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Abstract

In this paper we prove a large deviations principle for the invariant measures of a class of reaction—diffusion systems in
bounded domains @<, d > 1, perturbed by a noise of multiplicative type. We consider reaction terms which are not Lipschitz-
continuous and diffusion coefficients in front of the noise which are not bounded and may be degdoaitédhis article:
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Résumé

Grandes déviations pour les mesures invariantes de systémes généraux d’équations de réaction—diffusion stochas-
tiques. Dans cet article on prouve un principe de grandes déviations pour les mesures invariantes de systemes de réaction
diffusion stochastiques dans des domaines bornd&del > 1, perturbés par un bruit multiplicatif. On considére des termes
de réaction qui ne sont pas Lipschitz-continus et des coefficients de diffusion qui ne sont pas bornés et peuvent étre dégénéré
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Version francaise abr égée

On étudie le comportement asymptotique des systémes de réaction—diffusion stochastiques dans des domain
bornés d&R?, d > 1, perturbés par un bruit multiplicatif (cf. (1)).

Le terme de réaction est localement Lipschitzien et a croissance polynomiale. Le terme de diffusion est
Lipschitz-continu et non borné. De plus, il peut s’annuler. Le bruit est blanc dans le temps et coloré dans I'espace.
En dimensiond = 1 il peut étre pris blanc et en dimensidn- 1 il doit étre coloré, mais la covariance n’est jamais
de classe Hilbert—Schmidt.

Dans [4] nous avons prouvé que pour chague0 le systeme (1) a une solutiari dans I'espace des fonctions
continuesE et que pour chaquee E eta > 0 la famille des probabilitésl (1} (1))}, >, est tendue dan&, B(E)).

Donc, il existe une suité,} 1 +oo (qui peut dépendre de telle que la suite des probabilités (voir (3)), converge
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faiblement vers une mesuve qui est invariante pour le systéme (1). Nous montrons ici que la famille des mesures
invarianteq v, }.~0 Obéit & un principe des grandes déviations dans I'espace

1. Introduction

We are here concerned with the study of the long-term behavior of the stochastic reaction—diffusion system

ou;
a—“t(r,é) = Aiui(t,6) + fi(E.us(t, £), ..., up (2, £))

ow; _
o3 (6 (6 (1.6) QL1 6), 120.£€0. (1)
ui(0,8) = xi(6), §€0, Biui(t,£)=0, >0, £€90, 1<i<r,

HereO is a bounded open set Bf , with ¢ > 1, having aC* boundary. For each=1, ...,r
d

A, D)= )

hk=1

a ; a ' —
@(ahk(é)f)_fjk> —a;, £€0. ()

The constants; are positive, the coeﬁicients;'lk are inC*®(0) and the matrices’ (¢) := [a};k(é)]hk are non-
negative and symmetric for anye O and fulfill a uniform ellipticity condition, that is irgfeé(a"(é)h, h)y >

Ai |h1%, h e R, for some positive constant;. Finally, the operators; act ond© and are assumed either of
Dirichlet or of co-normal type.

The mappingf := (f1, ..., f,):O x R" — R is only locally Lipschitz-continuous and has polynomial growth.
The mappingg := [g;;]: O x R" — L(R") is Lipschitz-continuous, without any global boundedness and non-
degeneracy assumptions.

The linear operator® ; are bounded o %(©) and may be taken to be equal to the identity operator in case of
space dimensiod = 1. The noisy perturbatiortaw; /9t are independent cylindrical Wiener processes, defined on
the same stochastic basi?, F, F;, P).

In [3] (see also [2]) it has been proved that for any 0 system (1) admits a unique global solutighin the
spaceE of continuous functions o and for each initial datum € E anda > 0 the family of probability mea-
sures{L(ug (t)};>q IS tightin (E, B(E)). In particular, due to the Krylov—Bogoliubov theorem it has been shown
that there exists a sequenigg} 1 +oo (possibly depending o) such that the sequence of probability measures
defined by

ven(I) := ;E etgP(ul(s)e)ds, I eB(E), A3)

converges weakly to some measufewhich is invariant for system (1).

In the earlier paper [4] we have proved that the prodess..o is governed by a large deviation principle in
C([0,T]; E), foranyT > 0. Our aim here is to prove that the family of invariant meas{ires ..o defined as the
weak limits of the sequences of measures as in (3) obeys a large deviation prindple in

2. Assumptions

In what follows we shall denote by the Hilbert spacd.?(O; R"), endowed with the scalar produgt-) y
and the corresponding norin |g. Moreover we shall denote byt the realization inH of the differential
operatorA = (A, ..., A,) defined in (2), endowed with the boundary conditidghs- (B4, ..., B,), where for
eachi=1,...,r

Biu=u, or Biuz(aiv, Vu) 4)

(herev is the normal vector atO).
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The operatorA generates an analytic semigrouf én eachL?(O; R"), with 1 < p < oo, which is self-
adjoint on H. Moreover, & is compact onL.”(O; R"), for all 1< p < oo andr > 0, and the spectrurfi-a,,}
is independent op. Our first hypothesis concerns the eigenvalues of

Hypothesis 2.1. The complete orthonormal systemmfwhich diagonalizes\ is equi-bounded in the sup-norm.

Next, we assume tha® := (Q1,..., Q,): H — H is a bounded linear operator which satisfies the following
conditions.

Hypothesis2.2. O is non-negative and diagonal with respect to the complete orthonormal basis which diagonalizes
A, with eigenvalues$h, }. Moreover, ifd > 2 we have

0 < ifd=2

00 1/0
H . o
there exists o< d2d2 t4.p Suchthat [Qll:= (;kn> < o0. (5)

In Hypotheses 2.3 and 2.4 below we give conditions on the coefficjeatug.

Hypothesis 2.3. The mapping : O x R" — L(R") is continuous. Moreover the mappigg, -) : R” — L(R") is
Lipschitz-continuous, uniformly with respect&e O, that is

sup sup 8. 0) = 8& Pllcen _

Ee@ o,peR” |J - pl
oFp

In what follows for anyx, y : O — R” we set(G(x)y)(§) =g, x(§))y§), § € 0. B
Next, settingf := (f1, ..., fr), foranyx: O — R” we defineF (x)(&) := f(x(&)), € € O.
Hypothesis 2.4. (i) The mappingF : E — E is locally Lipschitz-continuous and there exists> 1 such that
|F@)|, <c(l+1x%). x€E. (6)

Moreover,F(0) = 0.
(i) Foranyx,h e E

(F(x+h) — F(x),81), <0,

forsomed, € d|h|g :={h* € E*: |h*|g= =1, (h,h*)g = |h|E}.
(iii) There exist: > 0 andc > O such that for eaclr, s € E

(FOc+h) = F(x).8n) < —alhlf +c(1+|x[E), "

for somes;, € 9|h|E.
The next conditions assure the compactness of level sets for the quasi-potential.

Hypothesis 2.5. Either G(0) = 0 or there exists a continuous increasing functign such that for any > 0
(GO &1+ 0T

In the casg8) is verified, the following conditions hold.

y =0 h],, heH. (8)
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(i) If {—a,}and{r,} are respectively the eigenvaluesofind Q, then
%an_‘s < Ag gcan_‘s, (©)
for somec > 0 and some such that

§>0, ifd=1, 5>¥, ifd > 2. (10)

(i) The mappingg andg are of classC*® on O x R’
(iii) If 8 is the constant if9), then for anyy <8 andu, v € H%-2(O; R") we have
Byuj,o =Byv,, =0 = B, F),, =B, (Guv), =0, (11)
where the boundary conditiors, are defined by

Biy = {Bi, BiAi,....BiAL}, ify e (k+mi k+14+m;l, ke NU{0},

lao

andB; , := @, if y € [0, m;], with m; := ordB;. Moreover, ifu, v, w € H?2(O; R") we have
Bsuy,, = Bsvj,, = Bsw},, =0 = B(s(F’(u)v)laO :B(g([G/(u)v]w)‘ao =0. (12)

3. The skeleton equation

With the notations introduced in the previous section, system (1) can be written more concisely as
du(r) = [Au(t) + F(u (t))] dr + G(u())Qdw(), u(0)=nx. (13)

Now, for any—oo < 11 < 12 < 400, x € E andg € L2(11, 12; H) we denote by (¢) any solution belonging to
C([t1, 2]; E) of the deterministic problem

(1) =Az(t) + F(z()) + G(z(1)) Qp(1),  z(11) = x. (14)

Theorem 3.1. Under Hypothese®.1-2.4 for anyr > 0 there exists a constant > O such that for anyi" € R and
xek

sup |z} (‘P)|C([T,oo>;5) <o (1+ Ix]E). (15)
|(p|L2(T.oo;H) gr
Moreover, there exist8, € (0, 1) andc, € (0, +00) such that forany > T andx € E
sup [ @O o @.pry <o (L4 IxIE) 1+ = T)™4/2). (16)
|(p|L2(T.oo;H) gr

Finally, if we takex = 0 we haveim,, ~0129(@)lc(r.00): ) = 0.

L2(T,00; H)

The next theorem shows that under some stronger conditiols @h andG it is possible to give estimates of
|z* (¢) ()| ¢ which are uniform with respect to the initial datwre E.

Theorem 3.2. Assume that there exisjse [0, 1] such thatsup&@ g, )lcwy <c@+|o]”), o eR", and
m>14+Q+d)y[l—d( —2)/20]" 1, wherep andm are the constants introduced respectivelyiyand (7).
Then, under Hypothes@s1-2.4 for anyr > 0 there existg;, > 0 such that

sup sup @O, <er(I+ e ADTYY) rs0. (17)

Xe€E |(p|L2(0,OO:H)<r
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4. Compactness of the level sets of the quasi-potential

For anyt > 0 andz € C([0, 1]; E) we definel,(z) := %i”f“w'iz(of-ﬁ); z = z(p)}, wherez(y) is the solu-
tion of the skeleton equation (14) in the interyél ¢], corresponding to the contr@l. Analogously, for any
z € C((—00,0]; E) we definel_(z).

Next, for anyx € E we define thejuasi-potential

V(x):=inf{l;(z); 1 >0, ze C([0,1]; E), with z(0) =0 andz(r) = x}.

First of all notice that the functiond has a unique minimum at= 0; namelyV (x) =0 iff x = 0.

Theorem 4.1. Under Hypothese®.1-2.5 for anyr > O the level seK (r) :={x € E: V(x) < r} is compactinE.
The two key results which allows us to prove Theorem 4.1 are stated in the following proposition.

Proposition 4.2. Assume Hypothes@sl-2.5 Then

() foranyr > 0the setk_(r) is compact inC((—o0, 0]; E);
(ii) if condition(8) holds, for anyx € E

V) =min] Ioo(2); 2 € C((=00,05; E), 2@ =x, lim_|2(0)], =0}. (18)

The proof of (18) is quite delicate, as we are dealing with a colored noise, évkeh, and the multiplication
term G can vanish. Thus we have to use some arguments of locally exact controllability. Namely we have to prove
that there existgy > 0 such that system (14) is locally exactly controllable, with state space D((—A)**+1/2)
and control spac# := L2(0, T; H), for anyT < Tp. To this purpose, the crucial step is showing that the solution
of Eq. (14) verifies some further regularity propertyli(—A)3+1/2).

5. Lower and upper bounds

Theorem 5.1. For any$, y > 0 andx € E there existgg > 0 such that

ve({x € E: |x — x| < 8}) >EXp<_w>’ e < €o.

Unlike in [7], here the skeleton equation (14) is not null controllable, and then the proof of Theorem 5.1 requires
this crucial lemma.

Lemma 5.2. For any x € E, with V(¥) < oo, and for anys, y, R > 0 there existly > 0 and o € L2(0, To; H)
such that

1 4
1001200 7 iy < VE) + 5, sup |zg(9o)(To) — |, <
2 L2(0,Tg; H) 2 |X|E<R| 0 |E

NI &

Concerning the upper bounds we have to distinguish the case of bounded and the case of unbotciedly,
whereas for bounded it is possible to use exponential tail estimates for the solution of system (1) proved in [4],
for unboundeds this is no more possible and then uniform estimates (17) are required.

Theorem 5.3. Assume that Hypothes2dl-2.5hold. Moreover, assume that

(i) eitherg:O x R" — R’ is bounded,
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(i) or

suplg(§, 0)| pry <c(l+lol”), o €R’, (19)
£cO

wherem > 1+ 2+ d)y[1—d(o — 2)/20]171, andp andm are the constants introduced respectivelys)
and(7).

Then for anw, 8, y > O there existgo > 0 such that

vg({x e E; diStE(x, K(s)) > 8}) < exp(—s 8_2)/), e < €p.

We first prove the following preliminary result.

Lemma 5.4. Under Hypothese8.1-2.5 for anys, s > 0 there exist. > 0 and T > 0 such that

[z(); ze K5, ()} € {x € E; distg (x, K(s)) < %} t>T,
whereX, :={x € E; |x|g <A}
Once we have proved this lemma, we have
Lemma 5.5. Assume Hypothes@sl-2.4 Then

(i) if G is bounded, for any, s, § > 0 there exists: € N such that
Bi :=inf{I;(2); ze C([0,7]: E): |2(0)]; <p.

wherea is the constant introduced in Lemrbad corresponding to and$;
(ii) if G fulfills (19), then for anys, § > O there exists: € N such that

Bii :=inf{I;(2): z € C([0,7]; E);

Z(j)|E>?», j=1,...,n}>s,

D= j=1....1}>s.

The lemma above allows us to conclude the proof of Theorem 5.3 not too differently from [7] (see also [6], [5]
and [1] for background references).
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