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Abstract

We perturb Brownian motion on the time interval[0, t] by an exponential weight; we show that for a large class of th
weights the corresponding probability laws converge weakly ast → ∞. To cite this article: B. Roynette et al., C. R. Acad. Sci.
Paris, Ser. I 337 (2003).
 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé

Lois limites associées au mouvemnt brownien perturbé par des poids exponentiels normalisés. Nous perturbons le
mouvement brownien sur l’intervalle de temps[0, t] par un poids exponentiel ; nous montrons que pour une large classe d
poids, les lois de probabilités correspondantes convergent étroitement lorsquet → ∞. Pour citer cet article : B. Roynette et al.,
C. R. Acad. Sci. Paris, Ser. I 337 (2003).
 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Version française abrégée

On perturbe la mesure de WienerWx sur C(R+,R) à l’aide du poids exponentiel : exp(−1
2

∫ t
0 u(Xh)dh),

normalisé par son espérance,u :R → R désignant une fonction borélienne localement bornée. On noteP
(u)
x,t la

probabilité ainsi obtenue, et on s’intéresse à l’existence de la limite étroiteQ
(u)
x de cette famille de probabilité

lorsquet → ∞.
Dans cette Note, on présente l’existence de cette loi limite lorsqueu satisfait à l’une des conditions suivantes

u(x)� 0 ;
+∞∫

−∞

(
1+ |x|)u(x)dx <∞, (C1)
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reserved.
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la

re est très
naissons ;
u(x)� 0 ;
0∫

−∞
|x|u(x)dx <∞; lim

x→+∞
x2αu(x)� γ > 0, pour unα < 1, (C2)

u(x)� 0 ; lim|x|→+∞u(x)= l > 0, (C3)

u(x)= C′′(x)
C(x)

, avecC une fonction positive de classeC2, (C4)

telle que

(a) C est paire,
(b) C décroit surR+,
(c)

∫∞
0 (C(x))p dx <∞, pour unp ∈ (0,1),

u(x)= λ

1+ |x|α , λ > 0, 0< α < 2, (C5)

u(x)= λ

ε+ x2 , with ε = 0 or 1. (C6)

Supposant l’une quelconque de ces conditions satisfaite, la probabilitéQ
(u)
x est localement équivalente à

mesure de Wiener, et peut être définie par :

Q(u)
x |Fs = C(Xs)

C(x)
exp

(
−1

2

s∫
0

u(Xh)dh
)

·Wx |Fs ,

où Fs = σ {Xh; h � s}, pour une fonctionC :R → R+ solution de l’équation de Sturm–Liouville :C′′(x) =
C(x)u(x), et satisfaisant certaines conditions frontières en±∞.

Bien que ces questions aient été étudiées plus ou moins explicitement par plusieurs auteurs, la littératu
éparpillée, et il nous a semblé utile de faire le point sur ce sujet. Nous indiquons les réfrénces que nous con
en l’absence de référence, les résulats que nous présentons semblent nouveaux.

1. A general framework, and a general statement

On the canonical spaceΩ = C(R+,R) of continuous functionsω : t → ω(t), t � 0, we define the filtration
Ft = σ(Xs; s � t), t � 0, whereXt(ω) = ω(t). Let x ∈ R, and we denote byWx the distribution on(Ω,F∞)
which makes(Xt , t � 0) a one-dimensional Brownian motion, starting atx.

1.1. In this Note, for a Borel functionu :R → R, such that, for everyt :

E (u)x (t)=EWx

[
exp

(
−1

2

t∫
0

u(Xh)dh

)]
<∞,

we introduce the family of probabilities, indexed byu,x, t :

P
(u)
x,t = exp(−1

2

∫ t
0 u(Xh)dh)
(u)

· Wx |Ft ,
Ex (t)
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, we

eferences

(5)
(4),
and we are interested in the existence of the weak limit, ast → ∞:

P
(u)
x,t −→

(w)
Q(u)
x , (1)

in the following sense:

for s � 0, andΛs ∈ Fs, P
(u)
x,t (Λs)−→

t→∞Q
(u)
x (Λs). (2)

1.2. Under various conditions onu, we indicate below that the convergence result (2) holds, and that:

Q(u)
x |Ft = C(Xt )

C(x)
exp

(
−1

2

t∫
0

u(Xh)dh

)
·Wx |Ft , (3)

whereC :R → R solves the Sturm–Liouville equation

C′′(x)= C(x)u(x), (4)

together with some boundary conditions at±∞.
Then, from Girsanov’s theorem,Q(u)

x is the law of the diffusionY which solves:

Yt = x + βt +
t∫

0

(
C′

C

)
(Ys)ds,

for (βt ; t � 0) a Brownian motion.

1.3. In the next paragraphs, various hypotheses onu are presented, under which the above holds; in fact
even consider more generally a Radon measureµ(dx), instead ofu(x)dx, and the quantity

∫ t
0 u(Xs)ds is then

replaced by
∫ +∞
−∞ Lxt µ(dx), where{Lxt } is the family of local times ofX. We then writeP (µ), Q(µ), E (µ) instead

of P (u), Q(u), E (u).
The key to our results is that, in each case, there exists a functionϕ :R+ → R+ such that:

ϕ(t)E (µ)x (t)−→
t→∞C(x). (5)

Some of these results may be found in the literature, but they are quite scattered; we have indicated the r
known to us. Otherwise, the results we present here are, to our knowledge, new.

2. The integrable case

2.1. Under the hypothesis:
∫ +∞
−∞ (1+ |x|)dµ(x)<∞, for µ a positive Radon measure, the convergence

holds withϕ(t)= √
t; C is strictly positive, convex, and is the unique solution of the Sturm–Liouville equation

such that:

lim
x→+∞C

′(x)=
√

2

π
, lim

x→−∞C
′(x)= −

√
2

π
. (6)

Consequently,C satisfies:

C(x) ∼|x|→+∞

√
2

π
|x|. (7)
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e show

,
teristic
2.2. In order to prove (5) in this case, we rely upon the simplest form of the Tauberian theorem, and w
the following:

EW0

[
exp

(
−1

2

+∞∫
−∞

LxSθµ(dx)

)]
∼
θ→0

θH(µ), (8)

whereSθ denotes an exponential variable with parameterθ2/2, independent ofX underW0, and

−H(µ) = φµ+(∞)+ φµ−(∞)

φ′
µ+(0)+ φ′

µ−(0)
, (9)

where:µ+ = µ|R+, µ− is the image ofµ|R− by x → −x, and for a Radon measureν on R+, φν :R+ → R+ is
the unique decreasing function which solves:

φ′′(dx)= φ(x)ν(dx); φ(0)= 1. (10)

Proofs of (8) may be achieved by using the explicit form of the law of the local times ofX up toSθ (see, e.g.
Biane and Yor [1]), or by expressing the left-hand side of (8) as a ratio of integrals with respect to Itô’s charac
measure of excursions (see, e.g., Jeanblanc, Pitman and Yor [4], and/or Revuz and Yor [6]).

3. The unilateral case

Here we assume thatµ(dx)= u(x)dx andu is ‘small’ near−∞, and ‘large’ near+∞; precisely:

0∫
−∞

|x|u(x)dx <∞; lim
x→+∞

x2αu(x)� γ > 0, for someα < 1. (11)

Then, the same statement holds as in 2.1, except that (6) and (7) should be changed into:

lim
x→−∞C

′(x)= −
√

2

π
; lim

x→+∞C(x)= 0; (12)

C(x) ∼
x→−∞

√
2

π
|x|; C(x)� k′ e−k′′x1−α

, x � 0, (13)

for somek′, k′′ > 0.

4. The bilateral case

The assumption here is:

u(x)� 0; lim|x|→+∞u(x)= ∞. (14)

This case is the most well known, and has been studied by Kac [5] and Carmona [3] among others.
In particular, the operator:

∆(u) :f → −1

2
f ′′ + uf,

has a discrete spectrum: 0< λ1 � λ2 � λ3 � · · · of eigenvalues, and

exp(λ1t)E (u)x (t) converges ast → ∞. (15)

We then refer the reader to 5.3 for the rest of the discussion.
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5. The ‘signed’ case

5.1. Here, we start with a functionC :R → R+ such that:

(a) C is even:C(x)= C(−x);
(b) C decreases onR+,
(c)

∫∞
0 (C(x))p dx <∞, for somep ∈ (0,1).

We then define:u(x)= C′′(x)/C(x) which is, in general, ‘signed’.
Then, (5) holds withϕ(t) which does not depend ont :ϕ(t)= 1/�C, where�C = ∫ +∞

−∞ C(x)dx.

5.2. As an example, we consider:

C(x)= exp
(−γ |x|α), for someα � 2;

then,

C′(x)
C(x)

= −γα|x|α−1 sgn(x);

u(x)= C′′(x)
C(x)

=
(
C′

C

)′
(x)+

(
C′

C

)2

(x)= −γα(α − 1)|x|α−2 + γ 2α2|x|2(α−1).

Note in particular that forα = 2, Q(u)
x is the law of the Ornstein–Uhlenbeck process with parameter(2γ ), starting

at x.

5.3. For a functionu :R → R+ such that

u is continuous, even, increasing when restricted toR+ and admits a finite limit as|x| → ∞. (16)

There exists a constantγ(u) > 0 such that: exp( γ(u)2 t)E (u)x (t) converges to a strictly positive limitD(x).
The functionD is related tou via:

u(x)− γ(u) = D′′(x)
D(x)

,

and the study is reduced to that of 5.1 withD instead ofC.
The same discussion applies in the bilateral case (Section 4) withγ(u) = 2λ1.

6. The function u converges ‘slowly’ to 0 as |x| → ∞

We consider the particular function:

u(x)= λ

1+ |x|α , for λ,α > 0. (17)

(a) The caseα > 2 belongs to the integrable case (see Section 2);
(b) For 0< α < 2, we could obtain:

lim
t→+∞

{
t(α−2)/(α+2) ln

(
Ex

[
exp

(
−λ

2

t∫
0

ds

1+ |Bs |α
)]) }

= −1

2
ρ(λ), (18)

whereρ(λ) ∈ ]0,+∞[ does not depend onx and is equal to:
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ithmic

etween

family

ss

with
inf
ψ∈Λ0

{ 1∫
0

ψ ′(s)2 ds + λ

1∫
0

ds

|ψ(s)|α
}
,

andΛ0 = {f : [0,1] �→ R, f continuous, andf (0)= 0}.
Our proof of relation (18) is based on large deviation technique. Unfortunately, we only obtain logar

equivalents.
(c) Forα = 2, we also consider:

u(x)= λ

ε+ x2 ; λ > 0, ε = 0 or 1. (19)

Let n= (1+ √
1+ 4λ)/4 andF(a, b, c;x) be the hypergeometric function with parametersa, b, c. Then the

following result holds:

lim
t→+∞

{
tn Ex

[
exp

(
−λ

2

t∫
0

ds

ε+B2
s

)]}
=AnCn(x), x > 0, (20)

with An = 1
2n

6(n+1/2)
6(2n+1/2) , Cn(x)= x2n if ε = 0 and

Cn(x)=
{
γnF (n− 1

2,−n, 1
2;−x2) if n is an integer,

γn(1+ x2)−n+1/2F(n− 1
2,

1
2 + n, 1

2; x2

1+x2 ) otherwise

with γn = 6(n−1/2)6(n+1/2)
6(2n−1/2)6(1/2) whenε = 1.

If ε = 0, identity (20) may be obtained as a consequence of the local absolute continuity relationship b
the laws of Bessel processes (see [6], Exercise 1.22, Chapter XI, p. 451).

More completely, the same argument allows us to obtain the weak convergence of each of the following
of probabilities indexed by(ν, λ), ast → ∞:

P
(ν,λ)
r,t = exp{−(λ/2) ∫ t0 (1/R2

s )ds}
E (ν,λ)r (t)

· P (ν)r,t , (21)

whereλ > 0, ν > −1, E (ν,λ)r (t) is the normalisation factor andP (ν)r,t denotes the law of the Bessel proce
(Rs, s � t) starting fromr > 0, with indexν.

The absolute continuity argument implies:

P
(ν,λ)
r,t = (1/Rt)θ−ν

E
(θ)
r,t [(1/Rt)θ−ν]

· P (θ)r,t , (22)

whereθ = √
λ+ ν2.

Finally, a scaling argument yields:

P
(ν,λ)
r,t |Rs

−→
t→∞P

(θ)
r,s , (23)

and the Brownian case considered in (19), (20) (withε = 0) corresponds to:ν = −1/2, henceθ = √
λ+ 1/4.

When ε = 1, the process(B2
s ; s � 0) in (20) may be replaced by the square of a Bessel process

dimensionδ � 1. Relation (20) is still valid,n, An andCn(x) being changed bynδ = (2− δ+√
(2− δ)2 + 4λ)/4,

respectively(1/2nδ )6(nδ + δ/2)/6(2nδ + δ/2), and{
γF(nδ + δ

2 − 1,−nδ, δ2;−x2) if nδ is an integer,

γ (1+ x2)−nδ+1−δ/2F(nδ + δ
2 − 1, δ2 + nδ,

δ
2; x2

1+x2 ) otherwise,

whereγ = 6(nδ − 1+ δ/2)6(nδ + δ/2)/(6(2nδ − 1+ δ/2)6(δ/2)).



B. Roynette et al. / C. R. Acad. Sci. Paris, Ser. I 337 (2003) 667–673 673

: Lecture

: Lecture

ger, 1988,

) 27–52.
uperiore
References

[1] P. Biane, M. Yor, Sur la loi des temps locaux du mouvement brownien réel, pris en un temps exponentiel, in: Sem. Probab. XXII, in
Notes in Math., Vol. 1321, Springer, 1988, pp. 454–466.

[2] P. Biane, M. Yor, Valeurs principales des temps locaux browniens, Bull. Sci. Math. 111 (1987) 23–101.
[3] R. Carmona, Processus de diffusions gouvernés par la forme de Dirichlet de l’opérateur de Schrödinger, in: Sem. Probab. XIII, in

Notes in Math., Vol. 721, Springer, 1988, pp. 557–569;
R. Carmona, Opérateur de Schrödinger à résolvante compacte, in: Sem. Probab. XIII, in: Lecture Notes in Math., Vol. 721, Sprin
pp. 570–573.

[4] M. Jeanblanc, J. Pitman, M. Yor, The Feynman–Kac formula and decomposition of Brownian paths, Comput. Appl. Math. 16 (1997
[5] M. Kac, Integration in Function Spaces and some of its Applications, in: Lezioni Fermiane, Acc. Nat. dei Lin., Scuola Normale S

di Pisa, 1980.
[6] D. Revuz, M. Yor, Continuous Martingales and Brownian Motion, 3rd edition, Springer, 1999.


