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Abstract

Using techniques related to the (C, F')-actions we construct explicitly mixing rank-one (by cubes) actions T of G = R4 x 7.2
for any pair of non-negative integers dy, dy. It is also shown that 2(Tg) = 0 for each g € G.
© 2006 Elsevier Masson SAS. All rights reserved.

Résumé

En utilisant des techniques liées aux action (C, F), nous construisons explicitement des actions mélangeantes de rang un (par
cubes), T de G = R% x 7% pour toute paire de nombres entiers dq, dy = 0. On prouve aussi que /(7,) = 0 pour chaque g € G.
© 2006 Elsevier Masson SAS. All rights reserved.
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0. Introduction

Mixing rank-one transformations (and actions of more general groups) have been of interest in ergodic theory
since 1970 when Ornstein constructed an example of mixing transformation without square root [18]. His method
was used later as the core of a number of other remarkable constructions (see [20,21,13,10,17,19,8], etc.) Since then
the dynamical properties of mixing rank-one transformations have been deeply investigated. It is now well known
that such transformations are mixing of all orders [14,22] and have minimal self-joinings of all orders [15,22]. This
implies in turn that they are prime and have trivial centralizer [21]. The results on multiple mixing were extended to
rank-one mixing actions of R and Z? [22-24] and to rank-one mixing actions of a wide class of discrete countable
Abelian groups having an element of infinite order [11].
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Despite this progress, there are not many concrete examples of rank-one mixing actions that are known. Most
of them were obtained via stochastic cutting-and-stacking techniques using “random spacers”. Ornstein initiated this
technique in [18], and more recent generalizations include the constructions of R-actions in [19] and actions of infinite
sums of finite groups in [8], as well as the del Junco-Madore actions of Abelian extensions of Z¢ by locally finite
groups [10,17]. The latter actions were only shown to be weakly mixing but conjectured to be mixing in [17]. While
demonstrating the existence of mixing rank-one actions (which is a non-trivial problem!), these works do not exhibit a
specific such transformation or action. In 1992 Adams and Friedman [2] gave a non-random algorithm that leads to a
mixing rank-one construction. Using the ideas from that manuscript Adams [1] proved in 1998 the old conjecture that
the classical staircase is mixing. That gave the first explicit example of mixing cutting-and-stacking transformation.
Higher dimensional mixing staircase Z¢-actions were later constructed in [3]. We note that the complete proof of
the fact that they are mixing was given there only in dimension d = 2. As one of the consequences of our work, we
complete the proof for all d > 2 (see Remark 4.12 below). Recently, a more general family of mixing “polynomial”
staircase Z-actions was constructed in [5]. Another interesting non-random construction appears in a recent work [12]
devoted to smooth realizations of mixing rank-one flows on the 3-torus.

Our main purpose here is ro construct explicitly a family of mixing rank-one actions of RY x Z% for all non-
negative dy and d>. It seems plausible that Orntein’s stochastic method also can be adapted to produce mixing rank-
one actions of these groups. We note however that our construction is more general and the ‘randomness’ can be
incorporated into it (see [5] and [8] for a detailed discussion on that for Z-actions and actions of infinite sums of finite
groups respectively). Moreover, the main advantage of our approach is that the examples in our family are ‘absolutely
concrete’, i.e., the parameters in the construction are all explicitly specified—the ‘spacer mappings’ are polynomials
with known coefficients.

As a corollary we show that this family includes all the examples of mixing rank-one Z?-actions constructed
previously in [1,3] and [5]. Our approach is based on ideas that first appeared in those three works. However, in this
paper we proceed entirely in the framework of (C, F')-actions for locally compact second countable (I.c.s.c.) Abelian
groups, and in fact we develop a large part of the theory in the more general context of these actions. In particular, we
encounter here some new problems that are specific to higher dimensions and the continuity of the groups. Recall that
the (C, F)-construction of finite measure-preserving actions of discrete countable amenable groups appeared in [10]
as an algebraic counterpart of the “geometrical” cutting-and-stacking method developed for Z-actions. Later it was
used (in a modified form) by the authors in the framework of infinite measure-preserving and non-singular countable
Abelian group actions, as a convenient tool for modeling examples and counterexamples with various properties of
weak mixing and multiple recurrence (see [6,7,9]).

Let G be anon-compact l.c.s.c. Abelian group and T = (T )gcc a measurable action of G on a standard probability
space (X, B, u).

Definition 0.1. T is said to be mixing if for all subsets A, B € B we have
gli)rIgOM(TgAﬂB) = (A)u(B). (0.1)

A sequence g, — oo in G is called mixing if (0.1) holds along g, as n — co.
Notice that an action is mixing whenever each sequence converging to infinity in G contains a mixing subsequence.

Definition 0.2.

(1) A Rokhlin tower or column for T is a triple (Y, f, F), where Y € B, F is a relatively compact subset of G and
f:Y — F is ameasurable mapping such that for any Borel subset H C F and anelement g € G withg+H C F,
one has (g + H) =T, f~'(H).

(i) We say that T is of funny rank-one if there exists a sequence of Rokhlin towers (Y, fu, F,) such that
lim,,— » 1 (Y,) = 1 and for any subset B € ‘B, there is a sequence of Borel subsets H,, C F), such that

lim w(BAf, ' (H,))=0.
n— o0
(iii) If G =R% x Z%, T is of funny rank-one and, in addition, the subsets F;, from (ii) are as follows

Fo={(t1,....1a,4) €G10<t; <ayforalli=1,...,d, + d>}



A.L Danilenko, C.E. Silva/Ann. I. H. Poincaré — PR 43 (2007) 375-398 377

for some a, e R,n=1,2, ..., then we say that T is of rank-one (or rank-one by cubes).

It is easy to see that any funny rank-one action is ergodic.

Note that what we call funny rank-one is called rank-one by del Junco and Yassawi in case G is discrete and
countable and G # Z [11]; also del Junco and Yassawi require in addition that the sequence of sets (Fn);'f;1 is a
Fglner sequence.

The paper is organized as follows. In Section 1 we extend the concept of (C, F)-action introduced for countable
discrete groups (see [10,6]) to the class of l.c.s.c. Abelian ones. A special family of actions, whose mixing properties
will be under investigation in subsequent sections, is defined. In Section 2 we introduce a concept of uniformly mixing
sequence and prove a fundamental lemma (Lemma 2.2) linking the uniform mixing along some special sequences with
Cesaro means for the ‘spacer mappings’. Then we find a sufficient condition for the total ergodicity of the actions under
considerations. We also start to check the uniform mixing property for some special sequences. In particular, we show
that if a sequence is of ‘moderate growth’ relative to a fixed Fglner sequence in G then (under some extra conditions
on G and the action) it is uniformly mixing (Lemma 2.9). Section 3 is devoted to the actions with restricted growth—
the property which was phrased explicitly in [5] for G = Z but used already in [1] and [3] in an implicit form. We note
that our definition of restricted growth differs from that introduced in [5] (the latter does not extend from Z to arbitrary
l.c.s.c. Abelian group actions). However, they are equivalent for polynomial staircase actions. Theorem 3.5 provides
a sufficient condition for the (C, F)-actions with restricted growth to be mixing. We also include here a couple of
statements (Lemmas 3.9-3.11) facilitating verification of this condition for the R4 x Z%-actions to be constructed in
the next section. Section 4 contains the main results of the paper: Theorems 4.9-4.11 and 4.13 which provide families
of mixing rank-one actions of R¢ with d > 1, R, Z¢ and R% x Z® respectively. Every such action is determined
completely by a sequence of positive integers (r,)>>, (corresponding to the sequence of ‘cuts’ in the cutting-and-
stacking construction) and a sequence (sn);’o: | of ‘monotonic’ polynomials of di + d» variables (corresponding to
the sequence of ‘spacer’s maps’ on the n-th step). The sequences are chosen in the following way: (r,);2 ; is any
sequence of sub-exponential growth with lim,,_, o, 7, = 00 and (s,,);’oz | consists of some specially selected quadratic
polynomials from Example 4.2. Moreover, if d| # 1 (and only in this case) then (s,)>2; can be chosen constant. If
dy = 1 then (s,);2 | can be chosen consisting of two alternating polynomials. Furthermore, using our techniques plus
the Hilbertian van der Corput trick we can also treat a more complicated case where (s,);° ; consists of polynomials
of degree > 2 (see Proposition 4.14). Example 4.15 provides a family of rank-one mixing transformations including
the polynomial staircases from [5]. In the final section (Section 5) we show that the actions constructed in Section 4
have ‘very weak’ stochastic properties—the entropy of any individual transformation from such actions is zero. This
fact holds for any rank-one (by cubes) action. However, it is no longer true for a more general class of actions of
rank-one ‘by rectangles’ (see [20] for a counterexample).

1. (C, F)-actions of locally compact Abelian groups

In this section we introduce the (C, F)-actions of l.c.s.c. Abelian groups and specify a subclass of them (see
Definitions 1.2 and 1.4). We explain how the classical cutting-and-stacking transformations are included into this
subclass (Remark 1.6). The aim of the paper is to show that this subclass contains mixing actions.

Let G be a l.c.s.c. Abelian group. Denote by As a (o-finite) Haar measure on it. Given two subsets E, F C G,
by E + F we mean their algebraic sum, i.e., E+ F ={e+ f |e € E, f € F}. The algebraic difference E — F is
defined in a similar way. We hope that the reader will not confuse it with the set theoretical difference E \ F. If E is
a singleton, say E = {e}, then we will write e + F for E + F.If (E — E) N (F — F) = {0} then E and F are called
independent. For an element g € G and a subset E C G, weset E(g) =EN(E — g).

To define a (C, F)-action of G we need two sequences (F};),>0 and (Cy,),>0 of subsets in G such that the following
hold

Fo C F| C F, C--- is a Fglner sequence in G, (1.1)
C,, is finite and #C,, > 1, (1.2)
Fn+cn+l C Fat1, (1.3)

F, and C, 4 are independent. (1.4)
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Weput X, :=F, x I—[k>n Ck, endow X, with the standard product Borel ¢ -algebra and define a Borel embedding
X, — Xp41 by setting
(fn, Cn+1,Cn42, -- D (fn + Cn+1, Cnt2, - D). (1.5)

Then we have X| C X, C ---. Hence X := Un X, endowed with the natural Borel o -algebra, say ‘B, is a standard
Borel space. Given a Borel subset A C F;,, we denote the set

{xeX|x=(fn,cn+1,c,,+2...)eXn andfneA}

by [A], and call it an n-cylinder. It is clear that the o -algebra ‘B is generated by the family of all cylinders.
Now we are going to define a measure on (X,*B). Let «, stand for the equidistribution on C, and v, :=
#Cy---#C) g | F, on F,,. We define a product measure p, on X, by setting

Mn =Vn X Knyl X Kp42 X =00y

n € . Then the embeddings (1.5) are all measure preserving. Hence a o -finite measure p on X is well defined by the
restrictions u [ X, = u,, n € N. To put it in another way, (X, ) = injlim, (X, ). Since

V1 (Fut1) AG (Fut1)

X = (X)) = ——————u, (X)),

Mn1( n+]) Vn+l(Fn +Cn+l)'un( n) XG(Fn)#Cn—H mn(Xp)
it follows that u is finite if and only if

o0 o0

rg (F, A (F, F,+C
l—[ G (Fu+1) e Z G(Fni \ (Fy + Cuy1) - (1.6)
n=0 )&G(Fn)#cn+l n—=0 AG (Fn)#cn+l

For the rest of the paper we will assume that (1.6) is satisfied. Moreover, we choose (i.e., normalize) A in such a way
that u(X) = 1.

To construct a measure-preserving action of G on (X, ), we fix a filtration K1 C K» C --- of G by compact
subsets. Thus U;'le K,, = G. Givenn,m € N, we set

D,(,;”::( N (Fn—k)ﬂFn>xHCkCXn

kekK,, k>n

and

R™ :=< N (Fn+k)an) < [] €k c Xa.

keKm k>n

It is easy to verify that

DY, cDW c DY and RY), c RW ¢ RUFD.
We define a Borel mapping

K x DY) 5 (g.%) > T\")x € R\
by setting for x = (fy,, ch+1, Cnt2, - - -),

T\ (s Cnt s Cngas ) 5= (8 4 fus Cut s Cugas - 2).
Now let Dy, :=Jo2 D and R,, := Us, R . Then a Borel mapping

Ky X Dy 2 (g, x) = T gx € Ry,
is well defined by the restrictions T}, o | D,(;f ) = T,ﬁf; for g € K,,, and n > 1. It is easy to see that D, D Dy,+1,
Ry D Ry and Ty g | Dyyg1 = Ty, for all m. It follows from (1.1) that M,,(D,Sf)) — 1 and u,,(R,(,f)) — 1 as
n — co. Hence (D) = j(Ryy) = 1 for all m € N. Finally we set X := M1 Dm Ny R and define a Borel
mapping

T:foa(g,x)%TngS(\
by setting Tox := T;, ¢x for some (and hence any) m such that g € K,,,. It is clear that /L()?) =1.
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Proposition 1.1. T = (Tg)gcc is a free Borel measure preserving action of G on a conull subset of the standard
probability space (X, B, ). It is of funny rank-one.

Proof. It suffices to verify only the latter claim. According to Definition 0.2 we have to find a sequence of Rokhlin
towers ‘appoximating’ the dynamical system. Let s, denote the projection of X,, = F;,, x C,41 X --- onto the first

coordinate. It is easy to see that the sequence (X, s,, F},) is as desired. O

Throughout the paper we will not distinguish between two measurable sets (or mappings) which agree almost
everywhere. It is easy to see that 7 does not depend on the choice of filtration (K,,)7>_,.

Definition 1.2. T is called the (C, F)-action of G associated with (Cy, Fy,),.

We will often use the following simple properties of (X, wu, T): for Borel subsets A, B C Fy,

[ANB], =[A]l, N [Bla, (1.7)
[Aln=[A+ Copilisr = || [A+clurt, (1.8)
c€Cpi1
Tg[A]nz[A""g]n ifA+g CFy, (1.9)
/L([A]n) =#Cp41 - ,u([A + c]n+1) for every c € Cp41, (1.10)
rg(A)
Alq) < ) 1.11
1([Aln) o (E) (1.11)

where the sign LI means the union of mutually disjoint sets.
Recall that an action T of G on (X, ‘B, u) is partially rigid if there exists § > 0 with

liminf (T, BN B) > u(B) forall B € ‘B.
g—00

It is clear that partial rigidity is incompatible with the mixing. For the (C, F)-actions, there is a simple condition that
implies the partial rigidity.

Proposition 1.3. If liminf,,_, o #C,, < oo then T is partially rigid and hence is not mixing.

Proof. Letn; <ny < --- be a sequence of indices with #C,,, = #C,, = ---. Select ¢; # cl’. in C; and set g; :==c¢; — cl’..
Then g; ¢ F,, — Fy,, by (1.4). On the other hand, it follows from (1.1) that U;’il (Fy;, — Fy;) = G. Hence g; — oo as
i — oo. Take a cylinder B € B. We can represent it eventually (i.e., for all large enough i) as B =[B;],,, where B; is
a Borel subset of F,,. If follows from (1.7)—(1.10) that

1(Tg; BN B) = ju(Tg; [Bi—1 + CpIn; N [Bi—1 + Cn;1n;)
2 I‘L(Tg[ [Bi—l +C;]n[ m [Bi—l +Ci]n[)

1
=u([Bi—1 +ciln;) = FM([Bifl]n,-fl)

= u(B).
#C),

Since the cylinders generate a dense subalgebra in ‘B, we are done. O
Now we isolate a special subfamily of (C, F)-actions to show in the sequel that it contains mixing actions.

Let H be a discrete countable group, and let ¢,, s, and c,4; be three mappings from H to G such that ¢, is a
homomorphism, s,(0) =0 and ¢, +1 := ¢, + 54, 1 € N. Suppose that

(Hy,)n>0 is a Fplner sequence in H, 0 € H, (1.12)
and

¢ (H) is a lattice in G. (1.13)
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Now we define F;,, C G to be a Borel fundamental domain for ¢, (H) (i.e., a subset which meets every ¢, (H)-coset
exactly once) and put C,, 41 := c4+1(Hy), n > 0. Assume that (1.1)—(1.4) are all satisfied.

Definition 1.4. We call the corresponding (C, F')-action T of G on the probability space (X, B, u) the action associ-
ated with (Hy,, ¢n, Sn, Fy)n.

In view of Proposition 1.3, we will always assume that lim,,_, oo #H,, = 00.

Notice also that if s,, are all trivial, i.e. s,,(h) = 0 for all h € H,, then the action of G associated with (H,,, ¢y, S, Fy;)
has pure point spectrum with rational eigenvalues only. This simple fact will not be used in this paper. We leave its
proof to the reader.

In the statements of our main results here it will be assumed that the mappings s, are polynomials of degree > 1.

Definition 1.5. [16] For any & € H, the h-derivative of s is a mapping d,s: H — G given by d;,s(k) = s(k+h) —s(k).
Let d be a non-negative integer. Then s is called a polynomial of degree < d if for any hy, ..., hg+1 € H \ {0}, we
have 9, - - - 9p,, ;s = 0. The minimal d with this property is called the degree of s.

It is easy to see that every polynomial of degree O is constant. As was shown in [16], a polynomial of degree one
is a non-constant affine mapping (i.e., a homomorphism plus a constant). A polynomial from Z¢ to R’ is an [-tuple of
usual polynomials in d variables with real coefficients. A polynomial from Z to Z' is an [-tuple (p1, ..., p) of usual
polynomials in d variables with rational coefficients such that p;(Z¢) c Z foralli =1, ...,1.

Remark 1.6. Here we are going to explain how the (C, F)-construction for Z-actions is related to the classical cutting-
and-stacking construction. Recall that the latter one defines ergodic measure-preserving transformations on intervals
in R (or on [a, +00)) furnished with Lebesgue measure via an inductive procedure. A column is an ordered collection
of intervals, called levels, of the same length. The number of levels is called the height of the column. The associated
column mapping is defined by translation of each level to the level above it (i.e., next in the order). Hence the column
mapping is defined from all but the top level onto all but the bottom level. Suppose now that we are given a sequence
(rn)y2, of positive integers and a sequence of arrays of non-negative integers (0, (j), j =0,1,...,r, — 1)72 ;. Then
we define inductively a sequence of columns as follows. Let the initial column Y consists of one level of length 1.
Suppose that on the n-th step we have a column Y,, consisting of levels /(i,n), 0 <i < a,. Cut every I(i,n) into
ry sublevels I; (i, n), 0 < k < r,, numbered from left to right. Then we obtain r,, subcolumns Y, x := {lx(i,n) | i =
0,...,a, —1},0 < k < ry, of ¥}, of the same height. Now place o, (k) spacers (i.e., the intervals of the same length as
Ii (i, n)) above Y, ; and stack the resulting subcolumns with spacers right to the top of left. This yields a new column
Yu+1 of height a1 = apry + Z,r(":_ol 0y, (k) and a natural inclusion of Y;, into Y, 4. Notice that the associated (n + 1)-
column mapping restricted to Y, coincides with the n-th column mapping. Hence the associated sequence of column
mappings approaches a transformation defined on all but a measure zero subset of the union of the initial level and
the spacers added at each column. It is easy to see that this transformation corresponds exactly to the (C, F))-action
of Z associated with (H,, ¢y, Sn, Fy)n if we put H, :={0,1,...,r, — 1}, ¢n(t) := ant, s,(t) := ZZ:OGH(k) and
F,={0,1,...,a, — 1}. If we set 0, (k) = k for all 0 < k < r, and n € N then the corresponding cutting-and-stacking
transformation is called a staircase. If, moreover, r, = n for all n € N, we obtain the classical staircase which is
finite measure-preserving. In case the sequence (0;,)2, consists of polynomials, the corresponding transformations
are called polynomial staircases [5].

2. Uniformly mixing sequences

For the remaining of the paper (X,‘B, u,T) will stand for the (C, F)-action of G associated to a sequence
(Hp, @ns Su> Frdu-

In this section we prove a fundamental Lemma 2.2 and use it to show that some special sequences in G are
uniformly mixing. As an auxiliary result for that we exhibit a sufficient condition for the total ergodicity of 7. A con-
nection between the uniform mixing and total ergodicity is established in Corollary 2.6.
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Definition 2.1. A sequence (g,);° , of elements from G is called uniformly mixing for T if
sup |14(Tg, [Aly N B) — u([Aly)w(B)| = 0 asn— oo 2.1)

ACF,

for every subset B € ‘B.

It is easy to see that if a sequence is uniformly mixing then it is mixing.
Notice that a somewhat different definition for uniform mixing was given in [5] in case G = Z. To state it precisely
we assume that the sequence (Hy,, ¢y, sy, F;), is chosen as described in Remark 1.6. Then a sequence of positive

integers (g,),2 ; was called uniformly mixing in [5] if

37 (T, 115, O B) = n(Lf 1, ) (B)| = 0

fern

for every subset B € B, where p, is the unique positive integer such that a,, < g, < ap,+1. We only observe that this
implies the uniform mixing in the sense of Definition 2.1 if p, > n for all n.
Let L be a finite set and a : L — G a mapping. We define a linear operator M,  in L>(X, 1) by setting

1
Mar(f)= 2D f o Tauy.
leL

Let Py stand for the projection onto the subspace of constant functions, i.e. Po(f) = [ x Jf du. The inner product in
L?(X, ) will be denoted by (-, -).
Fix a sequence (h,),>1 of elements from H. For brevity, we will denote 9y, s, by s,,, n € N.

Lemma 2.2. [f the following conditions are satisfied

#H,(hy,) Y (2.2)
#H,
1 A6 (Fp \ Fy(s;,(h))) 50 (2.3)
B b *6(Fy)

then for all n-cylinders A, B C X, we have

1 (T, ) AN B) = > (AN Ty B) +a(1)

" heH, (hy)
= (xa, My H, ) (xB)) + (1),
where x4 and xp are the indicators of A and B respectively and o(1) denotes a sequence that tends to 0 and that

does not depend on A and B. The same formula holds as well for

(1) an arbitrary subset B € B and A as above with 0(1) depending on B only and
(i1) arbitrary subsets A, B € B with o(1) depending on both A and B.

Proof. Let A, and B, be the Borel subsets of F, such that A = [A,], and B = [B,],. For h € H,(h,), we put
Anp = A, N Fy(—s),(h)). Then
An.n — s, (h) C Fy. 2.4)
We also make a simple but important observation that
Gn(hn) + cny1(h) = dn(hp) + Gn(h) + sa(h)
= ¢n(h 4 hy) 4 su(h + hp) — 5,,(h)
= cns1(h + hy) — s, (h). (2.5)
It follows from (1.8), (1.9), (2.4), (1.3), (2.5) and (1.10) that
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1T, ) AN BY =D~ i(Tp, ) [An + cat1 ()], N [Bala)

heH,

= 3 (T, [Ann + 1], N [Baln)
heHy (hy)
+ M([(An \ An,h) + Cn+l(h)]n+l)) + Z M([Fn + Cn+1(h)]n+1)

heHy\Hy (hy)
1

= Z <M([An,h — s (h) + cng1(h + hn)]nJrl N[Buln) £ 7 w([An \An,h]n)>
heHy (hy) n
+ (1 — #L”(h”)r).

#H,
Notice that for all ¢ € C,, 41 and h € H, (h,,), we have by (1.7), (1.8) and (1.11),
[Ann — S;/z(h) +clnt1 N [Buln = [((An,h - S;, (h)) N Bn) + C]n+1 (2.6)

and

AG(An \ Ann) _ A6 (Fn \ Fy (s, (h)))
rG(Fn) G (Fy)

Hence it follows from (1.10), (2.2), (2.3), (2.6) and (2.7) that

/'L([(An \ An,h)]n) <

2.7)

1
w(Tg, ) AN B) = oy > w([(Ann — s,()) N By],) + (D).
" heHy (hy)

Applying (1.7), (1.9) and (2.4) we obtain

(T, h,y) AN B) =

D w(TogymlAnila N [Bula) + (1)
" heH,(hn)

1 _
= > (AN Ty B) £ u([An\ Aniln)) +6(1).

" heHy (hy)

It remains to make use of (2.7), (2.3) and (2.2).
The final claim of Lemma 2.2 follows from the fact that the cylinders generate a dense subalgebra in 8. O

Corollary 2.3. Let (2.2) and (2.3) hold. Then the following are satisfied:

() The sequence (¢n(hn))y—, is mixing for T if and only if My g, ) —> Po in the weak operator topology.
(i) If My H,(h,) —> Po in the strong operator topology then (¢pn(hy))ne is uniformly mixing.

We now examine when 7 is totally ergodic. Recall some standard definitions.
Definition 2.4.

(i) Given a subset B € B, we denote by G g the stabilizer of B,i.e., Gp:={g € G| T,B = B}.
(ii) T is called fotally ergodic if for any co-compact subgroup K C G, the action (T,)¢ek is ergodic.
(iii) T is called weakly mixing if the diagonal action (T, X Ty)eec Of G is ergodic. Equivalently, if there exist a
function f € L*(X, u) and a continuous character x of G such that f o T, = x(g) f a.e. then f is constant.

It is easy to see that 7 is totally ergodic if and only if the stabilizer of any subset B € B with 0 < u(B) < 1 is not
co-compact. Moreover, if an action is weakly mixing then it is totally ergodic. The converse is true for G = R but it
does not hold for general groups.
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Proposition 2.5. Let (2.2) and (2.3) hold. Let K be a co-compact subgroup of G and w:G — G/K stand for the
corresponding quotient map. Denote by k, the image of the equidistributed probability on H, (hy) under the mapping
(7 0 5))s, n € N. If k, does not x-weakly converge to a Dirac §-measure on G /K then K is not the stabilizer of any
measurable subset B € B with 0 < u(B) < 1.

Proof. Suppose that the contrary holds, i.e., there exists B € 8 with 0 < u(B) < 1 and K = G . Then the quo-
tient compact group G/K acts naturally on the sub-o-algebra F of (Tg)geck -invariant subsets. Denote this action
by T. Then Ty)A :=T,A for all g € G and A € §. It is clear that T is free. We set a, := 7 (¢, (h,)). Passing
to a subsequence, if necessary, we may assume without loss of generality that a, converges to some a € G. Then
w(Ty, BAT,B) — 0 as n — oo. Hence

W(B) = (T, ) B) = 1(Tp, 1) B N T, B) = (T, B N T B) +5(1).
We then deduce from this formula and Lemma 2.2(ii) that

u(B) = > w(BNTymTaB)+a6(1)

" heHy (hy)

1 ~
#H, (hy) heHZ(h) (T +aB O B)

= / 1(Tasp B N B) dicy (b) + 5(1). 2.8)
G/K
Since G/K is compact, we may assume (passing to a subsequence, if necessary) that «,, converges x-weakly to a

probability ¥ which is not a Dirac §-measure by the condition of the proposition. Hence passing to a limit in (2.8) we
obtain

W(B) = f 1(TassB N B) dic (b)
G/H

Hence w(B) = u(ﬁlerB NB),ie., B= T}HbB, for k-a.a. b € G/K. Since T is free, we deduce that Supp k = {—a}.
Hence Supp « is a singleton, a contradiction. 0O

Now we are interested in the following particular case. There exist a non-zero k € H and a polynomial s: H - G
of degree 2 such that i, = k and s, = s for all n € N. Then, of course, (2.2) is satisfied. Moreover, for any non-zero
t € H, we have

os(th)y=vy,(h)+a;, atallheH

for some non-trivial homomorphism ¥; : H — G and an element a; € G (see the text following Definition 1.5). Hence
s)(h) =y (h) +ay forallh € H and n e N.

Corollary 2.6. Let the above assumptions and (2.3) hold. Then the following are satisfied:

(1) If the action (Ty, (n))hen is ergodic then the sequence (¢, (k));'Lo:1 is uniformly mixing.

(ii) If the subgroup generated by | J,.y Vi (H) is dense in G then T is totally ergodic.

(iii) Ifthe subgroup generated by | J,.y :(H) is dense in G and i, (H) is a lattice in G then the sequence (¢, (k)p2
is uniformly mixing.

Proof. (i) follows from Corollary 2.3 and the von Neumann mean ergodic theorem for (Ty, n))nen -

(i1) Suppose that the contrary holds, i.e., there exists a co-compact subgroup K C G and a subset B C X such that
O<wu(B)<land K =Gp.Fixt € H, t #0. Then «, is the translation of (7 o ¥;)4v, by 7 (a;), where v, stands for
the equidistribution on H, (), n € N. Denote by G, the closure of the subgroup (7 o ¥;)(H) in G/K . Since H,(t) is
a Fglner sequence in H and 7w o ¥, : H — G/K is a homomorphism, it is easy to verify that (7 o ¥;),v, converges
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x-weakly to the Haar measure A, which is considered now as a measure on G/K supported on G;. It follows from
Proposition 2.5 that Supp Ag, is a singleton, i.e. G; = K. However we deduce from the condition of the corollary that
the subgroup generated by |, G, is dense in G/ K. Hence K = G which contradicts to the ergodicity of 7.

(iii) follows directly from (i) and (ii). O

Remark 2.7. We will also need the following slight extension of Corollary 2.6 which is proved in a similar way.
Assume that (2.3) holds for a constant sequence 4, = k # 0. Let S be a finite family of polynomials from H to G of
degree 2. For all s € S and t € H, we then have

dsh) =y (h) +a;, heH,

where ] : H — G is a homomorphism and a; is an element of G. Let (s,);2, be a sequence of elements of §
such that every element of S occurs in (s,);2 | infinitely many times. Denote by T the (C, F)-action associated with

(Hy, ¢n, Sn, Fy)n. Then the following are satisfied.

0]

(i) If the action (ng (n))hen is ergodic for any s € S then the sequence (¢, (k));2; is uniformly mixing.
(i) If the subgroup generated by | ;¢ ;e ¥/ (H) is dense in G then T is totally ergodic.

(iii) If the subgroup generated by | J,cg ;e ¥/ (H) is dense in G and ¥ (H) is a lattice in G for all s € S then
(¢ (k));2; is uniformly mixing.

Now we return to the general case and prove two lemmas.

Lemma 2.8. Suppose that there exists a finite subset Q C H such that
Fo+F, C¢n(Q)+ F, forallneN. 2.9)

Let gy = ¢n(k) + fu for some k € H and f, € F,, n € N. If the sequence (¢p,(t));2 | is uniformly mixing for every
t € k+ Q then so is the sequence (gn);,~ |-

Proof. Since f, + F, C ¢,(Q) + F, and F}, is a fundamental domain for ¢,(H), a finite partition of F, is well
defined as follows: F,, = |_|qu Fo(fn — ¢n(g)). Now let A be an n-cylinder in X and A = [A,], for some Borel
subset A,, C F,. Consider the induced partition |_|qu Ay g of Ay, where Ay, 4 := Ay N F(fy — dn(q)). Then by (1.9),

T, [Anqln = Tp, 000 T g0 @) [An.g 10 = T v [ fo — 60(@) + Ag] -
Hence for any subset B € B,

W(Tg, AN B) = (A (B) = Y (14(Tp,44)[Angln N B) = ([ Ang1u N B)).

qeQ

It remains to use the uniform mixing of (¢, (¢))° ,,t€k+ Q. O

n=1’

Suppose that—in addition to (2.9)—there is a finite subset Q® C H such that
Fp— Fy C¢u(Q°) + F, forallneN. (2.10)

We will assume in the following that Q° is the minimal subset with this property. It is clear that 0 € Q°. We set
F? :=¢,(Q°) + F,. Then there exists a finite subset O C H such that

(F2 + F2)\ F2 C¢a(Q4) + F, forallneN.

Again we will assume that Q is the minimal subset with this property. It is clear that Q* N Q4 =@.

Lemma 2.9. Let (2.9) and (2.10) hold and let for any t € H \ {0}, the sequence (¢, (t));,2 | be uniformly mixing. Take
gn € (Fy + F2)\ F,) for alln € N. If for an integer | > 0, we have

~104N(Q+: -+ 0) =0
———
[ times

then the sequence (Igy),< | is uniformly mixing.
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Proof. Since Q. is finite, we can partition the sequence g, into finitely many subsequences of the form ¢, (q) + f,
for some f, € F,,, n € N, and a fixed g € Q. Therefore it is enough to assume that g, itself enjoys this property.
Then condition (2.9) applied I — 1 times yields

lgn = dnq) + fu+ -+ fo=uq) + bulq1 + - +q—1) + fu
_N—“
[ times

for some q1,...,q—1 € Q and f, € F,. Since 0 ¢ lg + g1 +--- + qi—1 + Q by the condition of the lemma, we may
apply Lemma 2.8 to complete the proof. O

3. Restricted growth condition

In this section we introduce a restricted growth condition for the (C, F)-actions specified in Section 2. It is an
analogue of a concept considered in [5] for G = Z. The concept, in turn, is a counterpart of a sufficient condition
introduced in [1] for a staircase to be mixing. The main result here is Theorem 3.5, which provides a sufficient
condition for mixing in the class of (C, F')-actions with restricted growth. We conclude the section with some technical
statements needed to verify this condition for some special R x Z%-actions that will be constructed in the next
section.

Definition 3.1. We say that T satisfies the restricted growth condition if (2.3) holds for any sequence 4, € H such
that there exists lim,,_, o #H, (h,) /#H, > 0.

Definition 3.2. Given two sequences A,, B, C G, we write A, ~, B, if
rG(AnABy)

—0 asn— 0.
A6 (Fy)

It follows from (1.11) that w([A, 1, A[B,]s) — 0 whenever A, ~, B, and A,, B, C F,,.

Lemma 3.3. Suppose that (2.9) and the following hold

1 AG(Fn \ Fu(sn(h)))
#H, 2 A6 (Fn)

—0 asn— oo. 3.1
heH,

Let g, := ¢y (hy) + fn for some h, € H and f, € F,,, n € N. Then

Fus1(gn) ~ne1 | ] (eara(h) + ).
heHy (hy)

Proof. Since

rG (F,,HA || (@) + Fn)r) <A (Furt \ (Fu 4 Cog 1)) + Y 26 ((ent1(h) + Fu) A(¢u(h) + F))
heH, heH,

=26 (Fa1 \ (Fu + CogD)) + D A6 ((sa(h) + Fu) AF,),
heH,

it follows from (3.1) and (1.6) that Fyy 1 ~nt1 (¢n(Hn) + Fn). For g € Q, we set Fy g 1= Fu(fu —¢n(q)) and F, , :=
Fu(—fu + én(q)). Then (2.9) yields

Fo=|]Fg=1|]F, (3.2)
q€Q q€Q
It follows that
Fuy1 — gn ~nt1 I_l |_| (¢n(h) = ¢n(hy) — fu+ F;;,q) = I_l I_l (¢n(h —hy—q)+ Fn,q)-

heH, qeQ q€Q heH,
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Therefore

Faori NFasi— g~ || [ (000 + Fug). (3.3)

qeQ heHy, (h,+q)

Next, since Ag(Fp+1) = #HuAg (Fy) and

16 Ugeo Uittt g0ty @100 + Fag)) g #(Hn (o + @) Ay ())hc (o g)

AG(Fut1) #Hy G (Fp)
< Z #(H,(hy +q)AH, (hy)) =0,
#H,
qeQ

it follows from (3.3) and (3.2) that
Fot1(8n) ~nt1 I_l I_l (¢n(h) + Fn,q) = I_l (¢n(h) + Fn)-

q€Q heHy, (hy) heHy (hn)

It remains to use (3.1) once more to conclude that

|_| (¢n(h) + Fn) ~n+1 I_l (Cn+1 (h) + Fn) o

heHy, (hy) heHy, (hy)

Corollary 3.4. If (2.9) and (3.1) are satisfied then
(A+ Cpp1) N Fug1(8n) ~nt1 A+ Cngi (Hn(hn))
uniformly in A C F,,. Hence

sup 1(([AL N [Fag1(gn)], ) A[A + cnst (Ha(hn))],, ) = 0(D).
Crly

Now we are going to prove the main result of the section.

Theorem 3.5. Let T be a (C, F)-action associated with (Hy,, ¢n, sn, Fn)n and satisfying (2.9), (2.10), (3.1) and the
restricted growth condition. Let Q* D —Q. If My u,u,) — Po strongly for any sequence h,, € H \ {0} such that

liminf#H, (h,)/#H, > 0
n—>oo
then T is mixing. (Here s), stands for the h,-derivative of s,.)

Proof. Take any sequence g, — oo in G. We are going to prove that it contains a mixing subsequence. Since
F)CFyC---and Uo2, Fr = G, we can find p, such that g, € F;n+1 \ F,, forall n € N.Itis clear that p, — co.
Notice that

Fpoi+ Fuy1 Con1(Q°+ Q) + Furi.
Then using a similar idea as in the proof of Lemma 2.8, we partition F),, 1 as follows
Fp+1= |_| Fp,+1(8n — ¢p,11(9)).
qeQ*+Q

Take two p,-cylinders A, B C X. Let A,, and B,, be the Borel subsets of F},, such that A =[A,,],, and B = [By 1
forallm > p,.Forqg € Q*+ Q,weput A, 114 :=Ap, 11N Fp,+1(80 — ¢p,(q)). We have now

Tgn [A[’)1+1vq]pn+l = T¢pn+l(q) [Apn-i-l,q + 8n — ¢Pn+1(q)]pn+1 (34)

and A, 11 = queQ’+Q Ap,+1,4-Forany g € Q® + Q, the constant sequence &, := g, n € N satisfies (2.2). Moreover,
it satisfies (2.3) since T has restricted growth (we need this to apply Corollary 2.3 later). By the condition of the
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theorem, Maqs,,, Hy(q) — Po strongly whenever g # 0. Therefore by Corollary 2.3(ii), the sequence (¢, (‘1))20:1 is
uniformly mixing. Then it follows from (3.4) that

sup |u(Tg,[Ap,+1.g1pat1 N B) — 1([Ap,+1.41p,41)1(B)| = 0 (3.5)
A is a p,-cylinder

for every ¢ € (Q* + Q) \ {0}.

It remains to consider the case ¢ = 0 which is more involved. Let us represent g, as g, = ¢, (h,) + f, for some
(uniquely determined) h, € H \ Q°® and f, € F,. Since A, 11,0 = Ap,+1 N Fp,+1(gx) and (3.1) holds, it follows
from Corollary 3.4 that

Hyp, (hn)
sip (A pysrolps) — Ay oz in)
A in a p,-cylinder #H Pn

Hence, if liminf, _, oo #H ), (h,) /#H ), =0,

=o0(1). (3.6)

liminf sup M([Apn+]’0]pn+]) =0.
N> Ain a p,-cylinder

Therefore passing to a subsequence in ( p,l)oo | we conclude that (3.5) is also true for g = 0. This implies that the corre-
sponding subsequence of ( gn)OO | is mixing. Thus from now on we may assume that liminf,,—, oo #Hp,, (hy) /#Hp,, > 0.

It follows from Corollary 3.4 that
1(Tpp, ) [Apy1.01py1 O B) = 11(Ty,,, ) [Ap, + py1 (Hp, ()], 0 B) +0(1),

where o(1) does not depend on the p,-cylinders A and B. Using that together with the restricted growth condition
and arguing almost literally as in the proof of Lemma 2.2 we obtain

1 _
M(Td)pn (hn)[APn+1,0]I7n+l N B) = Z /'L(T—X,/,(h) [APn]Pn N B) + 0(1)
Pr heH,, (hy)
_ #Hp ),

= THH, x4 My 1, () (8)) +0(1),

where s, is the & p-derivative of s, and o(1) does not depend on A and B. It is easy to find a sequence (fz,,)f;o:l

with 1iminf,Hoo #H, (hy)/#H, > 0, hy, #0 and h,, = h, for all n € N. Let §/, denote the /,,-derivative of s,. Then

s = s . By the condition of the theorem, M., 50 HyGhy) ™ Py strongly. Hence ./\/l 1 H,, (hy) — Po strongly. Therefore

we deduce from the above and (3.6) that

#Hp, (hn)
#H)p,

= 1([Ant1.0]p,+1)1(B) +0(1), (3.7)

where o(1) does not depend on A. To complete the proof, we will use once more the ‘partition trick’. Let A%n =

N Fp,(fa = ¢p,(q)) for g € Q. Then in view of (2.9) Ap, =|],c0 Al and f, — ¢p,(q) + A}, C F,, for all
q e Q. It is easy to see that (3.7) is also true if we replace the sequence (h,),>1 with the sequence (h, + g),>1 for
any g € Q. Notice that i, 4+ g # 0 since Q°® D — Q. Hence applying Corollary 3.4 and (3.7) we obtain

1(Tg,[Ap,+1.01p,+1 N B) = (T, [Ap, + cp,s1 (Hp, (hn))], ) N B)+0(1)
= > 1Ty, ) [ fo = B0 (@) + AD, + i1 (Hp, ()], N B) +3(D)

M(qu,,” ) [Apy+1,01pa+1 N B) = (A (B) +o(1)

q€Q

_ Z — ¢p, (@) + AD +cpv1 (Hp, (hy ))]p L) i(B) +5(1)
qeQ

= w([Ah, +cpor1(Hp, ()], 1) 1(B) +5(1)
qeQ

= M([Apn + Cpn""l( Pn (h”))]p +1)IU“(B) + 0(1)
= u([Ap,+1,0]pp+1)(B) 4+ (D).
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e¢]

This plus (3.5) imply that the sequence (gy), >, is mixing. O

The following material will be used in the next section to check the condition on the strong convergence from
Theorem 3.5.

Definition 3.6. Let 1, J be finite subsets in H and let € be a non-negative number. We say that [ is e-tiled by J if
there exists a finite set F C H such that the following are satisfied:

i) J+FcCl,
(i) J and F are independent and
(i) #(I\ (J + F)) < e#l.

Lemma 3.7. Let I be e-tiled by J. Then for any function f € L>(X, u) and any homomorphism o : H — G,
[Ma.1(H |, < [Maa (5], + el fl2.

Proof. Since T preserves u, it follows that

[Meanrs (D, = [Maa(f) o Taay |, = [ Meas (N,
for every h € H. Let F be as in Definition 3.6. Then

#U\N(J+F))

4] [Ma.va 0 (D]

#J
[ Mot (Dl < 57 DI Meanss (D], +
heF

< Mas (P, +elfll. T
Lethe H,i,jeZ and 0 <i < j. The subset {ih, (i + 1)h, ..., jh}is called an h-interval.

Remark 3.8. Let V C H be a finite subset, /, J two h-intervals in H and [ € N. If V is tiled (i.e., O-tiled) by 7 then V
1#J

is also %--tiled by the [Ah-interval [ - J.
Lemma 3.9. Let o : H — G be a homomorphism. Let (hy),>1 be a sequence in H such that for some subset A C X
and every | € N, we have u(Tjqmn,)A N A) — w(A)? as n — oo. Then for any sequence of hy-intervals I, whose

cardinality is constant, say L, the following inequality holds eventually (i.e., for all large enough n)

2 2
[ M1, (xa) = n(A||; < T
Proof. Since T preserves u, without loss of generality we may assume that I,, = {0, h,, ..., (L — 1)h,}. Now the
inequality follows from the formula
1 o)1
=2 x40 Tiaty = (A | ===+ 75 (1T jiaary AN A) = 1(4)?),
i=0 2 i#j

which is established by a straightforward calculation. O

Lemma 3.10. Let o : H — G be a homomorphism, (h,),>1 a sequence in H and (my),>1 a sequence in N. Let V,, be
a finite subset of H which is tiled by an h,-interval 1,. If m, /#1,, — 0 and u(Tjm,am,)A N A) — M(A)2 as n — 0o
for any integer | > 0 then Mg v, (xa) = ((A) in L2(X, ).

Proof. For an € > 0, fix an integer r > ¢ ~!. Let J, be a h,-interval of cardinality ». By Lemma 3.9,

| Mam, s, (xa) = (A |3 < 2€
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eventually in n. It follows from Remark 3.8 that V,, is ';;’n’ -tiled by the m,, h,-interval m, J,,. By Lemma 3.7,

mpr
#1,

< 3¢

[Mev, (xa) = (A |, < [ Mam, s, (xa) — (A, +

eventuallyinn. 0O

The following results will be used while proving mixing of the (C, F))-actions whose ‘spacer mappings’ s, are
polynomials of degree > 2.

Lemma 3.11 (Hilbertian van der Corput trick). Let (vy)nen Stand for a bounded family of vectors in a Hilbert space.
If for any k € H \ {0}, we have lim,_, o # S e, (Vhaks va) = 0 then limy .o | ﬁ > e, Vall =0.

Proof. In case H = Z, we refer the reader to [4] for a short proof. Only a slight and obvious modification of that
proof is needed to adapt it to the general case. O

Corollary 3.12. Given amap t : H — G, let (M, 1, XB, XB) = w(B)? for every non-trivial k € H and all B € 8.
Then M, g, — Py strongly as operators in L>(X, ).

Proof. Fix a subset B € B. For any h € H, we set v, := xp o Ty(ny — n(B) € L2(X, w). Then (vpyp, vp) =
(xB © Topt(ny» XB) — /,L(B)z. It remains to apply Lemma 3.11. O

4. Mixing rank-one actions of R4 x 742

In this section we prove the main results of the paper—Theorems 4.9-4.11 and 4.12.

Let di and d> be non-negative integers such that d :=d; + dy # 0. We set G = R x 7% and H = 7Z¢. For
g=10(81,.-.,84) € G, welet ||glloc :=maxigigqlgil.- If g = 0foralli =1,...,d we write g > 0. In a similar way
we define ||i||cc and h >0 forh € H.

To define a mixing (C, F)-action of G we first fix a sequence of positive integers r, > 2 which goes to infinity as

n — 0o0. Some restrictions on its growth will be imposed later. Let s,(,l) :H — R% be a usual polynomial with real

coefficients and s,?) :H — 7% a usual polynomial with rational coefficients such that s,sl)(O) =0 and s,gz) 0) =0.

Then s, := (s,(,l), s,(,2)) is a polynomial mapping from H to G in the sense of Definition 1.5. Let H, :={h > 0 |

lnlloc < 74}. We define a sequence of positive reals (a,),>0 recurrently by setting

an+1 := the integer part of a,r, + }rlrele}{x Hs,, (h) || ~

and choosing ag arbitrarily. It is clear that a,+1 > agr; - - - r,, for all n € N. Since r,, — 00, the sequence (a,,)j’loz1 grows
faster than any exponent. We finally let

Foi={g>0]lglloc <an},
¢n(h) :=a,h forh e H and
Chy1 = (¢n + 50)(Hy),

forn=0,1,....Itiseasy to see that (1.1)—(1.3), (1.12) and (1.13) are satisfied. In the case d = 1, the condition (1.4) is
satisfied too if s, is non-negative and non-decreasing on Z., for instance if the coefficients of s, are all non-negative.
The situation is more difficult when d > 1. That is why we introduce the following definition.

Definition 4.1. A mapping s : H — G is monotonic if for all non-negative x, y € H with ||x — y|lcc = 1,

{S(x)i —s(y)i
maxy ———

'forall 1 <i<dsuchthatxi7éy,-} > 0.
Xi — i
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Example 4.2. Let s(x); = (a;jx; +yi)(x1 + -+ xq) + /Sixiz + 8;x; for some reals «;, B;, y; and §; such that o; > 0,
i 20,0; +26; 20and o; + B; +6; =0fori =1,...,d. Suppose that the mapping

Hox s(x)=(s(x)1,...,s(x)q)

takes values in G. Then it is monotonic. To show this, consider two non-negative elements x # y € H such that
lx — ylloo = 1 and set z := y — x. Without loss of generality we may assume that z1 4 - - - 4+ z4 > 0. Then there exists
a coordinate j such that z; = 1. By a straightforward calculation,

d
s(x+2z2)j —sx); =(ajxj+)/j)ZZi +aj~Z(xi +zi)+(aj+28))xj+aj+B;+6; =0.
i=1 ]

We observe that in [3], the following monotonic polynomial s : Z¢ — Z¢ was used while constructing Z9-staircase
actions:
S =xi(x1 4 +xa) = (5 +x)/2 i=1...d.
(By this formula we correct a misprint on page 849 of [3].) If, moreover d = 1, we get s(x) = x(x — 1)/2, i.e., the
polynomial corresponding to the classical staircase shown to be mixing in [1].
Lemma 4.3. If s, is monotonic and

)?;z}_l)i”sn(x)uoo <a,/2 4.1)

then (1.4) holds.

Proof. Suppose that the contrary holds. Then there exist x # y € H, and f, f’ € F, such that a,x + s,(x) + f =
any +su(y) + f'. Since

Fn_Fnz{g€G|”g”oo <an}7
it follows that ||a,(x — ¥) + s, (x) — $n (V) leo < an. If ||x — ¥|lco = 2 then we get a contradiction with (4.1). If
lx — ¥lloo = 1 then we get a contradiction with the fact that s,, is monotonic. O

Now suppose that s, = s for all n > 0, where s is a monotonic polynomial of degree /! > 1. Let A stand for
the direct product of the Lebesgue measure on R and the ‘counting’ measure on Z%. Let us check (1.6). Since
rG(Fp) =a? and

d
16 (Fut \ (Fa + Cu) = (ran + max s o £ 1) = (ruan)”,

we see that (1.6) is satisfied if and only if

)
maxpeH, Ils (7)o
E <X
I'ndn
n=1

Of course, there exists a strictly positive limit lim,—, oo maxsen, I5(h)[loo/ r,ll. Thus (1.6) holds if and only if

< oco. 4.2)

It is easy to see that (2.9) and (2.10) are satisfied if we set
Q:=|heH|h>0and ||hllc <1} and Q°:=-Q. (4.3)

Proposition 4.4. Let (4.2) be satisfied. If
rlja, —0 (4.4)

then the (C, F)-action T associated with (Hy,, ¢, S, Fn)n is well defined and it satisfies the restricted growth condi-
tion. Also (3.1) holds.
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Proof. Notice first that (4.4) implies (4.1) eventually. Hence (1.4) holds eventually by Lemma 4.3. Without loss of
generality we may assume that it holds for all n. Since (1.1)—(1.3), (1.12) and (1.13) are also satisfied, it follows that the
associated (C, F)-action T of G is well defined. Take a sequence (hn);';l in H with liminf,,_, o #H, (h,) /#H, > 0
(in fact, it suffices to have only H, N (H, + h,) # @ eventually). It follows from (4.4) that
|0, s (M) || oo < s (h) —s(k)lloo
———— < max ——— —

X

heH, (hy) ay h.keH, an

0.

On the other hand, for any b € G with ||b] » < a,, we have
G (Fa \ (F + b)) _ ajf — (an — [1bllo)? _ dlIblloo
ho(F) aj Coa

Hence

1 Z AG(Fn \ Fn(p,s() A (Fn \ (Fu + 95, 5(1)))

< a — 0,
AG(Fp) heHy, (hy) Ac(Fy)

#H,
heHy (hy)
i.e., (2.3) holds. (3.1) is verified in a similar way. O

We see, in particular, that if r,, is of sub-exponential growth, i.e., r, /" — 0 for some & > 1, then both (4.2) and
(4.4) hold and hence T is well defined for any monotonic s.

Now consider in more detail the case where s : H — G is a polynomial of degree 2. Given t € H, we have d;s(h) =
Yy (h) +a; for some homomorphism ¥ : H — G and an element a; € G. It is easy to verify that Y, s, (h) = V¥, (h) +
Yy, (h) forall 11,1, € H. Hence the map H x H > (¢, h) — ;(h) € G is a ‘bihomomorphic’ form. Then thereis y > 0
such that

[v: ()| < ¥vltloollhlleo forallz,he H. 4.5)
Fix a standard ‘basis’ in G (and H):
e;:=(1,0,...,0), e2:=(0,1,0,...,0),...,eq:=(0,...,0,1).

Then we can identify v, with the corresponding (d x d)-matrix with real entries for any r € H.

The following statement based essentially on Theorem 3.5 provides convenient sufficient conditions for the (C, F)-
actions under consideration to be mixing. Combined with Corollary 2.6 it will turn proofs of the main results into
verifications of almost purely algebraic nature.

Proposition 4.5. Let the polynomial s be monotonic and (4.2) and (4.4) hold with | = 2. Moreover, suppose that

(i) the action (Ty,(n))nen is ergodic for any k € H \ {0} and
(i1) max;giga V(e lloo = Sllklloo for some § > 0 and every k € H.

Then T is mixing.
Proof. By Proposition 4.4, T' has restricted growth and (3.1) holds. Take a sequence (), in H such that i, # 0
for all n € N and
liminf#H, (h,)/#H, > 0. (4.6)
n—o0
In view of Theorem 3.5, it suffices to show that Mwn, H,(h,) — Po strongly. Suppose first that s, = k for some
k € H and all n. Then just use (i) and apply the mean ergodic theorem to the action (7, #))ren to conclude that

My, H, &) — Po. Hence it remains to consider only the sequences (hn)fli | with h, — oo in H. Let i (k) stand for an
index at which the maximum in (ii) is attained. Then

1¥n, i) | o, = 81Anlloo- 4.7)
Since H, (hy) is a parallelepiped in 74, there exist an element h, € H, a positive integer r,, < r, and two paral-
lelepipeds J,, C Z’lh")*l and J, C Ziﬁi(h”) such that

Hy(hy) +h, = J, x{0,1,....r) — 1} x J;.
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It follows from (4.6) that there exist two reals 8’ > 0 and §” < 1 such that
ry/rn =8 and  |lhylleo/rn < 8" eventually. (4.8)

We set V, := H,, (hy) + h), and g, := ¥, (ein,))- By (4.7), ||gnlloc = 00 (recall that h, — 00). Find p, € N with
gneflF I;n 41 \ Fp . Then, of course, p, — oc. Let m, be the smallest positive integer such that m,g, ¢ F 1;” +1- Then

Mpgn=(mp—Dgn+8gn€Fp .1+ F) 1y
Since {g€ G | lIglloc Sam} D Fy D{g € G ||glloo <am} forall m € N, we have
ap, < lgnlloo S ap,+1 and  ap, 11 <mylignlloe < 2ap,+1. (4.9)
Moreover, it is straightforward (see (4.3)) that
O+--+Q0={heH|h>0and |h]o <!}
I times

and
OrN{heH||hllooc=1and —h >0} =90.

Recall that Q4 denotes the minimal (finite) subset of H such that (F; + F?) \ Fy C ¢,(Q4) + F, for all n e N.
Hence

—1Q N Q@+ + Q)=
—_———
[ times

By (i) and Corollary 2.6(i), the sequence (¢, (k));> ; is mixing for every 0 # k € H. Thus we may apply Lemma 2.9

and conclude that the sequence (Im, g,);> ; is mixing for every / € N. Notice that
M‘phn JHy(hy) = M‘phn Vi Un = UnM‘//hn Vo

where Uy, is the unitary operator given by Uy f := f o Ty, (—n;). Therefore, My, ' m,(n,) — Po strongly if and only if
My, v, — Po strongly as n — oo. We set I, := {0, e;(n,), - - -, (r;, — 1)ei(n,)}. To complete the proof it remains only
to establish that m,, /#I, — 0 and apply Lemma 3.10. By (4.5),

Ignlloo = | ¥n, (€ithn)|| o < ¥ nlloo
eventually in n. Using that, (4.8) and (4.9) we obtain

m 2v8"a, 41 ap +1
_l’l y Pnt gz 7Y% pn+

<
o gl a2,

for all large enough n. It follows (use also (4.8) plus (4.2))

.om 1 m 298" . ap,+1 298" . r
lim —2 < — 2L Y lim “22tl — Y lim 2% =0.
n—oo r/ 8 n—oo 1y, 8§ n—ooo g2 8 n—ooq
n Pn Pn

(Notice that it follows from (1.6) that lim,,_, 5 @y 4+1/(anry,) =1.) O
Fix a family of reals &1, ..., &,. For anon-empty subset J C {1,...,m}, welet&; :=[[;.; & . Wealso let & := 1.

Definition 4.6. If the family of reals &;, J runs all the subsets of {1, ..., m}, is independent over QQ then we say that
&1,...,&n 1s good.

It is clear that any subfamily of a good family is good. Moreover, given non-zero rationals g1, ..., g, the family
q1&1, ..., qmén 1s good if and only if so is &1, ..., &,.
We also let RY :={g = (g1,...,84) € R? | g; =0 forall i ¢ J}. In a similar way we define Z’.
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Lemma 4.7. Let &1, . .., &, be a good family. Then

q11+& q1,2 q1,m
q2,1 @p2+8 ... q92,m
det . . ) . #0
q1,m q2.m oo qmm + é:m

foranyq; ;€Q,i,j=1,...,m.

Proof. Itis enough to notice that the determinant equals to Jcil..m T &y with some coefficients r; € Q. If the de-
terminant vanishes then r; = 0 for all J by the definition of a good family. However, it is easy to see that &1, __») =1,
a contradiction. O

We also state without proof a couple of well known facts.
Lemma 4.8.
(i) A weakly mixing action of a l.c.s.c. Abelian group is totally ergodic.
(ii) Let V and V' be two mutually commuting actions of L.c.s.c. Abelian groups F and F' respectively. If V is weakly
mixing and V' is ergodic then V' is weakly mixing.

Now we are ready to prove the main results of the paper. We consider first the case where d» =0 and d; > 1.
Theorem 4.9. Let G = R?, d > 1, and (4.2) and (4.3) hold. Let s be the polynomial from Example 4.2 and
let the parameters «;, B; satisfy the following additional conditions: o; € Q for all i = 1,...,d and the family
a1 + 282, ...,0q + 2B4 is good. Put s, :=s for all n € N. Then the rank-one action T of G associated with

(Hy, ¢n, Sn> o) is mixing.

Proof. It is easy to calculate that

aq
a1
Y= ... o 2(ai + Bi) ooai |, 4.10)
oit1
o
where the entries outside the main diagonal and the i-th line are zero,i =1, ...,d.

We first claim that the group generated by Uld j=1We;(ej) is dense in G. For a real x € R, denote the fractional
part of x by (x). Identify T with the interval [0, 1) endowed with addition mod 1. Since ¥, (¢;) = 2(ct; + B;)e; and
a; + Bi # 0, the map

X1 Xd d
T:G3(X1,...,X4) > <<7>,,<7>) eT
2(o1 + B1) 2(aq + Ba)
is a quotient of G by the lattice generated by U?:[ Ye, (e;). We see that for i # 1,

o= ([z=t Yoo Yo o)
2(a1 + B1) 2(a; + Bi)

i
Since a1 + 1 ¢ Q and (o; + Bi) /(a1 + B1) ¢ Q fori =2,...,d, the group generated by 7 (Y, (¢;)) is dense in the
subgroup

T x {0} x -+ x {0} x Tx{0} x--- x {0} CT.

i
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Thus our first claim follows.

Now let us verify conditions (i) and (ii) from Proposition 4.5.

It follows from (4.10) that det ., # 0. Hence v, (H) is a lattice in G. Then by Corollary 2.6(iii), the sequence
(¢n (e,-))lfo:1 is uniformly mixing. Since ¢, (e;) = aye;, it follows that the transformation 7, is weakly mixing for every
i=1,...,m.ByLemma 4.8(ii), the action (Tg), g is also weakly mixing for any non-empty subset J C {1, ..., m}.
Now take any 0 # ¢ = (11, ..., tg) € H.If det, # 0 then v, (H) is a lattice in G. By Corollary 2.6(ii), (Ty, (n))hen is
ergodic, as desired. Consider now the second case when det y, = 0. Since V; =11V, + - - - + t4V¥,,, it follows from
(4.10) that

(a1 +2B1)1 + aqu ait oty
oty (a2 +2B2)tr +aou ... art)
Vi = : : - : ’
oty oty voo (og +2B0)tg + aqu

where u := Z?:l t;. Let J :={i | ; # 0}. It follows immediately from Lemma 4.7 that there exists i ¢ J. Then for
any j # i, the j-th element of the i-th line of ¥, is 0. Crossing out the i-th line and the i-column for all i ¢ J we
obtain a (#J x #J)-matrix M and det y; = ud—* I'L ¢ i det M. It is easy to see that Lemma 4.7 is applicable to M.
Hence det M # 0. Since det ¢, = 0, it follows that u = 0. Hence for any j ¢ J, the entire i-th line in v, vanishes.
Therefore ¥, (H) C R7. Moreover, Y (H) is a lattice in R7 since det M # 0. By Lemma 4.8(i), the action (T, 1)) hen
is ergodic. Thus, Proposition 4.5(i) holds. The other condition of that theorem is much easier to verify. Let [|#||co = |7} ]
for some j. Take any / # j. Then we have

”V/t(el)” aj|t] 1I<nii£dai Nl oo- |

It is easy to understand that the above construction does not work in case G = R since the first claim of the proof
fails. However, only a slight ‘complication’ of the construction is needed to cover the exceptional case. We outline it
briefly. Let S be a finite family of monotonic polynomials from H to G = R% x Z% of degree [ > 1. Let (sn);2 be
a sequence of elements of S such that every element of S occurs in (s,);° ; infinitely many times. Suppose that (4 2)
and (4.4) are satisfied. Define H,, ¢,, F,, as above. Then the (C, F)-action T associated with (H,, ¢y, S5, Fy), is well
defined and it satisfies the restricted growth condition (the same proof as in Proposition 4.4 works as well to establish
this fact). Let us assume now that / =2. For any s € S, let

ds(hy=1y;(h)+a] forallt,heH,

where V¥ : H — H is a homomorphism and af an element of H. Suppose, in addition, that
t P t pp

(1) the action (kas<h))h€H is ergodic for any k € H \ {0} and s € S and
(ii) minges max;gi<a 1Y} (ei)lloo = Skl co-

Then repeating the proof of Proposition 4.5 almost verbatim one can show that T is mixing. Now let G =R for any
d > 0. Suppose that every polynomial from S satisfies the conditions of Theorem 4.9. Then slightly modifying the
proof of this theorem one can establish that 7 is mixing whenever

d

the group generated by U U V.. (ej) is dense in G. 4.11)
seSi,j=1

The main point of this modification is to replace the references to Corollary 2.6 with the references to Remark 2.7.
If d > 1 then (4.11) is satisfied (see the proof of Theorem 4.9). The following theorem provides an example where
(4.11) holds in case d = 1.
Theorem 4.10. Let G = R and (4.2) and (4.3) hold with | = 2. Let

s(x) = ax? + Bx, §(x):= ax? + ﬁx atall x € 7,

where o and & are rationally independent positive reals and a + >0, @ + B > 0. Set s, := s for even n and s, := 5
for odd n. Then the (C, F)-action of R associated with (H,,, ¢n, Sn, Fn)y, is mixing.
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Proof. In view of the reasoning preceding the statement of the theorem it suffices to notice that s and § are both
non-negative and non-decreasing on Z and (4.11) is satisfied since ¥} ,(e1) =2 and wgl (e1)=2a. O

Now we pass to the case G = Z¢.

Theorem 4.11. Let G = Z¢ and (4.2) and (4.4) hold with | = 2. Let s be the polynomial from Example 4.2 with
aj=-=ag=1and By =---= By =—0.5. Put s, := s for all n € N. Then the rank-one action T of G associated
with (Hn, ¢n, Sny Fn)n is mlxmg

Proof. As in the proof of Theorem 4.9 it suffices to show that the group generated by Ufl j=1Ve; (ej) is (= dense in)
G and the conditions (i) and (ii) of Proposition 4.5 are satisfied. The first claim is trivial since v, (¢;) =¢; forall i =
1,...,d (see (4.10)). Now take any t = (1, ...,17) € G and set J(¢t) := {i | t; # 0}. We will check Proposition 4.5(i)
by induction in #J (t).

If #J(t) = 1 then t = t;¢; for some 1 <i < d and a non-zero integer #;. Hence det ¢, = tl.d det ¥, # 0. It remains
to apply Corollary 2.6(ii).

Suppose now that there exists p < d such that the action (T, #))ren is ergodic forany t € H with 1 <#J () < p
Take any t € H with #J (t) = p + 1. We are going to show that the action (T, #))ren is ergodic. For convenience, let

us assume that J () = {1, ..., p + 1}. (In the general case one can argue in a similar way.) Then
Y f . f f . f
p+1
15 Zl 1 ... 15 15 .. 15
Yy = Tpt1 Tpt1 Z, |t Tpt1 Tpt1
p+1
0 0 0 Zl N T 0
: : . : : . p+1
0 0 0 0 DN 7

We consider now three possible cases. Denote by A the (p + 1) x (p + 1)-submatrix of v, standing at the upper left
corner.

Case 1. If Z’H]l t; # 0 and det A # 0 then det v, = (Z{’:ll 1;)4=P=1det A # 0. Hence v, (H) is of finite index in G
and we are done (just apply Corollary 2.6(ii)).

Case 2. If ZPH t; # 0 but det A = 0 then it is easy to verify thattk A > 2. Hencetky; >d — (p+ 1) +2>d — p.
Therefore

Y (H)NZ'® {0}

On the other hand, it follows from the inductive assumption and Corollary 2.6(i) that the sequence (¢, (h));2, is
mixing for T for any non-zero h € Ze| + - -- + Ze,. Hence the transformation 7}, is weakly mixing for all such &
(recall that ¢, (h) = a,h). Thus the transformation group (7, ))ren contains a weakly mixing transformation and
therefore it is ergodic.

Case 3. If Zf:ll t; = 0 then it is easy to see that v, (H) C Z’® . Moreover,

o1 1 ... 1

1. 0 1 ... 1
detAztl--~t[,+1 det S . #0.

1 11 ... 0

Hence v;(H) is of finite index in Z’™ . Since the transformation T, is weakly mixing, the action (7g) geZ/ is
weakly mixing by Lemma 4.8(ii). It remains to make use of Lemma 4.8(i).
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The condition (ii) of Proposition 4.5 is checked in a straightforward way (as in the proof of Theorem 4.9). O

Remark 4.12. Note that if we put y; = §; = 0 for all 7 in the statement of Theorem 4.10 (see the definition of s in
Example 4.2) then we obtain exactly the main result of [3]. However, it was proved there completely only for G = Z?.
Roughly speaking, it was assumed implicitly in [3] that det v, # 0 for all € Z¢ \ {0}. While being the case for d =2,
it is no longer true for d > 2 (see Cases 2 and 3 in the proof of Theorem 4.10).

Combining the arguments from Theorems 4.9—4.11, one can prove the following.
Theorem 4.13. Let G = R4 x Z% and (4.2) and (4.4) hold. Let §,: 7% — R% and §,: 7% — 7% stand for the

sequences of polynomials defined in the statements of Theorem 4.9 if di > 1 (or Theorem 4.10 if d\ = 1) and Theo-
rem 4.11 respectively. We set

Sutt, . tayvdn) = Sty o 1) Sn (a1, - dy +dy))
forall (t1,...,t4,4+a,) € H= 74 x 7% Then the rank-one (C, F)-action of G associated with (Hy,, ¢n, Sn, Fy)n is
mixing.

Now we consider a more general case where the ‘spacer mapping’ s : H — G is a polynomial of arbitrary degree
[ > 2. Then for any #1,...,4—1 € H, there exist a homomorphism ¥, ., ,:H — G and an element a;,,; , €G
such that

O -0y s(h) =Y,y (W) +ay, 4, forallheH.
It is easy to verify that the map
Hx---xH>,....,t)=> Yy, 4, €G
——
[ times

is a ‘polyhomomorphic’ form and there exists y > 0 such that

Wi,y oo S Viittlloo -~ lItillo forallfy,...,t € H.

The following statement is a higher degree analogue of Proposition 4.5.

Proposition 4.14. Let s : H — G be a monotonic polynomial of degree | > 2. Assume that (4.2) and (4.4) hold. Set
Sp := s for all n and denote by T the (C, F)-action of G associated with (H,,, ¢, Sn, Fy)n. Suppose that

(1) the action (thlv---v’l—l (h))heH is ergodic for any family ty, ..., 11 € H \ {0} and
(i) maxi<i<a 1V,...q-1(€)lloo = Slltilloo - - - lfi-1lloo for some 6 > 0 and all ty, ..., 11— € H \ {0}.

Then T is mixing.

Proof. (Cf. with the proof of Proposition 4.5.) By Proposition 4.4, T has restricted growth. Take a sequence (h,);
in H \ {0} such that (4.6) holds. In view of Theorem 3.5, it suffices to show that My g, x,) — Po strongly, where s
is the h,-derivative of s. Applying Corollary 3.12 [ — 2 times, we obtain that the latter holds whenever

My, .

Suppose first that /,, = k for some k € H and all n. Then just use (i) and apply the mean ergodic theorem to the action
(T%w..r,_z,k(h))he” to deduce (4.11).

It remains to consider the second case where i, — oo in H. Notice first that since My, p, k) — Po strongly, it
follows from Corollary 2.3(ii) that the sequence (¢, (k));,~; is uniformly mixing for every k € H \ {0}. The rest of the
argument is almost a literal repetition of that from the proof of Proposition 4.5. O

Hy(hy) — Po  strongly for any family #,...,4_» € H\ {0}. “4.12)

otj—2.hn

As an application we construct a family of mixing (C, F)-actions with polynomial ‘spacer map’ of higher degree
in the simplest case when G = Z.
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Example 4.15. Let G = Z. Suppose that the sequence (r,);2 ; is of sub-exponential growth and lim,_, 7, = 0.

Then, as was noticed above, (4.2) and (4.4) hold. Let p:Z — Z be a polynomial of degree [ > O which non-decreases
on Z4. Assume also that p(0) = 0. Suppose that the image of p is not contained in any proper subgroup of Z. For
instance, if p(Z) > 1 then p enjoys this property. Define a polynomial s : Z — Z by setting

s(t):=p©) +p()+---+pt—1) forr>0.

Clearly, s is of degree [ + 1 and s non-decreases on Z_.. Let s,, := s for all n € N. Denote by T the corresponding Z-
action. We will show that it is mixing. To this end it suffices to verify that the conditions (i) and (ii) of Proposition 4.14
hold for T'. It is obvious that (ii) holds. The condition (i) will follow from the fact that T is totally ergodic. To establish
the latter we are going to apply Proposition 2.5. Let h,, = 1 for all n € N. Then 9, s(¢) =s(t + 1) — s(t) = p(¢) atall
t 2 0.If T is not totally ergodic then by Proposition 2.5 there exist k > 0 and j € {0, ..., k — 1} such that

#li e {l....ra =1} ] p() = jmodk)

rp—1

1 asn— oo.

Hence if n is large enough we can find 0 <i < r, —2 — [ such that
pi)=pi+1)=---=p@ +1)modk.
Since p(0) =0 and [ is the degree of p, it follows from [16, Corollary 1.17] that p(Z) C kZ, a contradiction.

In particular, putting r, = n and p(¢) =t', t € Z, we obtain the family of polynomial staircases first proved to be
mixing in [1] (when [/ = 1) and [5] (when [ > 1).

5. Entropic properties of rank-one actions

Let G = R4 x 7% with arbitrary di,d» > 0 and T a (C, F)-action of G on a probability space (X, B, ). We will
assume that

F,={geGlg>0and |glo <an}

for a sequence a, € Ry. This implies that 7 is rank-one by cubes. It is well known that the entropy of any rank-one
Z-action is zero. This fact extends easily to the rank-one (by cubes) actions of any group G. However in case of
higher dimensional groups, say G = 72, there exist rank-one (by rectangles) actions S = (Sy)geg of G such that
the transformation S(; ¢y is Bernoulli (see [20]). Then one has 4 (S) = 0 but 2(S(1,0)) > 0. We show now that this is
impossible for rank-one (by cubes) actions.

Theorem 5.1. Let T be a rank-one (by cubes) action of G. Then h(Tg) =0 for each g € G.

Proof. We consider only the case G = R? (in the general case one can argue in a similar way). Let (My);2 | be a
sequence of positive reals such that

loga,

.My .
lim — =0 and Ilim
n—oo qay n—00

=0. (5.1

n

Fix g € G \ {0} and take a family vy, ..., vy of mutually orthogonal (with respect to Euclidean inner product in R¥)
vectors such that vy = g. Consider the finest partition F of G into parallelepipeds whose vertices belong to the lattice
generated by vy, ..., vgy. Let F;, be a maximal subset of F such that the atoms ig + A, A runs F,, and 0 <i < M,
are mutually disjoint and all of the are contained in F},. It follows from the first limit in (5.1) that

#F, - My - Ag(A)

A (Fy)

Let P, be a finite partition of X consisting of the n-cylinders [A],, where A runs F, and the complement B, to the
union of these n-cylinders. Then

H(Py) = _#}—nﬂ([A]n) IOg/'L([A]n) — p(Bn)log n(By), (5.3)

— 1. (5.2)
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where A is an atom of F;,. Since u(X \ X,) — 0 and (5.2) holds, it is easy to show that the second term in the
right-hand side of (5.3) goes to 0. Substituting (1.11) to (5.3) and making use of (5.2) we now obtain
ArG(A) A (Fp)

2d a, _
HP,) <#F, lo +o(l) < —log— +o(1
(Pn) Ao (Fn) 8 agay TOW S gy tees oy o)

(notice that Ag(F,) = a,‘f). It follows from the second limit in (5.1) that H(P,) — 0 as n — oco. Denote by 9,

the finite partition \/?i})_l Téf P, of X. It is easy to deduce from the definition of P, that the sequence (Q,,);’i 1
generates ‘B, i.e., for any B € 5 and n € N, there exists a Q,,-measurable subset Q, such that u(BAQ,) — 0 as
n — oo. Hence

h(Ty) = lim h(T,, @,) = lim h(T,, Py) < lim H(P,)=0. O
n— 00 n—o0 n—oo

We see, in particular, that for all mixing actions T constructed in Theorems 4.9-4.11 and 4.13, h(T,) = 0 for all
geG.
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