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Abstract

We consider the Student-# and Student-r distributions, which maximise Rényi entropy under a covariance condition. We show
that they have information-theoretic properties which mirror those of the Gaussian distributions, which maximise Shannon entropy
under the same condition. We introduce a convolution which preserves the Rényi maximising family, and show that the Rényi
maximisers are the case of equality in a version of the Entropy Power Inequality. Further, we show that the Rényi maximisers
satisfy a version of the heat equation, motivating the definition of a generalised Fisher information.
© 2006 Elsevier Masson SAS. All rights reserved.

Résumé

Nous considérons les distributions de types Student-7 et Student-r qui maximisent 1’entropie de Rényi sous contrainte de co-
variance. Nous montrons qu’elles posseédent des propriétés informationnelles similaires a celles des distributions Gaussiennes,
lesquelles maximisent I’entropie de Shannon sous la méme contrainte. Nous montrons que ces distributions sont stables pour un
certain type de convolution et qu’elles saturent une inégalité de la puissance entropique. De plus nous montrons que les lois a
entropie de Rényi maximale vérifient une équation de la chaleur, ce qui permet de définir une information de Fisher généralisée.
© 2006 Elsevier Masson SAS. All rights reserved.
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1. Introduction

It is natural to ask whether the Shannon entropy of a n-dimensional random vector with density p, defined as

H(p) = —/P(X) log p(x) dx,

represents the only possible measure of uncertainty. For example, Rényi [17] introduces axioms on how we would
expect such a measure to behave, and shows that these axioms are satisfied by a more general definition, as follows:
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Definition 1.1. Given a probability density p valued on R”, for ¢ # 1 define the g-Rényi entropy to be:

1
o) =1— log(/mx)q dx).

Note that by L"Hopital’s rule, since %at =a'log,a,
— 7] d
lim H, (p) = lim J p(x)?log p(x) dx _ Hp). W
g—1 q—1 [ p(x)?dx

As Gnedenko and Korolev [12] remark, under a variety of natural conditions the distributions which maximise Shan-
non entropy are well-known ones, with interesting properties. This paper gives parallels to some of these properties
for the Rényi maximisers.

1. Under a covariance constraint Shannon entropy is maximised by the Gaussian distribution. In Proposition 1.3 we
review the fact that under a covariance constraint Rényi entropy is maximised by Student distributions.

2. The Gaussians have the appealing property of stability (that is, given Z; and Z; independent Gaussians, Z; + Z»
is also Gaussian). In Definition 2.2, we introduce the x-convolution, which generalises the addition operation.
In Lemma 2.3, we extend the stability property by showing that if R; and R, are Rényi maximisers then so is
Ry * R;.

3. The Entropy Power Inequality (see Eq. (7) below) shows that the Gaussian represents the extreme case for how
much entropy can change on addition. Theorem 2.4 gives the equivalent of an Entropy Power Inequality, with the
Rényi maximisers playing an extremal role.

4. The Gaussian density satisfies the heat equation, which leads to a representation of Shannon entropy as an integral
of Fisher Informations (known as the de Bruijn identity). In Theorem 3.1 we show that the Rényi densities satisfy
a generalisation of the heat equation, and deduce what quantity must replace the Fisher information in general.

First, as in Costa, Hero and Vignat [5], we identify the Rényi maximising densities, which are Student-# and
Student-r distributions, and review some of their properties which we will use later in the paper.

Definition 1.2. For n/(n + 2) < g and g # 1, define the n-dimensional probability density g, c as

- -1
gq.cX) =Aq(1— (g —DBx'C lx)i/(q ) o
with
1

P=be= sy i —ay

and normalisation constants

(r(ﬁ)(ﬁ(l - q))"”)/(r(ﬁ - %)n"/2|C|1/2> if s <g <1,
(r(; %5+ 5)ea-0y?) /(r(4 )aPier) g = 1.

Here x = max(x, 0) denotes the positive part. We write R, ¢ for a random variable with density g, c, which has
mean 0 and covariance C.

Ay =

Notice that if we write §2, ¢ for the support of g, ¢, then for g > 1, 2, ¢ = {x: x'C7'x<2g/(g — 1) +n)}, and
forg <1, 2, c =R".
Note further that since
im ra/(—g)H—g)"?
g—>1 I'(1/(1—¢q)—n/2)
the limit

lim g9.c0 = g1.c(0 = (2n)"1C1) " exp(—x"C'x/2),

=1 and liml(l —(q — l)ﬂxTC’]x)iL/(qfl) =exp(—x' C 'x/2),
q%
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the Gaussian density. Throughout this paper, we write Z¢ for a A/ (0, C) random variable.
We now state the maximum entropy property, as follows.

Proposition 1.3. Given any g > n/(n + 2), and positive definite symmetric matrix C, among all probability densities
f with mean 0 and |, 2, ¢ fx)xx' dx = C, the Rényi entropy is uniquely maximised by 84.C, that is
q,

H, (f) < Hq(gq,C),

with equality if and only if f = g, c almost everywhere.
Proof. See Section A.1. O

Throughout this paper, we write x,, for a random variable with density

X
T(m/2) 2

(Strictly speaking, this is only a x random variable when the parameter m is an integer, but it is simpler to adopt the
convention of allowing non-integer m than to refer to the square root of a I'(m /2) random variable with scale factor 2.)

We briefly review stochastic representations of the Rényi maximisers, which we will use throughout the paper.
For the sake of completeness, we present proofs of these results in Section A.2. Part 1 of Proposition 1.4 follows for
example from p. 393 of Eaton [10], Part 2 of Proposition 1.4 is stated in Dunnett [9], and Part 3 of this proposition is
a multivariate version of a result stated as long ago as 1915 by Fisher [11].

yl-m/2 2
Fn(x) = m—1 exp(—x—>, for x > 0. 3)

Proposition 1.4. Writing R, ¢ for a n-dimensional q-Rényi maximiser with mean 0 and covariance C, and writing
Z¢ fora N(0, C):

(1) Student-r. For any q > 1, writingm =n+2q/(q — 1)
Rq,CU ~Znc, “)

where U ~ xy, (independent of Ry c).
(2) Student-t. Foranyn/(n+2) <q <1, writingm =2/(1 —q) —n > 2,

Ry.c~Zim-2c/U, ®)

where U ~ y, (independent of 7).

(3) Duality. Given matrix D, define the map

X
VXD Tx+1
For g <1, writing m =2/(1 — q) —n, if Ry c is a Rényi maximiser, then Ocn—2)(Ry,c) ~ Ry, cx, where

1 1 n

p—1 1-q 2

(so g < 1 implies that p > 1) and C* = C((m — 2)/(m + n)).

Op(x) =

Proof. See Section A.2. O

Stochastic representations (4) and (5) can be used to compute the covariance and entropy of R, c. For example,

for g < 1, since U ~ x,,, the E# = ﬁ so that

1 1
T
COV(Rq’C) = }EZ(’"—Z)CZ(WL—Z)CEW = (m — 2)Cm,

as claimed.
Similarly for ¢ < 1, the Shannon entropy Hi(Ry ¢) is given by (writing m =2/(1 — gq) —n)
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T —1
Z,_5cC Z(mZ)C)

m+n
_Eloggq’C(Rqﬁc) = —log Aq + 2_]E10g<1 + (m _ 2)U2

m-+n NN
=—logA —EI 14+ —
0gAy + > og< + 2 )

m-+n
= —log Aq + TE(IOg Xi+n — log an1)’

where N ~ A (0, I), and since Elog X,%l = lI/(%) where ¥ (-) is the digamma function, we obtain

1 1 1 n
H R =—logA;, + —(\¥|—)-v¥|[——=) ). 6
1®q.0)=log "+1—q( (1—q> (1—q 2)) ©
Remark 1.5. Indeed, the theory of such stochastic representations can be generalised from the setting of [15] and [16]
to multivariate maximisers with different powers. That is, given a positive sequence (pi, ..., pn), the solution to the
problem

max H, (X) such that E|X; | = K;

is a random vector X with density given by

n 1/(g—1)
f®) o (1 +Za;|x,~|f’f) :

i=1 +
where it can be shown that the g; all have the same sign as 1 — ¢g. Moreover, if X is such a maximiser with ¢ > 1,
then for k =1, ..., n random variables Z; = U kl /Py « are independently power-exponential distributed with marginal
densities
Ii / Pk
@) = s~ —explaklz!™), ax <0,
2I(1/ pr) ( )

when Uy is x-distributed withm =2/(g — 1) + 2+ Y_7_, 2/ p; degrees of freedom and independent of X.
2. *-convolution and relative entropy

In this section, we introduce a new operation, which we refer to as the x-convolution. In Lemma 2.3 we show that
this x-convolution preserves the class of Rényi entropy maximisers, and in Theorem 2.4 show that it satisfies a version
of the entropy power inequality.

We will say that a distribution is g-Rényi if it maximises the ¢-Rényi entropy. For the sake of simplicity, we write
D(X|Y) = D1(fx| fr) for the relative entropy between the two densities fy and fy of random variables X and Y.
We define a new distance measure:

Definition 2.1. Given a n-dimensional random vector T with mean 0 and covariance C, we define its distance from a
n-dimensional g-Rényi maximiser Ry ¢ (for g > 1) to be

d(T|Ry,c) = D(TU||Z),

where U is a y,, random variable (with m = n+2q /(g — 1) degrees of freedom) independent of T, and Z ~ N (0, mC).

Note that d inherits positive definiteness from D — that is d(T|Ry,¢) = 0, with equality if and only if T ~ R, c.
Note further that Eq. (13) below implies that

d(T|Ry,c) = D(TU|IRy,cU) < D(T|Ry.c).

Motivated by Proposition 1.4, we make the following definition:
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Definition 2.2. For fixed g > 1, given two n-dimensional random vectors S, T, with covariance matrices Cg and Cr,
define the *,-convolution (or just x-convolution) of S and T to be the n-dimensional random vector

USsS+uydrt
S+T— @mc(;)
%

_ U®S+uT)
JUOS+UDT)T(mC)"TUOS +UDT) + V2’

where C = Cg 4+ Cr, and US), UTD) |V are independent x random variables, where U ) and UD) have m =n +
2qg /(g — 1) degrees of freedom, and V has 2q /(g — 1) degrees of freedom.

Again, notice that as ¢ — 1, UY/(2¢ /(g — 1)) — 1 and V/(2q/(q — 1)) — 1 by the Law of Large Numbers, so
SxT 4 S+T.

Lemma 2.3. For g > 1, if S and T are q-Rényi entropy maximisers with covariances Cs and Ct then S x T is also a
q-Rényi entropy maximiser, with covariance Cg + Cr.

Proof. By Proposition 1.4.1, writing m = n + 2q/(q — 1), we know that U®S and U™ T are N'(0, mCs) and
N (0, mCr) respectively. We define g by 1/(1 —g)=1+1/(g—1)+n/2,and write m =2/(1 —G) —n=2q/(q —
1) = m — n. Then random variable W = ,/(m — 2)/m(U®S + UTT) is N (0, (m — 2)C), where C = Cg + Cr.

Then (by Proposition 1.4.2) since V has i1 degrees of freedom, W/ V is g-Rényi, with covariance C. Finally (by
Proposition 1.4.3), ©-2c(W/ V) is g*-Rényi, where 1/(¢g* — 1) =1/(1—q1) —n/2—1=1/(qg — 1), soinfact it is
g-Rényi with covariance C(m —2)/(ni +n). Hence, ST = \/m/(n — 2) Ozi—2yc(W/ V) is g-Rényi with covariance
Cm/(m + n) = C, and the result follows. O

We now give a new (x-convolution) version of the classical Entropy Power Inequality, which was first stated by
Shannon as Theorem 15 of [18], with a ‘proof” sketched in Appendix 6. More rigorous proofs appeared in Blach-
man [3] and later in Dembo, Cover and Thomas [8]. The result gives that for independent n-dimensional random
vectors X and Y,

exp(2H (X +Y)/n) > exp(2H (X)/n) + exp(2H (Y)/n), %

with equality if and only if X and Y are Gaussian with proportional covariance matrices.
Writing Cx for the covariance matrix of X, we know that D(X||Zx) = (nlog(2re) + log|Cx|)/2 — H(X), so that
the Entropy Power Inequality (7) is equivalent to

ICx + Cy|"/" exp(—2D(X + Y| Zcy+cy) /1)
> |Cx|"" exp(—2D(X||Zcy)/n) + |Cy | " exp(—2D (Y| Zcy)/n). (8)

We give an equivalent of Eq. (8), with the x-convolution replacing the operation of addition.

Theorem 2.4. Given q > 1, for independent n-dimensional random vectors S, T with mean 0 and covariances Cg, Cr,
|Cs + Crl|"/" exp(—2d(S * TIRy,cg+Cp) /1)
> |Cs|'/" exp(—2d(S|Ry.cg)/n) + |Cxl"/" exp(—2d(T|Ry,cp) /1),

with equality if and only if S and T are q-Rényi with proportional covariance matrices.

Proof. By Proposition A.5 below we know that for U®), U™ vV W all independent and y-distributed, where
U® UD W have m =n +2q/(q — 1) degrees of freedom, and V has 2¢/(g — 1) degrees of freedom:

dS* TRy cs+cp) = D(S*T)W||Zy(cs+cp))
B USS+UDT)
B (/(U(S)S +UDT)TCTUOS+ UDT) + V2
<D(USS + U DT Zy(cg+cr))- 9)

w H Zm(Cs+CT)>
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We can combine Egs. (8) and (9) to obtain that

ImCs +mCr|"/" exp(—2d (S * TIR,, cg+Cy) /1)
> mCs +mCr|"/" exp(—=2D(US'S + U DT Zy(c 0p)) /1)
> |mCs|"" exp(=2D (US| Zncs)/n) + ImCr|"" exp(—2D(U DT Zycy ) /1)
= |mCs|"/" exp(—2d (SIRy,c5)/n) + ImCr|"/" exp(=2d (TRy,cy) /1),

and the result follows. Equality holds in Eq. (9) if U'S + U)T is Gaussian. This, along with proportionality of
covariance matrices, is also the condition for equality in Eq. (8). O

There is a parallel theory for the case ¢ < 1, where we define a o-convolution:

Definition 2.5. For fixed ¢ satisfying n/(n +2) < g < 1, given two random vectors S and T with covariance matrices
Cs and Cr respectively, define the o-convolution by

SoT=0,, crcn(@m-2¢sS) %5 Om-2cr(T))
with m =2/(1 — q) — n, where the x-convolution is taken with respect to index ¢ satisfying 1/(g — 1) =m/2 —1 and

05 (X) = ——n
D V1—XTD-1X’

This definition satisfies an analogue of Lemma 2.3:

Lemma 2.6. For g < 1, if S and T are q-Rényi entropy maximisers with covariances Cg and Ct then So T is also a
q-Rényi entropy maximiser, with covariance Cg + Cr.

Proof. By Proposition 1.4.3, S= O (n—2)cs (S) maximises g-Rényi entropy with ¢ > 1 such that 1/(g —1) =1/(1 —
q)—n/2—1. ~

Moreover, the covariance matrix of S is Cg = g—;ﬁcs. The same result holds for T and C5 = :Z—;ﬁCT' As a
consequence of Lemma 2.3, S *G Tisa g-Rényi distribution with covariance C= Cs + C5.

Since by Proposition 1.4.3, O,—2c(Ry,c) = qu(:, where C = (m — 2)C/(m + n), taking inverse maps,

@@]fz)C(Rq,(NI) =R, c. Here C= E(m +n)/(m —2)=(Cg+C5)(m +n)/(m —2) = Cs + Cr, as required. O
3. g-heat equation and ¢-Fisher information

In this section, we show that the Rényi maximising distributions satisfy a version of the de Bruijn identity. That is,
we can define a Fisher information quantity, and show in Eq. (11) that it is the derivative of entropy. First, we compute

the exact constants in a result of Compte and Jou [4].

Theorem 3.1. For a fixed , write f; for the density of a Ry tnc random variable. If u =2/(2+n(q —1)/2) then f;
satisfies a heat equation of the form

B 92
K,— = E C q
qal_fr(x) - klaxkaxlfr (x)
with
_12g(2 -1
K, = A9 12g(2+n(g — 1))

2q +n(g—1)
Proof. By Eq. (2), we know that for a general choice of u:

(q _ 1),3XTC_1X 1/(g—1)
TH ) ’

folx) = (1 -

/2
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where
1

p=f— .
2g —n(l —q)
First note that

9 x'C™!x (g —Dpx'C'x
o/t ™= f’(")< v i (1 1 ﬂ ) ) (10)
Further, for any k, writing A = C~!:
Al —DexTe1x\ 4D s _o.8(A
G100 = (pW) ( 4B x>k>
Thqm/2 H
Hence, for any k, I:
92 900 = Al 1_(q_1)5XTC—1X 1/(g—=1) 2pAu
axpox;”t Tnqm/2 H ”
AZ (q _ ])ﬁXTcilX 1/(g—1)—1 ﬁ q
+ a2 <1 T = (Ax), (AX);
LA o2 (4aPPANANN) (@ DAXTCTIN)
T ognlg—Dp/27T H 21 o .

Overall, we deduce that

ALt 2qpn 4qﬂ2xTC*1x (g — DBxTC1x\ !
Z kza 0= lWﬂ()( - (1— ” ) )

so that equatmg this with Eq. (10) we obtain:
I
97 pn(g—Du/24+p-1 wo
Now, we want this to not be a function of t, so take u =2/(2 + n(qg — 1)), and substitute for § to obtain
-129(2+n(g—1))
2q +n(g—1)

K, = Al

’

as claimed. O

Note that the value of the exponent p coincides with the one given by Compte and Jou [4]. Further, as
limg AZ_I =1, so that lim; | K; = 2, as we would expect from the de Bruijn identity given in Lemma 2.2 of
Johnson and Suhov [13].

We now evaluate the derivative of the Rényi entropy, extending the de Bruijn identity:

1 (@=DJf®7 " F fr®dx
—q [ fr(x)7 dx

B ff(x)qd ch’/fr(x)q |

a
EHq(ft) =

;] (x)dx

K—l
ff(X)quZ k’/—fr(X>" : o 7 ax
K. 'q(q—1) 5 )
_2q 977 o
a ffr(x)qu ;Ckl/ff(x) axlfr(x)axkfr(X)dX
=Kq—lq(q — D r(Cly(fr)), "

where we make the following definitions:
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Definition 3.2. Given probability density p, define the g-score function
pg(x) =V p(x)/p(x)*7,
and the g-Fisher information matrix to be
[ p(x)pg(x)p, (%) dx
[ p(x)7 dx

Jq(P) =

Note that the numerator is the case p = 2, A = g of the (p, 1) Fisher information introduced in Eq. (7) of [16]. We
establish a multi-dimensional Cramér-Rao inequality:

Proposition 3.3. For the Fisher information J,; defined above, given a random variable with density p and covariance
C then

q
J,(p) — fp(;z)dxc—l

is positive definite, with equality if and only if p = g, c everywhere.
Proof. The key is a Stein-like identity, as usual found using integration by parts, since writing A = C~!
/P(X)(pq(X)),(AX)k dx = / aile(X)Pq_l(X)(AX)k dx
- é / aix[ (P (%) (Ax);) dx

1
:__/Pq(X)Akl dx.
q

This means that for any real c, the positive definite matrix
T T ¢ q 2
/ p(X)(pg (X) + cAX)(pg (X) + cAX) " dx = / PX)py(X)p, (%) dx + 25A / p?(x)dx + c*A.

So we choose ¢ = (f p?(x) dx)/q, and the result follows. Note that equality holds if and only if p = g, ¢ everywhere,
since the Rényi maximiser has score function p(x) = AZ_I (—2B)Ax, and

—1 -1 -1
f g, cX)dx/q = / gq.cAy (1—Blg—Dx"Ax)/qdx=A]" (1 - B(g— Dn)/g=AT (28). D
Now, we can give the extensivity property for Fisher information defined in this way:
Lemma 3.4. For a compound system of independent random vectors X and Y, for g > 1/2 the q-Fisher information

satisfies:

eI, 0
Jq<X,Y>-(q o ozq(X)Jq(Y)>’

where constant oy (X) = ([ 17)2{1_1 (x)dx)/ ([ pg(x) dx) and ay(Y) similarly.

Proof. We write px v (X,y) = px(X) py(y), so that (omitting the arguments for clarity), we can express

Vpx,y = (pYVpx, pxVpy).
Then
2g—1 2g-3 T
29-3 T [y rx "VpxV'ipx 0 )
\% v =
// Pxy VPXYV DPX)Y ( 0 ffp;z(q_lpiq_3vavTPY

_ (/ Py PRI X 0 )
0 I Pl )
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since for g > 1/2, the off-diagonal term

(/pi”_zvpx></p§q_2vpy> =G 12 i 1)2(/Vp§q_l)</vp§q_l> =0,

since this is a perfect derivative, and since px(x) — 0 as x — 0o. The result follows since
J[#a=([R)([ ) e
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Appendix A. Proofs
A.l. Maximum entropy property

In this section we give a proof of Proposition 1.3, which shows that g, ¢ are the Rényi entropy maximisers. The
proof uses Lemma 1 of Lutwak, Yang and Zhang [16], which extends the classical Gibbs inequality, and is equivalent

to Lemma A.2 below.

Definition A.l. For g # 1, given n-dimensional probability densities f and g, define the relative ¢-Rényi entropy
distance from f to g to be

1— 1
Dy(fllg) = 10g< fgqil(x)f(x) dX) + Tqu(g) - ;Hq(f)-

I—gq

For ¢ = 1, we write D (f|lg) = J f(x)log(f(x)/g(x))dx for the standard relative entropy. We justify this as an
extension by continuity; as ¢ — 1, as in (1), Dy (fllg) = — [ f(x)logg(x)dx — H{(f) = Di(flg).

Lemma A.2. For any q > 0, and for any probability densities f and g, the relative entropy D,(f|g) = 0, with
equality if and only if f = g almost everywhere.

Proof. The case g = 1 is well-known. For ¢ # 1, as in Lutwak, Yang and Zhang [16], the result is a direct application
of Holder’s inequality to exp D, (flg). Although [16] only strictly speaking considers the 1-dimensional case, the
general case is precisely the same. 0O

As with the Shannon maximisers, we use this Gibbs inequality Lemma A.2 to show that the densities of Defini-
tion 1.2 really do maximise the Rényi entropy.

Proof of Proposition 1.3. Since f and g, ¢ have the same covariance matrix,

/(XTC*IX)f(x)dx= / (x"C7'x)gg.c(x) dx.

Qq,C Qq,C

This means that for g # 1
f g;]fcl (x) f(x)dx = / AN (1= (g = DBX"C'x) F(x) dx
Qq.C -Qq.C

= / AT (1= (g = DBX"C %) gy c(x) dx
Qq.C
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_ f ¢ () dx. (12)

£24.C

For g = 1, the equivalent of the orthogonality property equation (12) is the well-known fact that

/f(X)lOggl,c(X)dXZfgl,c(X)loggl,c(X)dX-

Using Eq. (12) we simply evaluate

1 _ 1— 1
Dy(fllga.0) = log( / gl @ f ) dx) + T"Hq(gq,o = JH(f)

1
= ;(Hq(gq,C) - Hq(f))v
and so the result follows by Lemma A.2. O

Note that this is an alternative proof to that given by Costa, Hero and Vignat [5], who introduced a non-symmetric
directed divergence measure

f4 (X)

D,(fllg) = sign(q — 1) f 11 at — F0g?™ (x) dx.

q,C

The approach of [5] is similar to that used by Cover and Thomas [6, p. 234] in the Gaussian case. The general theory
of directed divergence measures is discussed by Csiszar [7] and by Ali and Silvey [1].
The paper [15] gives more general results concerning the maximum entropy property, in a more geometric context.

A.2. Stochastic representation

Proof of Proposition 1.4. 1. By Eq. (3), since we take (g — 1) = 1/m in Eq. (2), the density of R, cU can be
expressed as

- x® —1 o 1/(g—1

g(y) _ 7l m/QAq i . yTC ly /(q )xm—l exp _ﬁ &
'(m/2) xn mx? 2

0

21—m/2 Tc—l
= Agexpl — y y K.
T(m/2) 2m

Here since m —n —2=2/(q — 1), taking u> = x> —y'C~'y/m, so udu = x dx:

o0
yT 1/(q=1) 2 TC-1
(O C
/ y X" "2 exp S Y )xdx
2 2m
0
2
:/ 2/(a— l)exp<—u—>udu—21/(’1 1>1~( )
2 qg—1
0

and the result follows, since the constant

K

21—m/2 1
— A Kk=——————,
Cm/2)" 1"~ Qam)n/2|C|/2

sincel —m/2+1/(q—1)=—n/2and (g —1)=1/m.
2. In the same way, the density of Z,,—2)c/U can be expressed as
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21—m/2 X" 2ch—ly | x2
expl ——— X" exp| —— ) dx
L(m/2) J /Q2r(m —2))"|C] ( 2(m—2)) ( 2)
0

o0

2l=m/2—n/2 B —¢q) (1 +d)x2 n4m—1

— expl ———— |« dx
T(m/2) 7 |C| 2

0

_n+m)/2) [p(1 —q)
 T'(m/2) 7"|C]

__/d-q) ﬂ(l—q)<1+ch—ly>1/(q—1)
T T(1/(0—q)—n/2)\ 7"C| ) :

(a+ d)*(n+m)/2

writing d = (yTC~'y)/(m — 2), and using the facts that (m 4+n)/2=1/(1 —¢) and 1/(m —2) = B(1 — q), the result
follows.
3. For this choice of parameters, X = R, ¢ has density A, (1 +x'D~!x)1/@=D,
If Y = Op(X), we can calculate the Jacobian |0X]|/|0Y| = (1 — YTD-1Y)~1="/2 Then, the standard change-of-
variables relation gives that, since 1 — YD ly = (1+ XTD_lX)_l, we know that Y has density
ey =(1-y"Dly) " ex (05 ).

Thus, in particular, taking X ~ Ry ¢ and D = C(m — 2), we know that
—ly)~1=n/2 —1 o\ 1/(g—1
gy =(1-yD'y) " "4, (1 —y"Dly) "D
1\ 1/(p—1
:Aq(] —yTD ly) /(p=1)

Since p > 1, we know that Y has covariance DB,(p — 1) =D@2p/(p — 1) + n)~'=C@m — 2)/(m + n).
Further

_ _ )2 1 L\ _.p 1/2)
Aq_(ﬂq(l Q)) F<1—‘1)/<F<1—q 2>n i
n 1 n 1 "
=(,3p(P_ 1)) /QF(F+§+1>/<F<ﬁ+1)TF /2|(m—2)/(m+n)C|l/2) =A,,
asrequired. O

Note that an alternate, stochastic proof of Eq. (4) can be deduced from the polar factorisation property of Student-r
vectors (see [2] for a detailed study): if X is orthogonally invariant and X = rU where U is uniformly distributed
on the sphere, then r = || X|| and U = X/||X]| are independent. Since R, ¢ is the marginal of a vector U uniformly
distributed on the sphere, we deduce that

Jm C/?Z
NVAY A

where Z is a Gaussian vector, and where random variable ,/ZTZ + x2 _, is chi distributed with m degrees of freedom

and independent of R, ¢. Thus, multiplying R, ¢ by an independent chi-distributed random variable with m degrees
of freedom yields a Gaussian vector with covariance matrix mC, which is exactly Eq. (4).

R, c=

A.3. Projection results

To prove the Entropy Power Inequality, Theorem 2.4, we prove a technical result, Proposition A.5. This relies on
two well-known results, Lemmas A.3 and A.4. Firstly as a consequence of the chain rule for relative entropy (see for
example Theorem 2.5.3 of Cover and Thomas [6]):
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Lemma A.3. For pairs of random variables (X,Y) and (U, V),
D((X, NI, V)) = DX||U).

Equality holds if and only if for each x, the random variables Y|X = x and V|U = x have the same distribution. In
particularif (X, Y) and (U, V) are independent pairs, equality holds if and only if Y and V have the same distribution.

Secondly, we recall a projection identity, first stated as Corollary 4.1 of [14]:

Lemma A.4. For random vectors X and Y, and for any invertible function @:

D(eX)|2(Y)) = DXIY).

Proposition A.5. For a n-dimensional random vector M, take N ~ x24/q—1) and U ~ x24/(4—1)4+n, where (M, N, U)
are independent:

M
D U Zc) < DM Zc),
(«/MTC—1M~|—N2 H

where equality holds if M is N (0, C).
Proof. By combining Lemmas A.3 and A .4, if random variables Q and S have the same distribution and (P, Q) and
(R, §) each form independent pairs then

D(PQI|IRS) < D((PQ. Q) (RS, 5)) = D((P, Q)| (R. 5)) = D(P|R). (13)

Now, we define Y ~ x24/(g—1) and V ~ x24/(4—1)+n, both independent of Zc, so that U and V have the same distrib-
ution, as do N and Y. The LHS of the proposition becomes:
y/
= ) (14)

M z M
D(«/MTC‘1M+N2UH\/ZTC‘CZ 2V><D<x/MTc—1M+N2 TC-1 2
TC1Zc+Y \/ZCC Ze+Y
=D(OcM/N)||Oc(Zc/Y))
=DM/N|Zc/Y) (15)
< DM|Zo), (16)

and the result follows. Here Eq. (14) follows by Eq. (13), Eq. (15) follows by Lemma A.4 and Eq. (16) again follows
by Eq. (13). O
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