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Abstract

We prove global well-posedness results for small initial dat&i(R), s > s, and int"’l(R), sx = 1/2 — 1/k, for the
generalized Benjamin—-Ono equatiéu + Hafu + Oy (uk+1) =0, k > 4. We also consider the casks= 2, 3. To cite this
article: L. Molinet, F. Ribaud, C. R. Acad. Sci. Paris, Ser. | 337 (2003).
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Résumé

Sur le probléme de Cauchy pour I'équation de Benjamin—-Ono généralisée avec données initiales petites. Nous
montrons que I'équation de Benjamin—Ono généraliséet Hafu + 0y (u¥T1) = 0, k > 4, est globalement bien posée dans
H*(R), s > sg, et dansBE"’l(]R), sy =1/2—1/k, pour les données petites. Nous considérons également lescas3. Pour
citer cet article: L. Molinet, F. Ribaud, C. R. Acad. Sci. Paris, Ser. | 337 (2003).

O 2003 Académie des sciences. Published by Editions scientifiques et médicales Elsevier SAS. All rights reserved.

1. Introduction and main results
We consider the Cauchy problem for the generalized Benjamin—Ono equation

{ du +H%u + 9, =0, k=2, (1,x) eR xR, (GBO)

u(0, x) = uo(x),
whereH denotes the Hilbert transform. The Benjamin—Ono equatics 1) arises as a model for long internal

gravity waves in deep stratified fluids. Fog= 2, the local well-posedness of (GBO) is known#ri (R), s > 3/2,
see [2]. Moreover, in the case of small initial data, (GBO) is locally well-posed (in timEfifR) as soon as

s>1 ifk=2, s>5/6 ifk=3 and s>3/4 ifk>4, (1)
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see [2]. Note also that the global well-posedness for small initial dat& {{R) is only known fork > 4 ands > 1,
see [2] again. Up to now these results are the best ones concerning (GBO) with small initial data. On the other
hand, as noticed in [1], by scaling considerations one could expect (GBO) to be locally well-pdgédRinfor
s > s¢ and ill-posed fos < si. In this direction, it is proved in [1] that the flow mag — u(¢) (if it exists) is not
locally uniformly continuous in* (R). Hence for the (GBO) equation there exists a large gap between positive
and negative available results.

In this Note our aim is to prove that for small initial data, (GBO) is locally well-poseHiR) as soon as

s>1/2 ifk=2, s>1/3 ifk=3 and s>s Iifk>4, (2)
and globally well-posed as soon as

s>1/2 ifk=3 and s>s ifk>4 3)
Actually we prove that fok > 4, (GBO) is globally well-posed for small initial data in the homogeneous Besov
spaceng’l(R). We prove also that (GBO) is locally well-posed in the nonhomogeneous BesovB#&&éR)

if k=2 and inBé/?”l(R) if k = 3. More precisely, fok > 4, we have the following results (see below for the

definition of the spaceX and Xy).

Theorem 1.1. Letk > 4. There exist$ = §(k) > 0 such that for allug € B;k’l(IR{) with ||”°”B“k'1 < §, there exists
2
a unique solutior of (GBO)in

X NCyp(R, BYHR)).

Moreover, for anyl’" > 0 and anyr € [k, 3k], u belongs toL] ,([-7,+T],R) and the flow-map is smooth from
B (R) to Cy»(R, B (R)) near the origin.

Theorem 1.2. Let bek > 4 ands > s;. There exists = §(k) > 0 such that for allug € HS(R) with ||”°”B“k'1 <4,
2
there exists a unique solutionof (GBO)in
X, N Cp(R, H*(R)).

Moreover, for anyl’" > 0 and anyr € [2, 3k], u belongs toL] ,([-7,+T],R) and the flow-map is smooth from
H*(R) to C([—T,+T], H°(R)) near the origin.

Remark 1. This approach seems to be quite general. Clearly the same results hold for the 1-D derivative
Schrddinger equations. Also, in a forthcoming paper, we prove by the same way well-posedness results for the
generalized KdV equation in larger spaces than the critical homogeneous Sobolevigpacgs= (k — 4)/(2k),

k > 4, see [4]. See also [5] for applications to nonlinear wave equation.

1.1. Sketch of the proofs

We solve (GBO) via the contraction method applied to the integral equation
t
u=V(uo— / Vit —t)ay (uF (")) dr, 4)
0
whereV (r) denotes the operator with symbdl@s. We assume that > 4 and thatg € B’;"’l(IR{), this case being

the most interesting, see [3] for details and further results. We work in the space—time Lebesgué;gp%canzd
L]L". Sometimes we also use their local in time versidfi€? and LZ L’. Next we need to considet; and
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S; the two convolution operators associated with a Littlewood—Paley decomposition. Recall that the homogeneous
Besov spacégk’l(R) denotes the completion 8{R) with respect to the nomnf||B.;k,1 = ||(2/% 14; (O 2 iz
and that the usua¥*-norm is equivalent to the norif(2/ 14 (O 2z

First we prove some linear estimates for the free and forcing terms when applied to phase localized functions.
Recall the sharp Kato smoothing effect, the maximal in time inequality and the following lemma, see [2].

D2V fll 2 <CIFlI2 VO] oy <CIDTHF] o (5)
Lemma 1.3.
[V A f ]y SCIA fllee 22V A F o2 CIA; f 124 6)
t
/V(t — )3, Ajh(t") dt’ < CllAjhllage. 7)
LoL?

0

We state now new linear estimates for phase localized functions.

Lemmal4. Letp; € [4, +oo[ andg; € [2, +oo]with1/q; < 1/2—2/p;, of p1 € [4, +o0o[ andgs € [2, +oo[ with
1/91<1/2—-2/p1and(p2, g2) = (00, 2). Then,

[V@O2; £l g < CPTHEHPTED A 2 ®
t
2—Jj(1/2=1/p1=2/q1) / V(t— t/)axAjh(t/) dr’ < €272/ (1/2=1/p2—2/q2) ||Ajh||Lﬁch72- (9)
P14l At
0 x L

Moreover

t
/V(t — )0, Ajh(t)) dr’ < C2j/2||Ajh||L1L[2. (10)

LfoL?

0

Proof. From (5) together with Riesz—Thorin theorem we obtain
|0V Aj £ o, 20 < C2TCFE3 D)5 0<0 <1,

and (8) follows from Sobolev embedding theorems. By duality (8) yields

+o0
/ V(t—1)0,Ajh(t") dt’

—00

2—Jj(1/2=1/p1=2/q1) < C272i(/2=1/p2—=2/q2) |Ajh ||L’32L'72' (11)
X t

L

Then a suitable modification of the Christ—Kiselev lemma enables us to deduce (9) from (11). Next, by (6),
19: V(A fll o2 < C2//2|| f||,2 and by duality

~+00
/ Vit —1)3xAjh(t")d

—00

<C2P)Ajhlle. (12)
LPLE

This proves (10) sinc& (¢) is a unitary group ir.2(R).
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Let us introduce our resolution spaces. Consider the following naksy = Z“_ﬁ 25k ||Ajlzl||L[ooL%, Tu)=
S+ 2i/2is% 1A jull oo 20 M () = o A jull pkpoo, lullx = N(@)+T )+ M (u) and letx be the completion
of S(R?) with respect td| - | x. From (6) and (8) with(p;, gi) = (k, +00),

|V @uo| < Clluolllg;k,l- (13)
Now from (7), (9) with(p1, g1) = (k, +00) and(p2, g2) = (o0, 2) and (10),

t

/ Vit —t)au () dr’
0

+o0
<C Y 2170 Aju
X j=—00

(14)

Using a standard argument we can assumedhat ™t =" . ; A,u(S,u)* and by Holder inequality this allows
to bound the right-hand side of (14) by

+00
> 2f/22f*k( > ||Aru||LgoL,z||Sru||§§L;,o>. (15)
j=—00 r>j

Note thatl| 4,ull ;2 < C277 2y, with [|(y)lln < C T () and thatSyull e < C X, 1A pull ko <

C M (u). Hence from (15) and discrete Young inequalities we obtain

t
/ Vit — 1)o@y de’
0

Once estimates (13) and (16) have been derived the proof of the existence and uniqueness part of Theorem 1.
easily follows. In the same way, according to estimate (Qbf“k‘l/2+1/1’+2/4)||Aju||LfL7) e 1Y(z) for 1/¢q <
1/2 — 2/p. Hence the low frequencies part ofbelongs toL?.  for r > k and the high frequencies part of
belongs toL, . for r < 3k. Thusu belongs toL’ , 1 € [k, 3k] Foruo € H*(R) small enough wBSk l(IRi) we
solve (GBO) lnX defined trough the norr- ||XA = || lx + Aol - llyg + A5 || - Iy, whererg = |luoll , B 1/lluoll o

< CTw)M ). (16)
X

and|lully, = ||(210||Aju||L?oL§)||lz(Z) + ||(21/2219||Aju||L$cle)||lz(Z). The proof is the same as prewously up to
some minor modifications.

For k = 2,3 we use the estlmatqs\/(t)AJuo||LzLoo C(M) A uoll g2, j =0, and ||V(t)Souo||L2Loo <
C(T)||Souoll ;2 together with similar arguments to prove the local well- posedness WheR ands > 1/2 the
global well-posedness result follows then from the conservation of the er@gy= f(le/2u|2 — cruft2y dx.
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