Available online at www.sciencedirect.com

sc.ence@p.“w

—._COMPTES RENDUS

ELSEVIER C.R. Acad. Sci. Paris, Ser. | 337 (2003) 593-596

Algebraic Geometry

Abelian fibrations ors!™

Baohua Fu

Laboratoire J.A. Dieudonné, Université de Nice Sophia-Antipolis, parc Valrose, 06108 Nice cedex 02, France
Received 5 June 2003; accepted 15 September 2003
Presented by Jean-Pierre Demailly

Abstract

L
Lets % Plbean elliptic fibration on & 3 surfaces. Then the compositio§l”! 2 s Y pn gives an Abelian fibration

on S, Let E be the exceptional divisor of, then synfi¢ o 7 (E) is of dimensiom — 1. We prove the inverse in this Noféo
citethisarticle: B. Fu, C. R. Acad. Sci. Paris, Ser. | 337 (2003).
O 2003 Académie des sciences. Published by Editions scientifiques et médicales Elsevier SAS. All rights reserved.
Résumé

Fibrations abéliennes sur S, Soit Si P! une fibration elliptique sur une surfack K 3. Alors la composition

sl % () S'y—nwﬁ]}?)" donne une fibration abélienne ss#!. Soit E le diviseur exceptionel de, alors symi¢ o 7 (E) est
de dimensiom — 1. Dans cette Note, nous démontrons la réciprofoar citer cet article: B. Fu, C. R. Acad. Sci. Paris,
Ser. | 337 (2003).

O 2003 Académie des sciences. Published by Editions scientifiques et médicales Elsevier SAS. All rights reserved.

1. Introduction

Let X be a Z-dimensional irreducible symplectic manifold. Recall thatAdrelian fibrationon X is a proper
surjective morphisnk — P" whose generic fiber is a smooth Abelian variety. This is more or less the only non
trivial fibration structure that could exist o, owing to a result of Matsushita [5]. To understand Abelian fibrations
on holomorphic symplectic manifolds is one of three-part programme to understand the mysteries of holomorphic
symplectic manifolds (see, for example, [7]).

As remarked by Hassett and Tschinkel (Remark 5.6, [2]), the existence of an Abelian fibration on the Hilbert
schemes!?! of a K3 surfaceS does not imply thas admits an Abelian fibration, i.e., it does not imply ttsais
an elliptic K3 (compare [4]). A classical example is the following (communicated to the author by A. Beauville):
let S c P° be the intersection of three quadrios = 0, Q> =0 andQ3 = 0, which does not contain any line. If
we take a general such then PigS) has rank 1, thus it contains no non-trivial divisor with zero self-intersection,
i.e., S is not elliptic. An Abelian fibration ors'?! can be constructed as follows: any point S defines a line
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in P>, which is not contained i5. Then there exists a unique planWih= C(Q1, Q2, Q3) which vanishes on this
line. This gives an Abelian fibratiors{2l — P(V*) ~ P2,

The purpose of this Note is to study Abelian fibrationsséh. If S is elliptic, i.e., there exists an elliptic fibration
¢:S — P1 then the composition,

gy SYMe,

NG Syn'P! ~ P",

gives an Abelian fibration os!"!. If we denote byE c S the exceptional divisor af, then the image of by
synT'(¢) o 7 is of dimensiom — 1 in P". Our aim of this Note is to prove the inverse.

Theorem 1.1. Let S % P be an Abelian fibration ors!™ 1. Suppose thadhm(f(E)) n — 1, thens is elliptic
and f is isomorphic to an Abelian fibration coming from an elliptic fibratior> PL.

2. Abelian varietiescontained in products of K 3 surfaces

Lemma 2.1. Let A be an Abelian variety and a K 3 surface. Then there exists no surjective morphism fiom
to S.

Proof. Suppose we had a surjective morphigmA — S. By Stein factorization, there exist a normal surfde
a finite morphismf;: B — S and a morphism with connected fibefs: A — B such thatf = f1 o f2. Notice
that f> has connected fibers, so by the rigidity lemma [6], there exists an Abelian subvéagietfyA, such that
fz_l(fz(a)) =a+ Ag foranya € A. This implies thatB is isomorphic toA /Ao, thus it is an Abelian surface.

Now consider the finite morphisnfy: B — S, which inducesfi. f{' = deq f1)Id in cohomology. Thus
fiH*S,R) — H?B,R) is injective, this givesbo(S) < b2(B), which is absurd sincé(S) = 22 and
ba(B)=6. O

Lemma 2.2. Let A be an Abelian variety contained in the produttx Z, whereS is a K3 surface andZ an
algebraic variety. Then eithes is contained in{p} x Z for some poinfp € S or A is isogeny toE;1 x A1, where
E1 is an elliptic curve andd 1 is an Abelian variety contained ifp’} x Z for some poinp’ € S.

Proof. Consider the projection pr A C S x Z — S. If Img(pry) is just a pointp € S, then A is contained in
{p} x Z.1f Img(pry) is not a point, itis a curv€y C S, by the above lemma. Now by the Stein factorization, there
exist a normal curve’, a finite morphismE — C1 and a morphism with connected fibets— E. The argument

in the proof of Lemma 2.1 shows thatis an elliptic curve. Now by Poincaré’s theorem on complete reducibility,
there exist an elliptic curv&j, a finite morphismE; — E and an Abelian variety 1, such thatA is isogeny to

E1 x A1 and the following diagram commutes:

Fi1xAl———ACSxZ

L
N

cCicCS

If we take the identity point € E1, then{e} x Aj is contained in pl‘rl(W(e)) c {y¥(e)} x Z, thus we can chose
A1 such thatd; is contained in{p’} x Z for some pointp’ € S. O
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Theorem 2.3. Let A be ak-dimensional Abelian variety contained in a produckt3 surfacesSy x - - - x S,. Then
A is isomorphic to a product of elliptic curves, x - -- x Ex, with E; C S, .

Proof. Applying the above lemma, an induction argument shows Ahigtisogeny to a product of elliptic curves
E1 x --- x Ei. Re-ordering the index if necessary, we can supposeEBhatojects onto a curve; on S;. The
above lemma also shows th&t can be chosen af},. Now we show thaE_; can also be chosen to be an elliptic
curve onS;_1.

Let B be the Abelian surface containedSp_1 x Sk, which is the image ofy_1 x Ex. Applying Lemma 2.2
with § = S andZ = S;_1, then we can chosE;_1 to be a curve orf;_1. Now the projection curv€,_1 (resp.
Cy) should beE._; (resp.Ey), thusB is isomorphic toE;_1 x E.

An induction with the above arguments concludes the proaf.

Remark 1. It is proved by Hwang and Mok (see [3]) thatBf — S is a finite morphism from an Abelian surface
to a projective surfacé, then S is either an Abelian surface,Bt-bundle over a curve dP?. Using this result
and above arguments, the theorem still holds if we repk8esurfacess; by surfaces which is neither an Abelian
surface, @*-bundle over a curve nd#?.

3. Proof of Theorem 1.1

Let A be a general fiber of , which is an Abelian variety. By hypothesis, dif( E)) <n —1, A is contained in
sl _ £, and the latter can be identified wis”) — §, wheres is the big diagonal. Notice that: §* — A — §® —§
is an unbranched covering of ordgrwhereA is the preimage of in §”. Theng —1(A) is an unbranched covering
of A of ordern. Let A1 be any connected componentfl(A), which is still an Abelian variety, contained §¥.

Now by our Theosrem 2.324; is isomorphic to product&; x --- x E,, whereE; are elliptic curves or§.
Notice thatA N6 =@, thusE; and E; have no common points if# j, thusE;, i =1,...,n, are fibers of an
elliptic fibrationg : S — P1. In particular,s is elliptic.

Take another general fiber of, then the arguments above give another elliptic pencilSowith fibers

E,i=1..nIf E{o - Ej, #0, thenE] - E; # 0 for any i, j, thus there exists a poiry, ..., x,) €
Eix---xE, N E’l x --+ x E/, which contradicts to the fact that the intersection of two fibers is empty. Thus
E,i=1,...,n,areallfibersofp:S — P, i.e., all elliptic fibrations defined in this way dhare the same.

This implies that there exists an open gét= S — ¢(W) for some closed subvariety c P! such that
every fiber of the compositio/” — Ay — U™ — 8U—f>P” is an Abelian variety, thus it is of the form
¢ 1(x1) x --- x ¢~ (x,). This gives a birational automorphisén: P"— — P, such that the following diagram
commutes:

U™ — sy c sl

/ W;

P __13_) P

Thus the two birational morphisms syi@) : S/ — P andg o f : SI") — — — P" agree over an open set of
sl which showsg o f = synt'(¢) over the whole ofs"!. In particular,8 :P* — P" is a birational morphism,
thus an isomorphism, which concludes the theorem.



596 B. Fu/C. R. Acad. Sci. Paris, Ser. | 337 (2003) 593-596

4. Another proof

Here we want to give a quick proof of the following part of Theorem 1.1, which is communicated to the author
by A. Beauville.

Theorem 4.1. Let S —f> P" be an Abelian fibration o8!"!. Suppose thadim(f(E)) < n — 1, thens is elliptic.

Proof. Let gs(—) be the Beauville—Bogomolov form on holomorphic symplectic varieties. Then we have
Pic(S) ~ Pic(S) @ Z - [ E /2] which is also orthogonal with respect to the quadric fors—) (see [1]). Take a
hyperplane clask onP". By Fuijiki’'s formula, we havdgs(E + tf*h)]" = ¢, (E + tf*h)?* for some constant, .
Notice thalys(E +1tf*h) = qs(E)+2tqs(E, f*h), then by comparing the coefficientdf, we haveys(f*h, E) =

cE™ - (f*h)" for some constant. Notice that(f*h)" is nothing but fibers of the fibrationf. By hypothesis
dim(f(E)) < n— 1, the general fibers have empty intersection vittthusgs(f*h, E) = cE" - (f*h)" = 0. This
implies that f*h € Pic(S™) comes from some divisob on S. FurthermoreD - D = gs(f*h) =0, thusS is
elliptic. O
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