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Abstract

Let I be an odd prime numbe# denote any totally real number field arit/ F be an Abelian CM extension of
of conductorf. In this paper we prove that for every odd and almost all prime numbeflswe haveS,(E/F,l) C
AnnZl[G(E/F)]HZ(OE[l/l]; Z;(n + 1)) where S, (E/F,1) is the Stickelberger ideal (Ann. of Math. 135 (1992) 325-360;
J. Coatesp-adic L-functions and Ilwasawa’s theory, in: Algebraic Number Fields by A. Fréhlich, Academic Press, London,
1977). In addition if we assume the Quillen—Lichtenbaum conjecture $hea/F, ) C ANy, (G e/ F)) K2,.(Op);. To cite
thisarticle: G. Banaszak, C. R. Acad. Sci. Paris, Ser. | 337 (2003).
O 2003 Académie des sciences. Published by Editions scientifiques et médicales Elsevier SAS. All rights reserved.
Résumé

Analogues plus hauts du théoréme de Stickelberger. Soit/ un nombre premier impair, soif un corps de nombres
totalement réel et soff / F une extension abélienne de conducteonl E est un corps de nombres de type CM. Dans cette Note
nous prouvons qus,(E/F,l) C AnnZl[G(E/F)]HZ(OE[l/l]; Z;(n + 1)) pour tout entier impair > 0 et pour presque tout
nombre premiet, ou S, (E/F, 1) est I'idéal de Stickelberger (Ann. of Math. 135 (1992) 325-360 ; J. Coptadjc L-functions
and Iwasawa'’s theory, in : Algebraic Number Fields by A. Frohlich, Academic Press, London, 1977). Si nous supposons la
conjecture de Quillen—Lichtenbaum aldis(E/ F, 1) C ANy, (G (e, F)) K2,.(Og);. Pour citer cet article: G. Banaszak, C. R.
Acad. Sci. Paris, Ser. | 337 (2003).
O 2003 Académie des sciences. Published by Editions scientifiques et médicales Elsevier SAS. All rights reserved.

Version francaise abr égée

Soit/ un nombre premier impair, sait un corps de nombres totalement réel et £9if" une extension abélienne
de conducteuf, ou E est un corps de nhombres totalement réel ou un corps de nombres de type CM. Lors du
congrésAlgebraic K-theory and ArithmetjédNewton Institute, Cambridge University, octobre 2002, Victor Snaith
a indroduit un idéal fractionnairé_, (1) € Q;[G(E/F)] (cf. [12]) pour chaque entier positif et a proposé les
conjectures suivantes
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ConjectureA.

1 1
<Anl’lz,[G(E/F)]H1<OE [7} Zi(n + 1)) )I—n ) c Anl’lz,[G(E/F)]H2<OE [7} Zy(n + 1))-

!

ConjectureB.
(AN, 16 (/P K2n+1(OE)1) I-n (1) C ANy, 16/ 7)1 K22 (OF)1.
La Conjecture B est une généralisation de la conjecture de Coates et Sinnott [5]. Dans le: st aupair
et E un corps de nombres totalement réel, I’idAam,[G(E/p)]Hl((’)E[%]; Zi(n+1)),Z_,() est égal al'idéal de
StickelbergelS, (E/F, I) d’aprés V. Snaith [12], Exemple 5.8. Dans le casfoast un corps de nombres de type

CM le rapport entre\nrz,[G(E/F)]Hl((’)E[Tl]; Zi(n+ 1) Z_,() etS,(E/F,I) n'est pas connu encore. Dans cette
Note nous prouvons le théoréme suivant.

Théoreme 0.1. Soit E/F un extension abélienne de corps de nombres totalemenfrpalt un corps de nombres
E de type CM. Soit un entier impair> 0 et soit/ un nombre premiet tel que
-1
1 |H [wn(Ev)|l
ntG(E/F)|; L0~ (1)
|wn(E)|[

Alors
1
Sn(E/F,l) C Anrlz,[G(E/F)]H2<OE [7} Zi(n + 1)>.
Si nous supposons la conjecture de Quillen—Lichtenbaum alors

Su(E/F,1) C Anry,6(e/F) 1 K2n(OF).

Un calcul facile permet de déduire que I'égalité (1) ci-dessus est satisfaite pour presque tout nombrd premier
plus précisément pour tolipremier au nombre # G(E/F) qui n'est pas ramifié e& /Q, et tel que(l — 1) Jn.

1. Introduction

Let/ be an odd prime numbeF, denote any totally real number field a&f F be an Abelian CM or totally
real extension of of conductoff. At the conferencélgebraic K-theory and Arithmetjtield in Newton Institute
of Cambridge University in October 2002, Victor Snaith introduced a fractional ifleal) € Q;[G(E/F)] (see
also [12]) for any nonnegative integefand stated the following two conjectures

ConjectureA.

1 1
<Aan,[G(E/F)]H1<OE [7} Zi(n + 1)) )I—n () c Anﬂz,[c(E/F)]H2<OE [7} Zi(n + 1)>.
I

ConjectureB.
(AN, 16/ 7)1 K2n+1(OE)1) I—n (1) C ANy (G () 7)1 K22 (OF ).

Conjecture B is a generalization from base fi€ldo any totally real base field@ of the conjecture of Coates
and Sinnott [5]. For any ided of O relatively prime tdf, define Stickelberger’s element (see [4], p. 297, or [1],
p. 341 for details)

On(b.f) = (Npgb"™ — (b: E)) Y " tr(a —n)(a; E)
a
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which is contained in the group ring;[G(E/F)] for everyl odd by results of Deligne and Ribet [6]. Let
S.(E/F,l) be the ideal irZ;[G(E/ F)] generated by the elemeré (b, f) for all idealsb of O relatively prime
tof. S,(E/F,1) is called the Stickelberger’s ideal for the extensiofF and the integet. In the case of odd and
E totally real, Snaith proved in [12], Example 5.8, that the idmtzl[c(g/p)]Hl((’)E[l/l]; Zi(n+ 1) Z_,()is
equaltaS, (E/F,I). Inthe case o a CM field the relation betweﬁmnz,[G(E/F)]Hl(OE[l/ 1, Zi(n+1D)Z_, ()
and S, (E/F,l) is yet unknown. In this paper | show that substituting the iot@airz,[c(g/p)]Hl((’)E[l/l];
Zy(n + 1))I_, () in Conjecture A (resptAnny, 6 e, r)1 K2:+1(Og))I_, (1) in Conjecture B) withS, (E/F,1)
the following theorem holds.

Theorem 1.1. Let E/ F be arbitrary Abelian extension of a totally real fiekdby a CM fieldE. Letn be odd and
[ be such an odd prime number that

_1 |Hv|l Wy (Ev)|l_1
ntG(E/F)| " —2 ————° —1. (1)
| ! lwa (E)|;t

Then
2 1
Sp(E/F, 1) C Anry, 6/ rnH| OF 7 s Zy(n + 1)

and if in addition Quillen—Lichtenbaum conjecture holds then

Sp(E/F,1) C Anry,6(e/F) 1 K20 (OF).

Remark 1. The equality (1) holds for almost all prime numbérsn particular (1) holds for every which does
not ramify in E, does not divide the numbetG (E/F) and such that/ — 1) ji. (cf. proof of Proposition 2.1).

The key step in the proof of Theorem 1.1 is the result from [1], Section 4 (see Proposition 3.2 below) which states
that for everyl not dividingttG(E/F) the Stickelberger's ided, (E/F, 1), for [ jn (resp. the ideat S, (E/F,1),
for I|n) annihilates the group,,+1(E); of divisible elements irKy, (E);. This annihilation result relies on impor-
tant results of Deligne and Ribet [6] and Wiles [15]. In the proof of the second part of the theorem, | need to assume
Quillen—Lichtenbaum conjecture. One expects that the results and the work in progress of M. Levine, F. Morel,
M. Rost, A. Suslin, V. Voevodsky might verify Quillen—Lichtenbaum conjecture in a near future.

In the special casé = Q and E a cyclotomic extension of), Snaith [11] obtained results towards Coates—
Sinnott and his conjectures for all> 0 (see Theorem 1.6, Corollary 1.7 and Theorem 4.6, loc. cit.). He also
needs to assume Quillen—Lichtenbaum conjecture to get results towards Conjecture B in this special aase. For
odd, F = Q and E/Q abelian the annihilation results in direction of Coates—Sinnott conjecture have already been
obtained in [1,2,5,8]. Nevertheless the interesting part of Snaith’s work [11] is that the caseef is also dealt
with.

2. Wild kernel and divisible elements

In this section | will state two propositions which describe the size of the group of divisible elements in
K-theory with respect to the wild kernel and give an idea of where the number on the left side of (1) comes
from.

Let L be any number field. LeD,11(L) denote the group of divisible elements &, (L) (see [1,2]). Then
by Theorem 3(i), p. 289, [2]P,+1(L); is also the group of divisible eIementstom(GL; Zy(n + 1)); (cf. [10]).
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Let K5 (OL); be the wild kernel introduced in [2], p. 281 for any > 0 and letW K, (L) be the wild kernel
introduced in [3], p. 229 for any: > 0.

Proposition 2.1. For any number field., anym > 0 and any/ odd such that

n (L)
|Hv\lw ( _1'[ -1 (2)
|wn(L)|1
(cf. [2], p. 299 we have equality
K5 (Op) = Kau(Op)1. 3

In particular if I does not ramify i and (I — 1) i, then the equality3) holds.

Proof. This follows from Theorem 4, p. 299, [2]. Note th@(u;@’”) C Q(uy) soifl does not ramify in. then for
eachv|l we get

QPN Ly C Q) N Ly =Q,
which shows that ifl — 1) ju, then

|wn(Lv)|1 = ﬁHO(GLU; Qi/Zi(n)) = 1. O

Proposition 2.2. Let L be any number field, and Iétbe any odd prime number. Assume that the Quillen—
Lichtenbaum conjecture holds. Then for amy- O there is the following equality

K3, (OL)1 = WKapu (L), (4)
For anym > O there is the following equality

WKom (L)) = Dpy1(L);. 5)

Proof. Consider the following commutative diagram (cf. [2] and [3])

0——> WKaon (L) — Kou(L), GUBKZn(Lg)I

0 K2 (O —= Kpy(L) — @ HY(Gpy: Qu/Zi(n + 1)) /Div

Direct sums in the diagram are over all finite primeis L. To prove the Proposition 2.2 we need only to explain
why the right vertical arrow in the diagram is an isomorphism. Namely, for edbb fieldL" (= quotient field of
the henselization o, at the primev) is a direct limit of finite extensiong’/L. Since each.’ is a number field
then under the Quillen—Lichtenbaum conjecture the natural map

Kon (L) — Hl(GL/; Qi/Z(n + 1)) /Div (6)

is an isomorphism for ang’ (cf. Remark 7, p. 295, [2]). Passing to the direct limit in (6) over all finite extensions
L'/L such thatl’ ¢ L" we immediately get that the right vertical arrow in the diagram is an isomorphism. The
equality (5) follows from Theorem 5.2(a) [3].0
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3. Proof of the Theorem 1.1

Proposition 3.1. For any number field., anym > 0 and any! odd we have equality

SHX(Grs; Zin+ 1) _ My wn @)l
#Dm41(L); lwa (D)7

In particular if I does not divide the numbér) thenHZ(GLVS,; Ziy(n+1)) = Dpyy2(L);.

(7)

Proof. The proof of Proposition 3.1 follows upon chasing in the following commutative diagram with exact rows
(see [10] and the proof of Theorem 4, [2])

o— - Dnﬁll(mz ——— HY(Gr; Q/Zi(n + 1)) /Div——
0——=HYGp,5; Qi/Zi(n + 1)) /Div—> HY(G; Q1/Z(n + 1)) /Div——
——=@ H G 1 Q/Zi(n + 1)) /DiV—> H%G ; Q1/Zi(—n))* —=0

]

——— @ H(G1; Zi(n + 1))/Div 0
ufl

where Div denotes the maximal divisible subgroup in a given group. Note HI&GL,S,;Z,(n + 1) =
HYGp.5: Q/Z;(n + 1))/Div by Proposition 2.3, [14]. O

Proposition 3.2. Letn be odd and be an odd prime number such tliatoes not dividg G (E / F). For any abelian
extensionE/ F of totally real fieldF by a CM fieldE, the Stickelberger’s ided,,(E/F, 1) annihilatesD,,;1(E);
if Ijn andnS, (E/F,1) annihilatesD,,+1(E); if |n.

Proof. See Theorem 1 and Corollary 1 of Chapter IV of [1], especially comments in Section 4 of this chapter.
We need to take relatively prime tofG(E/F) since the Wiles’ proof of the Brummer Conjecture [15] is not
completely correct for primesdividing iG(E/ F) (see [9], Section 4.1). O
Proof of the Theorem 1.1. Under the assumptions of the theorem one gets
1
Sn(E/F,l) C Anrlz,[G(E/F)]H2<OE [7} Zi(n + 1))

by Propositions 3.1 and 3.2. On the other hand observe that Quillen—Lichtenbaum conjecture states that the natur:
maps defined by Soulé [13] and Dwyer and Friedlander [7],

K2:(0p) @ Z1 — H*(G .5 Za(n + 1)),
K2,41(0p) ® Z) > HY(GE 53 Zi(n + 1))
are isomorphisms. Hence under the assumptions of the theorem one gets
Sp(E/F,1) C Anry,6(e/F)1K2.(OF))
by Propositions 3.1 and 3.2 or equivalently by Propositions 2.2 and 312.
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