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ON THE GLOBAL WELLPOSEDNESS
OF THE 3-D NAVIER-STOKES EQUATIONS
WITH LARGE INITIAL DATA

JEAN-YVES CHEMIN AND ISABELLE GALLAGHER

ABSTRACT. — We give a condition for the periodic, three-dimensional, incompressible Navier—Stokes
equations to be globally wellposed. This condition is not a smallness condition on the initial data, as the
data is allowed to be arbitrarily large in the scale invariant space B;olyoo, which contains all the known
spaces in which there is a global solution for small data. The smallness condition is rather a nonlinear type
condition on the initial data; an explicit example of such initial data is constructed, which is arbitrarily large
and yet gives rise to a global, smooth solution.
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RESUME. — Nous donnons une condition pour que le systtme de Navier—Stokes incompressible,
périodique, tridimensionnel, soit globalement bien posé. Cette condition n’est pas une condition de petitesse
sur la donnée initiale, la donnée pouvant étre arbitrairement grande dans 1’espace invariant d’échelle Bo_olyoo,
qui contient tous les espaces connus dans lesquels des données petites suffisamment petites produisent une
unique solution globale. La condition de petitesse est plutdt de type non linéaire sur la donnée initiale ; on
construit un exemple explicite de donnée initiale qui est arbitrairement large et qui produit cependant une
solution globale réguliere.

© 2006 Elsevier Masson SAS

1. Introduction

The purpose of this text is to establish a condition of global wellposedness for regular
initial data for the incompressible Navier—Stokes system on the three-dimensional torus T3 =
(R/27Z)3. Let us recall the system:

Oru— Au+u-Vu=—Vp,
(NS) { divu =0,
Ut=0 = UQ.-
Here u is a mean free three-component vector field u = (u', u?,u?) = (u",u?) representing the
velocity of the fluid, and p is a scalar denoting the pressure, both are unknown functions of the
space variable z € T?, and the time variable t € R*. We have chosen the kinematic viscosity
of the fluid to be equal to one for simplicity. We recall that the pressure can be eliminated by
projecting (N.S) onto the space of divergence free vector fields, using the Leray projector

P=1d-VA~ldiv.
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680 J-Y. CHEMIN AND I. GALLAGHER
Thus we shall be using in the following the equivalent system
Oou — Au+P(u-Vu) =0.

Our motivation is the study of the size of the initial data yielding global existence of solutions
to that system, rather than the minimal regularity one can assume on the initial data. Thus, in all
this work, we shall assume that u( is a mean free vector field with components in the Sobolev
space Hz(T3): we recall that Hz (T3) is a scale invariant space for (NS), and that smooth
solutions exist for a short time if the initial data belongs to 2 (T3), globally in time if the data
is small enough. The problem of global wellposedness for general data in H B (T?3) is known
to be open. The search of smallness conditions on ug the least restrictive as possible is a long
story, essentially initiated by J. Leray (in the whole space R but the phenomenon is similar
in the torus) in the seminal paper [11], continued in particular by H. Fujita and T. Kato in [6],
M. Cannone, Y. Meyer and F. Planchon in [2], and H. Koch and D. Tataru in [10]. The theorem
proved in [10] claims that if ||uo||lapamo is small, which means that the components of u are
derivatives of BMO functions and are small enough, then (NS) is globally wellposed in the
sense that a global (and unique using G. Furioli, P.-G. Lemarié and E. Terraneo’s result [7])
solution exists in C(R™; H %). Our aim is to prove a theorem of global wellposedness which
allows for very large data in 9 BMO, under a nonlinear smallness condition on the initial data.
In fact the initial data will even be large in BO_O}OO, which contains strictly 0 BMO and which is
the largest scale invariant Banach space in which one can hope to prove a wellposedness result.
Before stating the result, let us recall that the question is only meaningful in three or more space
dimensions. We recall indeed that according to J. Leray [12], there is a unique, global solution to
the two-dimensional Navier—Stokes system as soon as the initial data is in L?(T?), and if there
is a forcing term it should belong for instance to L' (R*; L?(T?)).

In order to state our result, we shall need the following notation: one can decompose any
function f defined on T2 as

27

f=f+f, where f(fﬂl,@):%/f(xhﬂb,a?s)dl?&

0

Similarly we shall define the horizontal mean % of any vector field as 4 = (@', @2, u%). It will
also be convenient to use the following alternative notation: we denote by M the projector onto
vector fields defined on T2,

Mf=f and (Id—M)f=7f.
We shall denote the heat semiflow by S(t) = 2. Finally let us define negative index Besov
spaces.

DEFINITION 1.1.—Let s be a positive real number, and let p and g be two real numbers in
[1,+00]. The Besov space B, 5(T?) is the space of mean free distributions in T such that

def

||U||B;f1 = ||t?

SOUlLollzors 2y <+

Remark. — We shall see an equivalent definition in terms of Littlewood—Paley theory in
Section 2 (see Definition 2.2).
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Now let us consider the following subspace of B (T3), where we have noted, for all vector
fields a and b,

Qa,b) € Pdivia@b+b®a).

DEFINITION 1.2. —Let A and B be two positive real numbers and let p in |3, +00]. We define
the set

Z,(A,B)={up € H> (T?) | divug =0 and (H1), (H2), (H3) are satisfied}, where

(H1) [0l L2cre) + [MP(ur - Vup)|| 1 s g2 (pey) < A
(12) ol < A
(H3) [[(Id=M)P(up - Vur) + Q(uzp, ur | s < B,

1 -t
LYR+:B,, ")

where we have noted up(t) = S(¢)@o and where ugp is a three component vector field defined
on T2, satisfying the following two-dimensional Navier—Stokes equation, in the case when the

initial data is vy = g and the force is f = —MP (up - Vup):
h o h,y _ _
(NS2D) {8tv+P(v Vi) —Apv=f
V|t=0 = Yo,

where A}, denotes the horizontal Laplacian Ay, = 0? + 02 and where V" = (91, 0-).
Now let us state the main result of this paper.

THEOREM 1. - Let p € |3, +00[ be given. There is a constant Cy > 0 such that the following
holds. Consider two positive real numbers A and B satisfying

(1.1) Bexp(CoA?(1+ Alog(e + A))*) < Cy .

Then for any vector field uy € Z,,(A, B), there is a unique, global solution u to (NS) associated
with ug, satisfying

ue Cy(RY;HE (T?)) N L2 (RT; HE(T?)).

Remarks. — (1) Condition (1.1) appearing in the statement of Theorem 1 should be understood
as a nonlinear smallness condition on the initial data: the parameter A, measuring through (H1)
and (H2) the norm of the initial data in a scale-invariant space, may be as large as wanted, as
long as the parameter B, which measures a nonlinear quantity in a scale-invariant space, is small
enough. We give below an example of such initial data, which is a smooth vector field with
arbitrarily large B;oljoo norm, and which generates a unique, global solution to (NS): see the
statement of Theorem 2.

(2) Some results of global existence for large data can be found in the literature. To our
knowledge they all involve either an initial vector field which is close enough to a two-
dimensional vector field (see for instance [13,8] or [9]), or initial data such that after a change of
coordinates, the equation is transformed into the three-dimensional rotating fluid equations (for
which global existence is known), see [1]. Here we are in neither of those situations.

Let us now give an example where condition (1.1) holds. As mentioned in the remarks above,

in that example the initial data can be arbitrarily large in B;Ofoo, and nevertheless generates a
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682 J.-Y. CHEMIN AND I. GALLAGHER

global solution (without being in any of the situations mentioned in the remark above). We have
noted by u the Fourier transform of any vector field u.

THEOREM 2. - Let Ny be a given positive integer. A positive integer N1 exists such that, if
N is an integer larger than Ny, it satisfies the following properties. If vl is any two component,
divergence free vector fields defined on T2 such that

" 1
Supp 98 C [~No, No]®  and Hv(}JLHLZ(Tz) < (logN)o,

then a unique, global smooth solution to (NS) exists, associated with the initial data
uo(z) = (Nvg (1) cos(Nx3), — divy, v (1) sin(Nz3)).

Moreover the vector field ug satisfies

1
12) e L e

Remarks. — (1) Since the L? norm of v} can be chosen arbitrarily large, the lower bound given
in (1.2) implies that the Bgofoo norm of the initial data may be chosen arbitrarily large.

(2) One can rewrite this example in terms of the Reynolds number of the fluid: let re € N be
its Reynolds number, and define the rescaled velocity field v(t, #) = Lu(L, z). Then v satisfies
the Navier—Stokes equation

v +P(v- Vo) —vAv=0

where v = 1/re, and Theorem 2 states the following: if v|;—¢ is equal to

o= (st cos (2 ) —vaivi o wysin (22
v v
h

where 97} is supported in [— Ny, No]? and satisfies

1

1 9
oty < ()

then for  small enough there is a unique, global, smooth solution.

(3) It is possible to prove a theorem analogous to Theorem 1 in the case of the whole space
R3. However it is not clear that such a statement does not reduce to the case of small initial data
(in which case it would be empty in a sense), as we have no equivalent of Theorem 2 in that case;
relevant results in the case of R3 probably require different ideas.

The rest of the paper is devoted to the proof of Theorems 1 and 2. The proof of Theorem 1
relies on the following idea: if u denotes the solution of (N.S) associated with ug, which exists
at least for a short time since u belongs to I B (T3), then it can be decomposed as follows, with
the notation of Definition 1.2:

u=ul" + R, where u© = Up + Usp.

Note that the Leray theorem in dimension two mentioned above, namely the existence
and uniqueness of a smooth solution for an initial data in L?(T?) and a forcing term in
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LY(R*; L?(T?)), holds even if the vector fields have three components rather than two (as is
the case for the equation satisfied by usp); this is proved exactly as in the case of the usual Leray
theorem, as stated for instance in [5, Chapter 5]. One notices that the vector field R satisfies the
perturbed Navier—Stokes system

. (0) _ _
(PNS) {atR+P(R VR) +Q(u®,R)— AR—F,
R|t:O:RO7

where
R|t:0i0 and FI*(Id*M)P(uF-qu)7Q(UF,U,2D).

The proof of Theorem 1 consists in studying both systems, the two-dimensional Navier—Stokes
system and the perturbed three-dimensional Navier—Stokes system. In particular a result on the
two-dimensional Navier—Stokes system will be proved in Section 3, which, as far as we know is
new, and may have its own interest. It is stated below.

THEOREM 3. — There is a constant C' > 0 such that the following result holds. Let v be the
solution of (NS2D) with initial data vy € L? and external force f in L*(R™; L?). Then we have

00 2
||11H%2(R+;Lw)SC’EO(1+E010g2(e—|—EO%)) with By %< ||vo||2. + </|]f(t)’|L2dt> .
0

The key to the proof of Theorem 1 is the proof of the global wellposedness of the perturbed
three-dimensional system (PNS). That is achieved in Section 4 below, where a general statement
is proved, concerning the global wellposedness of (PNS) for general Ry and F satisfying a
smallness condition. That result is joint to Theorem 3 to prove Theorem 1 in Section 5. Finally
Theorem 2 is proved in Section 6. The coming section is devoted to some notation and the
recollection of well-known results on Besov spaces and the Littlewood—Paley theory which will
be used in the course of the proofs.

2. Notation and useful results on Littlewood—Paley theory
In this short section we shall present some well-known facts on the Littlewood—Paley theory.

Let us start by giving the definition of Littlewood—Paley operators on T,

DEFINITION 2.1. - Let x be a nonnegative function in D(]—2, 2[) such that  is equal to one
near [0, 1], and define, for all k € Z<, the sequence (x;)jen of smooth functions on the torus by
% (k) = X(277|k|). Then the Littlewood—Paley frequency localization operators are defined as
follows : forall 7 € N,

Sj=xj*- and A;=5;—-15;1,
with the convention that S_; = 0.

As is well known, one of the interests of this decomposition is that the A; operators allow to
count derivatives easily. More precisely we recall the Bernstein inequality. A constant C' exists
such that

2.1) VEeN, V1<p<g< oo, ‘s?pkH(i)“AjuHLq(Td) < Ck+12jk2jd(%_%)||AjUHLp(Td)-
al=
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684 J.-Y. CHEMIN AND I. GALLAGHER

Using those operators we can give a definition of Besov spaces for all indexes, and we recall the
classical fact that the definition in the case of a negative index coincides with the definition given
in the introduction using the heat kernel (Definition 1.1 above).

DEFINITION 2.2. — Let f be in D'(T¢), and let s € R and (p, q) € [1,+00]? be given real
numbers. Then f belongs to the Besov space B;,q(Td) if and only if

e

1£1lBs., = [127° |25 f 1l o llea ey < o0

Using the Bernstein inequality (2.1), it is easy to see that the following continuous embedding
holds:
s+-L

P
2.2) Byl 1 (T) < By, 22 (T9),

for all real numbers s, p1,p2, 71,72 such that p; and r; belong to the interval [1, co] and such that
p1 < p2and ry <ro.
We recall that Sobolev spaces are special cases of Besov spaces, since H* = B3 ,.
Throughout this article we shall denote by the letters C' or ¢ all universal constants. We shall
sometimes replace an inequality of the type f < Cg by f < g. We shall also denote by (¢;)jen
any sequence of norm 1 in £2(N).

3. An L*° estimate for Leray solutions in dimension two

The purpose of this section is the proof of Theorem 3. Let us write the solution v of (NS2D)
as the sum of v; and vy with

(3.1) { Opvr — Apvr =P, and {8t112 — Apvy = —Pdiv(v ®v),

V1]4=0 = Vo v2|4=0 = 0.

Duhamel’s formula gives

t
Ul(t):etAU0+/€(t7t/)APf(t/) dt/7
0

thus we get that

oo

A TA
1]l 2R+ 2y < [|ef UOHL?(R+;L®) +/He f(t)HLz(Ri;Loo)dt'
0
Due to (2.2), we have L? — B;{Q so by Definition 1.1 we get that
(32 Joullmsizoy S onllzo + [ 117600
0

Now let us estimate |[va||z2(r+;r). It relies on the following technical proposition.
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PROPOSITION 3.1.— Let v be the solution of (NS2D) with initial data vq in L* and external
force fin LY(R*; L?). Then we have
oo 2
EJMvmwmwa<%@+Eﬂ mm%=zw§+</WmMMQ-
0
Proof. — Applying A; to the (NS2D) system and doing an L? energy estimate gives,
neglecting (only here) the smoothing effect of the heat flow,

1250@)|[2 <112 j0]132 +/|(Aj(v(t’) Vu(t)|Aj0(t) | dt’
0

+ I8, ane)ar.
0

Lemma 1.1 of [3] and the conservation of energy tell us that

(A (0(t) - Vo) [Aj0(t)) .| S e @) || Vo] o [[o@)]] 227 | A0 2
<0 Ve®)|2alv®)] 2

< B3 GO Vo@ll7..
Since
(A, £(#), Do) < |85 £ @) 1 | A0 (D) 12
SEg ;| fO] e

we infer that

oo

1AVl T (e :2) S 1150l 72 + Ey /C?(t)(l\Vv(t)Hiz +{[ O] .) at
0

Taking the sum over j concludes the proof of the proposition. O

Conclusion of the proof of Theorem 3. — Let us first observe that interpolating the result of
Proposition 3.1 with the energy estimate, we find that a constant C' exists such that, for any p in
[2, 00], we have

1o

4 171
(3.3) > 2% A0 o mes ey SCEo(e+ EE) 7.
J

Then by Bernstein’s inequality (2.1), we have

9—i(l= ||S V|| Lo (R+510) Z 9(i'=1)(1-2)95'2 180]| Lo (et 29 -

7'<j—1
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Using Young’s inequality on series and (3.3), we infer that a constant C' exists such that, for any
p in }2’ OOL

(12 p 1 111
G4 274 P)llsjvllLv<R+;L°°)<CCJPTQE02 (e+EG)™ 7

Now using Bernstein’s inequality and Fourier—Plancherel, we get by (3.1)

(3.5) | Ajva(t) 27]| Ao

O] PR Ol

t

5223‘/ —c2%

0

Pt @o(t))| . dY

Using Bony’s decomposition, let us write that for any a and b,

Aj(atb(t) = > A;(Syat)A + > Aj(Aja(t)Sab(t)).

J'>j=No §'25—No
We have
195 a2bll 2 oy SISirellie o) [ Ayl 2 e ).

Using (3.4), we deduce that a constant C' exists such that, for any p in ]2, c0],

||AjP(U®U)HL%(R+;L2)

<C Z HSj’U||LP(R+;L°0)||AjI’UHL2(R+;L2)
J'23—No

=

Z cj/||Aj'v“L2(R+;L2)27j/(’2'71).
J'2j—No

Using Young’s inequality in time in (3.5) gives

A 02| L2 R+ Lo°)

S92,
<O e APV 2y
1

o Z Cj/HAJ'/'U”L2(R+;L2)2j/2(j_j/)%.
j'2j—No

P 3 3)3
ngEO (6+EO)

By Young’s inequality on series we find that a constant C exists such that, for any p in ]2, 00|,

p 1,11
HA]"UQ||L2(R+;L°C)gC’C?;IjT2E'0(8—|—E‘OQ)2 P
and thus
p? 11
||”2HL2(R+;L00)<CP 2Eo(e+Ez)2 P,
Then let us choose p such that
2 1
=l
p 2log(e+ E§)
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Then we have that
(3.4) vl 2(r+;100) < CEglog(e + E§ ),
and putting (3.2) and (3.4) together proves Theorem 3.

This theorem will enable us to infer the following useful corollary.

COROLLARY 3.1.— Let p € |2,+00][ and let ug be a vector field in T,(A, B). Then u(®) =
up + usp satisfies

0) 1|2 2 2
Hw)mﬂRﬂmﬂgA(l+Abge+AD.
Proof. — As in the proof of (3.2) above, we have clearly by Definition 1.1 and (H2),

lurllL2me+szoe) < lloll g1,

< A.
Then by Theorem 3 we have
HUQD ||%2(R+;L‘x’) Sj EO (]. + EO 1Og2 (6 + EOE)),
where by definition of Ej and by (H1),

Ey= ”ﬂO”QL? + ||MP(UF -Vup

< A2,

2
)||L1(R+;L2)

As aresult we get

[ | S A?4 A%(14 Alog(e + A))°

(0)]|2
[P

and the corollary is proved. 0O

4. Global wellposedness of the perturbed system

In this section we shall study the global wellposedness of the system (PNS). The result is the
following.

THEOREM 4. — Let p € ]3,+00] be given. There is a constant Cy > 0 such that for any Ry in

R 0) iy L2(R+: L) satisfvi
B,, 7, Fin L'(R";B,, *)and u'® in L*(R™; L>) satisfying

—1_—Collu®2 5 pt . poo
71+% <00 € L2(RF;L ),

p,2 )

.1 1Roll_-1+3 + 11l

o L1(R+;B

there is a unique, global solution R to (PNS) associated with Ry and F, such that
—142 9 + 3
ReCy(RT;B,, ")NL*(RY;B,,).
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Proof. — Using Duhamel’s formula, the system (PNS) turns out to be

R =TRo+ LoR+ Bns(R,R) with
t

Ro(t) % 2Ry +/e(t—t')AF(t’)dt’,

t
LoR(t) / A QwO ('), R(t")) dt'  and
0

def

Bns(R,R)(t) = — e< ~APdiv(R(t') @ R(t')) dt'.

o

The proof of the global wellposedness of (PNS) relies on the following classical fixed point
lemma in a Banach space, the proof of which is omitted.

LEMMA 4.1.— Let X be a Banach space, let L be a continuous linear map from X to X, and
let B be a bilinear map from X x X to X. Let us define

def

def
1Ll c(x) = HSl\IlleLxH and || B|[sx) = H I\Slﬁp\l 1|\B($,y)||-
z|l= z||=|lyl|=

If |L||z(x) < 1, then for any xq in X such that

(1= ILllzx))?

lzollx <
4| Blls(x)

the equation
x=x0+ Lz + B(x,x)

I-lLllex) |

has a unique solution in the ball of center 0 and radius M Blsix,

Solving system (PNS) consists therefore in finding a space X in which we shall be able to
apply Lemma 4.1. Let us define, for any positive real number A and for any p in ]3,00], the
following space.

DEFINITION 4.1. — The space X, is the space of distributions a on R* x T? such that

def —924(1—-3 ; .
||GH§Q = ZQ 2 ’J)(HA'GAH%N R+;LP) +22J||Aja/\||%2(R+;Lp)) <oo with

ax(t) dﬁfexp( /Hu(o) HL dt)

143 3
Remark. —If a belongs to X, then a), belongs to L= (R™T; Bp;r‘“) NL*(R*; B} ,) and, as
u® isin L?(R*; L), we have

lal s Hllall s < lall espAu® e g )

Bp2 +5 p,2)
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The fact that X, equipped with this norm is a Banach space is a routine exercise left to the reader.
The introduction of this space is justified by the following proposition which we shall prove at
the end of this section.

PROPOSITION 4.1.— Forany p in |3,00], a constant C exists such that, for any positive X,

Mu©@ 125 b oo

C
1 Lollcexyy < o and ||Bns||s(x,) < Ce

Conclusion of the proof of Theorem I . —In order to apply Lemma 4.1, let us choose A such
that || Lo || £(x,) < 1/2. Then, the condition required to apply Lemma 4.1 is

I ac?ju©@?
—€

. < L2(RT;Lo0)

In order to ensure this condition, let us recall Lemma 2.1 of [4].
LEMMA 4.2.— A constant c exists such that, for any integer j, any positive real number t and
any p in [1, 0],
1 2j
tA —c2%¢
|4 al|,, < - llAsalize.

This lemma and the Cauchy—Schwarz inequality for the measure || F'(¢')|| _, 3 dt’ give
B

P2

t
18 RoA @), < Cem Ay Rollun +C [ 2O |, F (0], e
0

t
<C2j(1_% <6c22_7tcj||R0|| s +/67522.7'(t7t’)cj(t/)HF(tl)|| s dt/)
B P B P

p,2 0 p,2

! }
< OQJ(I—%) (ecz’z‘dtcj”RO” Ces (/eCQZJ(tt’) F(t/)H s dt/)
B P B P

p,2 0 P2
t }
% /6_622J(t_t/)63(t/)HF(tI)H s dtl )
B,, *
0
Then we infer immediately that
[A;Roall L (m+; 1)
% :
) 1 1
S| Roll iy +2707H) / SOIFG| —vegdt) 1FIP
BP,2 P ] BP2 P Ll(R+;Bp,2 P
and

A Ro L2 ®+;Lr)

-

o0 2
_ 43 _ 3 1
SeobglRol iy 427 [SOIFO ) 1FE
B 3 B P L'(R+;B E

P,2 0 p,2
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This gives

IRollx S IHoll sz + 17 BTN
By L'(R*T:B,, )
It follows that the smallness condition (4.1) implies precisely condition (4.2). So we can apply

Lemma 4.1 which gives a global, unique solution R to (PNS) such that
oo + _1+% 2 + %
RelL (R B, o )ﬂL (R ;prz).

We leave the classical proof of the continuity in time to the reader. Theorem 4 is proved, provided
we prove Proposition 4.1.

Proof of Proposition 4.1. — It relies mainly on Lemma 4.2 and in a Bony type decomposition.
In order to prove the estimate on Byg, let us observe that Lemma 4.2 implies that

18 (Bavs (R 7)) \ ()]

t
AL O (@)1F 00 dt —c2%
<e fo L e °

0

! (R/\( )®R>\ )HLP
Proposition 3.1 of [4] implies that

| AP div(Ry @ Ry, < Ce 2D ||R| x| R,

(RF+;LP) ™=

Young’s inequality in time ensures the estimate on Byg.

The study of Ly follows the ideas of [4]. Let us decompose (Lga) def Loa) as a sum of two
operators Ly » and Lo y defined by

t
’ t 1" 1"
(Lo AR)(t )def/e(t—t YA [ ul® ()13 o PdivT, (u©(t'), Ry(t')) dt'  with
0
T (a b) def Z(A]‘a ® Sj_lb + Sj_lb (39 Aja) and
J
75 (a, b) def Z(Sj+2a & Ajb + Ajb & Sj+2a).

J

As
ATi(ab)= > Aj(Aja®Sy_1b+ Sy 1b@ Aja),
l7'—3l<5
we have
18T (a,b)],, <C > AjalL<Sj—1b] Lo
|7/ —31<5
Noticing that
i(1—3
1Sj—1 Rl oo (rev sy < 27| R
we obtain

AT (u@ (), Ba () || ., < O 2707 2| R|x, [ul® (1)
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Using Bernstein’s inequality and Lemma 4.2, we have therefore

t

. 227 (/) — t w(O (¢ 2 o de"
HAJ.(LMR)(t)HLpgcgg/e 2 (=)= [y IOl 4 0 (1) Ry (1))
0
t
<Oy 9i(2—3 ||R||X / —c2%7 (t—t') Af 1 @E")|3 00 ”|u(0) ||L /
0
Thus we get, by Young’s inequality,
. c
(4.3) HAJ(LL)\R)HLm(RﬂLP) +2JHAJ’(L1,>\R HLz(R+ iLP) < )\; CJQJ ||RHX)\

Let us now estimate Ly y 2. As

AjTy(ab)= Y Aj(Aja®Sy_1b+Sy_1b® Aja),
J'=32No

we have

18, Ta(a,b)]|,, <C D 1Sjm2a]Loel|Ajb] o
i'—=3>No

<Cllall= Y7 1A5blls
J'=3i=No
As for the estimate of Lq , we get that

t

185 LanB)e)],, < €2 3T [ L
3'2i—No
X ||u(0) |Aj/R)\(t/) dt/.

] Iz

The Cauchy—Schwarz inequality implies that

t
szl <cr 3 ([
0

J'2j—No

[N

72, dt’)
¢ t (0) 477y 112 " 2 %
" /g”fy [ ) Zoo dt WO )| dt' ]

0

Then we infer that

27 ("AJ(LQv)‘R)|’L°°(R+;LP) + 2j"Aj(Lz’)‘R)"L2(R+;LP))
< 0_211 Z 9i=i")295'3 # || A Rl L2 (et s -

A2 5
j'23—No

Young’s inequality on series and (4.3) allow to conclude the proof of Proposition 4.1. O
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5. End of the proof of Theorem 1

Now we are ready to prove Theorem 1. The idea, as presented in the introduction, is to write
u=u" +R,

where R satisfies (PNS) with Rg =0 and F' = —(Id —M)P(up - Vup) — Q(up,usp), and
where u(®) = up + usp. According to the assumptions of Theorem 1, we know that uo belongs
to Z,,(A, B), so in particular by (H3) we have

||FH 143 <B.
LYR+:B,, 7)

Moreover by Corollary 3.1 we have

H“(O)Hiz(Rth) S A?(1+ Alog(e + A))2.

Due to Theorem 4, the global wellposedness of (PNS) is guaranteed if

Collt® 125 g oo

F s <CTle”
H ||L1(R+;Bp;+g)\ 0

Clearly the smallness assumption (1.1) implies directly that inequality, so under the assumptions
of Theorem 1, we have

—142 3
ReCy(RY; B, , P)NL*(RY; B;Q).

To end the proof of Theorem 1 we still need to prove that u is in Cy(R*; H2) N L2(R*T; H?).
It is well known (see for instance [3]) that the blow up condition for H (T?) data is the blow
up of the norm L? in time with values in H 2. As ug is in H 3, S0 are 1o and 1. Then thanks
to the propagation of regularity in (NS2D) (see for instance [3]) and the properties of the heat
flow, ur and usp belong to

LR HE) N2 (RY HY) andthusto L= (R*5B, 5 *) N L2 (R BY,)

by the embedding recalled in (2.2). Thus as R belongs also to this space, it is enough to prove
the following blow up result, which we prove for the reader’s convenience.
3

PROPOSITION 5.1.— If the maximal time T* of existence in L° (R*; H2)N L2 _(RT; H?)

loc loc
of a solution u of (NS) is finite, then for any p,

T
/"u(t)|’;,;+% dt = +o0.
) -

. . 1 . ..
Proof. — An energy estimate in H 2 gives, for some positive c,

t

Hu(t)Hi{% +c/]|u(t’)HiI% dt' < ||UO||§_I% +2/(div(u(t’)®u(t’))’u(t’))H% dt’.
0 0
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Laws of product in Besov spaces imply that
le(@) @ u(@)]],;3 < Ol 348 [0l 1
00
Thus by interpolation we infer that

(aiv(u) @ u(t) [ult) 3 <Clu@)]| _yes[[u)] lu@]? 5-

p,0

Using the convexity inequality ab < 3/ 4a3s +1 /4b* gives

(o3 + /Hu s at < |uon21+o/r|u M2 g3 )]s

A Gronwall lemma concludes the proof of Proposition 5.1, and therefore of Theorem 1. O

6. Proof of Theorem 2

In this final section we shall prove Theorem 2. In order to do so, two points must be checked:
first, that the initial data defined in the statement of the theorem satisfies the assumptions
of Theorem 1, namely the nonlinear smallness assumption (1.1), in which case the global
wellposedness will follow as a consequence of that theorem. Second, that the initial data satisfies
the lower bound (1.2). Those two points are dealt with in Sections 6.1 and 6.2 respectively.

6.1. The nonlinear smallness assumption
Let us check that the initial data defined in the statement of Theorem 2 belongs to the space

7,(A, B) with the smallness condition (1.1). Recall that A and B are chosen so that

(H1) [0l 22y + [MP(up - Vup)|| 1 g o2y <A

(H2) ||710||B;c{2 <4,

(H3) [|(1d =M)P(up - Vur) + Q(uzp, ur)|| .3 <B.
LY(R+B,, )

Let us start with Assumption (H1). We first notice directly that @y = 0, so we just have to check
that MP (ur - Vur) belongs to L' (R*; L?(T?)), and to compute its bound. We have

up - Vup =diviup @ up) hence M(uF~Vu%):Mdivh(u%u}};) forj €{1,2,3}.

On the one hand, we have

divy, (uful) (z) = N divy, (= divy, (e vf) tAhv") (z1) (e 105 sin(Nzs)) (eta?? cos(Nz3))
N

= 5672“\[2 divy, (— divy, (etA”'vg)etAhvg) (zp)sin(2Nx3),

which implies that M(up - Vu%) = 0. Notice that in particular, since @y = 0, we infer that
(6.1) Vt>0, udp(t)=0.
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On the other hand, we have

divy, (ufp @ ulp) (z) = N2 divy, (etAhvg ® emh’vg) (zp) (et3§ cos(Nl'g))2
N2

= 7672t1\72 divy, (etAh,Ug ® etAhU(f)z)(xh) (1 + COS(Qng)).

Using the frequency localization of v{ and Bernstein’s inequality (2.1), we get

N2
HL?(T?) S 9

< C’N(?Nze*%NQva

M (g - V) e 2N No €28 | s g

2
[ (T2)"
Finally we infer that

6.2) [M(up - Vul) <ONG|vg 172 (12

||L1(R+;L2(T2))
< Ch, (logN)%.

Let us now consider Assumption (H2). Since o = 0, it simply consists in computing the
Bo_ol,2 norm of ug. We have

ug(x) = Nvg(a:h) cos(Nz3),
and by definition of Besov norms,
||u(})1|}3;{2 = HT% HGTAu(fJLHLoc ||L2(R+,d77) = HETAugHLz(RﬁLOO)'
It is easy to see that
HeTAugHLOO = NHeTAhvg(xh)eTag COS(NJ)?,)HLOO
< CNONe_TN2 Hv{f“LT
It follows that

—7N?

Hug gCNONHv(}} ||e

HB;{Q HL2 HL2(R+)

<CNollvg || ..

The computation is similar for u3, so we get, for N large enough,
6.3) luoll g1, < vy (log V).
Thus one can choose for the parameter A in (H1) and (H2)
(6.4) A=Cn,(logN)5.
Finally let us consider Assumption (H3). We shall start with (Id —M)P(up - Vup). We have

(Id—M)(up - Vup) = Id =M) (u} - V'up) + (Id M) (uh05ur),
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and we shall concentrate on the first term, as both are treated in the same way. We compute

N2

Id—M) (ulp - ViUl (z) = (emh’vg . VhetAhvg) (:vh)thtN2 cos(2Nz3)

and
N
(Id—M) (u}lfﬂ : th%) =5 (emhvéI - VhetAn divy, vg) (xh)e_Qth sin(2Nz3).
So

|ad M) (uf - T )| iy = 33 e (M) (e V) | e

P,2

N2 2 1 3 2
—2tN?||_1-2 _orN
éC’NO?e |7'2 e

2
||L2(R+,%) [[vo][72
Tl I
It follows that

3_ 2
(6.5) (| (1d —M) (ufe - VPl HLl(m;B;;*%) <OnN? Wb [7s

and similarly

3_ 2
(6.6) R L T KT

Finally let us estimate the term Q(usp, ur). Since by (6.1), ug p is identically equal to zero, we
have

Q(u2p,ur) =Pdivy(uep ® up + ur ® ua2p)

SO

h
U2p, U 148

HQ( 2D, F) HLl(RJr;BP;Jrf,)

< NHe_th divy, (em" vy @ ubp)(wn) cos(Nas) I 143 .

L'R+B,, )

We shall only compute that term, as Q(ua2p,u%) is estimated similarly (and contributes in fact

one power less in IV). Sobolev embeddings imply that H*(T?) — LP(T?) for s defy - % So

ldiva ("2 v @ uzp)[| < [l 0 V0|, + [Juzp - Ve 2 rog ],
<l og | IV uzpll 1o + luzpll ol o]
<SONolvg | e l[wzpll groer + ONG w6 | o [[uzp -

Propagation of regularity for the two-dimensional Navier—Stokes equations is expressed by

C 2
o a2y < MG - )| s g gy 27 2t et
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Using (6.3) and that the Fourier transform of M(u - Vu) is supported in [—2Ng, 2No]?, we get

4
20y < ONZ M- T e 17
< o oLt
Therefore we obtain

|Qu2p, ur)O 112 < CrngNe ™ |32 e ™™ Ly e [0 [0 e o e e

.2
3 N2 3 h4
<Cn,Nre tN ||Ug||L2€CNoHUOHL2.
Finally

HQ(uzmUF)HLl(RJrBf”%) S CNON%QH“gHizecNoHvé‘Hiz_
iB, o

Together with (6.5) and (6.6), this gives

1 —M)P(ur - Vur) + Quzp, ur)|
LY (R*B,, 7)
< ON N b ||pa (14 N7 fof | e ol Tz,

Using that [|vf|| 2(12) < (log N) 5, we infer that, for N large enough,

H(Id —M)P(UF . VUF) + Q(U,QD,UF)H —143 < CNON%*I(IOgN)%_
Ll(R‘*';Bzm2 P)

Choosing p > 6 gives, still for [V large enough,

Al

<N 1.

|(Id —M)P(ur - Vur) + Q(uap, ur)| :

1 71+%
L (R+;Bp,2

We can therefore choose for the parameter B in (H3) the value B = N —%. Let us check
that with such choices of A and B, the smallness assumption (1.1) holds. With the choice of
A=Cp,(log N)$ made in (6.4), we have, for N large enough,

exp(CoA2(1 + Alog A)Q) < exp(Ch, (log% N)(loglog N))
< exp(llogN>
8
<N,

Since B= N _%, the smallness assumption (1.1) is guaranteed for large enough N, and
Theorem 1 yields the global wellposedness of the system with that initial data.

6.2. The lower bound

Let us now check that the initial data ug satisfies the lower bound (1.2). We recall that the
B!, norm is defined by

H“gHB;{N = iupt% HemugHLoo(Ta)-

=
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An easy computation, using the explicit formulation of u, enables us to write that
2
etBul (z) = Net®rol (z1,)e!?% cos(Ns)
2
= Netrol(z)e ™ cos(Nas).

It follows that

Hem gHLm(TS) = Ne ™ HemhngLoc(T2)
N
> geitNQHGtAhU(})lHLZ(TQ)
N
2 geimNZHUOHLQ(TZ)’

for N > Ny, using the fact that the frequencies of v} are smaller than Ny. Finally we have

N 1 o2
o 11611y R €727)

P>

lus| >

> oty

and Theorem 2 follows.
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