Bien que ces questions aient été étudiées plus ou moins explicitement par plusieurs auteurs, la littérature est tré
éparpillée, etil nous a semblé utile de faire le point sur ce sujet. Nous indiquons les réfrénces que nous connaisson:
en I'absence de référence, les résulats que nous présentons semblent nouveaux.

1. A general framework, and a general statement

On the canonical spac® = C(R4, R) of continuous functions:t — w(t), t > 0, we define the filtration
Fr=0(Xs; s<t), t 20, whereX;(w) =w(). Letx € R, and we denote by, the distribution on(§2, Fo)
which makegX,, ¢ > 0) a one-dimensional Brownian motion, startingcat

1.1. Inthis Note, for a Borel functiom : R — R, such that, for every.

t
g)&u)(z‘) =Ew, [exp(—%/u(Xh) dh)] < 00,

0
we introduce the family of probabilities, indexed byx, ¢:

exp(—3 o u(Xp) dh)

P(u) _ ™
& (1)

x,t =

: Wx']—',,
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and we are interested in the existence of the weak limit-asoo:

P)gflt) — Q)(cu)’ @
(w)

in the following sense:

fors >0, andA, € 7, P (Ay) — 0 (Ay). 2)

1.2. Under various conditions am, we indicate below that the convergence result (2) holds, and that:

t

C(X;) 1

) . — - )

17 =0 exp( 2/u(Xh)dh> Wil 3)
0

whereC :R — R solves the Sturm-Liouville equation
C"(x) = C(x)u(x), (4)

together with some boundary conditionstato.

Then, from Girsanov’s theorerQi”) is the law of the diffusiorY which solves:

Y, = t ¢ Yo d
t—x‘f‘ﬁt‘f‘/(E)( ) ds,
0

for (B;; r > 0) a Brownian motion.

1.3. In the next paragraphs, various hypotheses @re presented, under which the above holds; in fact, we
even consider more generally a Radon meagu(tk), instead ofu(x) dx, and the quantit)fé u(X)ds is then

replaced by]f;f L¥u(dx), where{L}} is the family of local times of(. We then writeP, Q) £ instead
of P, Q) gl
The key to our results is that, in each case, there exists a fungti®@n — R, such that:

e(ENM (1) —> C(). (5)

Some of these results may be found in the literature, but they are quite scattered; we have indicated the reference
known to us. Otherwise, the results we present here are, to our knowledge, new.

2. Theintegrable case
2.1. Under the hypothesisffo‘f(lJr [x]) du(x) < oo, for u a positive Radon measure, the convergence (5)

holds withe(¢) = +/t; C is strictly positive, convex, and is the unique solution of the Sturm—Liouville equation (4),
such that:

. 2 ) 2
lim C'(x)=,/=, lim C'(x)=—,/=. (6)
x——+00 T xX—>—00 T

ConsequentlyC satisfies:

[2
Clx) ~ Zxl. (7)
[x|]—>400 V T
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2.2. In order to prove (5) in this case, we rely upon the simplest form of the Tauberian theorem, and we show
the following:

1 +00
Ewo[exp<—§ / Léﬁu(dx))]Q:OGH(m, (8)

—00
wheresS, denotes an exponential variable with paramefg®, independent ok underWp, and
g — Pui(00) + by (o0)
"9, 0+, 0
Mt M-
where:uy = ur,, 1 is the image ofug_ by x — —x, and for a Radon measureon R, ¢,: Ry — R is
the unique decreasing function which solves:
¢"(dx) =g (x)v(dx); #(O0) =1 (10)

Proofs of (8) may be achieved by using the explicit form of the law of the local timésugs to Sy (see, e.qg.,
Biane and Yor [1]), or by expressing the left-hand side of (8) as a ratio of integrals with respect to Itd’s characteristic
measure of excursions (see, e.g., Jeanblanc, Pitman and Yor [4], and/or Revuz and Yor [6]).

(9)

3. Theunilateral case

Here we assume that(dx) = u(x) dx andu is ‘small’ near—oo, and ‘large’ near-oo; precisely:

0

/ |x]u(x) dx < oo; lim x®u(x)>y >0, forsomex < 1. (12)
X—>+00

—00

Then, the same statement holds as in 2.1, except that (6) and (7) should be changed into:

. 2 .
lim C'(x)= —\/i; lim C(x)=0; (12)
X——00 T X—+00
2 i —o
Clx) ~ \/jlxl; Cy<kKe ™ x>0 (13)
X—>—00 T
for somek’, k" > 0.
4. Thebilateral case
The assumption here is:
u(x)>0; lim u(x)=o00. (14)
|x|—=+4o00

This case is the most well known, and has been studied by Kac [5] and Carmona [3] among others.
In particular, the operator:

1
AW f s —Ef”—i-uf,
has a discrete spectrum=0ir1 < A2 < A3 < - -- of eigenvalues, and

exp(i1nNEY (1) converges as — oo. (15)
We then refer the reader to 5.3 for the rest of the discussion.
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5. The'signed’ case
5.1. Here, we start with a functio@: R — R, such that:
(@) CisevenC(x) =C(—x);
(b) C decreases oR.,

(€) Jo (C(x))Pdx < oo, for somep € (0, 1).

We then defineu(x) = C”(x)/C(x) which is, in general, ‘signed’. B
Then, (5) holds withp(¢) which does not depend ang(t) = 1/C, whereC = ]f;o C(x)dx.

5.2. As an example, we consider:

C(x) =exp(—y|x|*), forsomea >2;

then,
e _ a1 ,
'@y N @2 1 2 2)2(@—1)
u(x) = oo (C) (x)+<c> (x) =—yala = D|x[" "+ y a’|x| :

Note in particular that fox = 2, Q)(C“) is the law of the Ornstein—Uhlenbeck process with paran{@er, starting

atx.

5.3. For afunctiornu:R — R, such that
u is continuous, even, increasing when restricteR toand admits a finite limit asc| — oo. (16)

There exists a constapy,) > 0 such that: exﬁ’%}t)&ﬁ”‘) (r) converges to a strictly positive limid(x).
The functionD is related ta: via:

D//(x)
D(x)’
and the study is reduced to that of 5.1 withinstead ofC.
The same discussion applies in the bilateral case (Section 4)wjte: 211.

ux) =y =

6. Thefunction u converges‘dowly’ to0as |x| - oo

We consider the particular function:

, forix,a>0. (17)

(a) The case > 2 belongs to the integrable case (see Section 2);
(b) For O< a < 2, we could obtain:

t
A ds 1
i (@=2)/(a+2) R B =_Z
t—llrﬂoo{t In(E{exp( 2/1+|BS|“>])} 5P, (18)

0
wherep (1) € 10, +o00[ does not depend anand is equal to:
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1 1
ds
inf '(s)%d /7 ,
1lf|€nAo{0/w (s) s+k0 W(S)I“}

andAo={f:[0,1]—~ R, f continuous, ang (0) = 0}.

Our proof of relation (18) is based on large deviation technique. Unfortunately, we only obtain logarithmic
equivalents.

(c) Fora = 2, we also consider:

u(x) = A>0,e=00rl (29)
e

+x2’

Letn = (14 +/1+4r)/4 andF (a, b, c; x) be the hypergeometric function with parameters, c¢. Then the
following result holds:

t
. n A ds B
t—llr—}r-]oo{t Ex |:exp(—§ / m)]} = A,,Cn(x), X > O, (20)

0

with A, = 7 152345, Cu(x) =x' if e =0and

ynF(n—3%, —n, 3 —x?) if n is an integer
YL+ x2)2F(n — 3,2 4+ n, 3 #12) otherwise

. _ I'(n=1/2)T(n+1/2) _

If ¢ =0, identity (20) may be obtained as a consequence of the local absolute continuity relationship between
the laws of Bessel processes (see [6], Exercise 1.22, Chapter XI, p. 451).

More completely, the same argument allows us to obtain the weak convergence of each of the following family
of probabilities indexed byv, 1), ast — oo:

t
p - SR/ o AR oy (21)
" M) "

Ch(x) = {

wherei > 0, v > —1, 8,(“)(0 is the normalisation factor anﬂ’,(j) denotes the law of the Bessel process
(R, s <t) starting fromr > 0, with indexv.
The absolute continuity argument implies:

w2 _ (/R PO (22)
v, r,t
E® /R

whered = VA + V2.

Finally, a scaling argument yields:
PR, —> P (23)
— 00

r,s

and the Brownian case considered in (19), (20) (with 0) corresponds ta: = —1/2, henced = /A + 1/4.

When ¢ = 1, the process{BSZ; s > 0) in (20) may be replaced by the square of a Bessel process with
dimensiors > 1. Relation (20) is still validz, A, andC,(x) being changedbys = (2—6§ ++/(2—8)2+4A)/4,
respectively1/2")I"(ns + §/2)/ ' (2ns + §/2), and

yF(ns+ 35— 1, —ns, §; —x?) if ns is an integer
y(A+x2) 7 H1=82p g 4 % -1, % + ng, %; #iz) otherwise

wherey =T (ns — 1+ 8/2)T(ns +8/2)/(I'(2ns — 1+ 8/2)T'(8/2)).
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