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Abstract

Let K be a compact, non-polar set in R” (m > 3) and let u be the unique weak solution of Au = %—’; on R™\K x (0, 00),

u(x;0) =0 on R™\K and u(x;t) =1 for all x on the boundary of K and for all t > 0. The asymptotic behaviour of u(x; ) as t
tends to infinity is obtained up to order oM/,
© 2006 Elsevier Masson SAS. All rights reserved.

Résumé

Soit K un ensemble compact, non-polaire dans R (m > 3) et soit u 1’'unique solution faible de Au = %—’; sur R™\ K x (0, 00),
u(x;0) =0 sur R”\K et u(x;t) =1 pour tout x sur la frontiere de K et tout ¢ > 0. On obtient le comportement asymptotique de
u(x,t) quand ¢ tend vers I'infini avec un reste O(t_m/ 2).
© 2006 Elsevier Masson SAS. All rights reserved.
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1. Introduction

Let K be a compact, non-polar set in Euclidean space R™ (m > 3) with boundary 0K and let u : R\ K x [0, c0) —
R be the unique weak solution of

Au:ez—b:, xeR™MK, t>0, (1)
with boundary condition

u(x;t)y=1, xe€dk, t>0, 2)
and initial condition

u(x;0)=0, xeR™K. 3)
It is well known that

tl_iglou(x;t):hg(x), x e R"\K, 4
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where h g is the unique function which is harmonic on R™\ K, which equals 1 on the regular points of K, and which
vanishes at infinity.
S.C. Port [8], [10, pp. 64, 65] proved that if K is a compact and non-polar set in R” (m > 3) then for t — oo

-1
u(x;t) =hg(x) — (% - 1) @)™ 2C(K) (1 = hg (x))t@™/2 4 o(¢F7m/2), )

where C(K) is the Newtonian capacity of K.

Formula (5) was first proved by A. Joffe [7] in the special case where m = 3 and where K has positive Lebesgue
measure |K|. Subsequently F. Spitzer [12, p. 114] proved formula (5) for arbitrary compact, non-polar sets in R and
obtained the asymptotic behaviour of the total amount of heat Ex (¢) in R™\ K at time ¢ defined by

Ex(t) = [ u(x;t)dx. (6)
R™\K
He showed that for m =3 and t — oo
1 2.1/2 1/2
Ex(t)=C(K)t + 2n3/2C(K) 17+ o('/?). (7)

J.-F. Le Gall [4-6] and Port [11] obtained refinements of (7) and extensions to m > 4 and m = 2 without the use of (5).
Port also obtained the large ¢ behaviour of u in the case where K is a non-polar compact set in R> [9].

The main result of this paper concerns the analysis of the remainder estimate o(t@™/2) in (5). For m > 5 we
show that this remainder can be improved to O(~"/?). A new term of order (logt)/t> shows up for m = 4 before we
recover the remainder O(r ~2). A remarkable cancellation of two terms of order r~! and four terms of order (log 1) /3/>
takes place for m = 3, resulting in the sharp remainder O(r =3/2).

Theorem 1. Let K be a compact and non-polar set in R™.
(1) Ifm=3,5,6,... then for x e R"\K and t — 00

-1
u(x; 1) =hg(x) — (% - 1) @)™ 2C(K) (1 = hg (x))tF™/2 L O (/). 8)

(i) If m =4 then for x e R"\K and t — 00
u(x; ) =hg(x) — @) 2CK)(1 — hg ()~ +204m) ~*C(K)* (1 - hK(x))l(;—ft +0(t72). 9)

(iii) The remainder in (8) is sharp for a ball in R3.
(iv) The remainder O(t="/?) in (8) and (9) is uniform in x on compact subsets of R"\K .

The results described in Theorem 1 have an equivalent probabilistic formulation. Let (B(s),s > 0; P,, x € R™) be
a Brownian motion with generator A. For x € R” we define the first hitting time of K by
Tx =inf{s > 0: B(s) € K}, (10)
and Tx = 4-oo if the infimum is taken over the empty set. It is a classical result that
ulx;t) =P [Tx <t], xeR™ >0, an

where we have extended both u and Ak to all of R™ by putting u =hg =1 on K. For x € R"(m > 3) we define the
last exit time of K by

Lk = sup{s >0: B(s) € K}, (12)

and Lx = +oo if the supremum is taken over the empty set. The law of Lk is given by [10, p. 61]

t

P[Lg <1] =[dsfuk(dy>p(x,y;s>, (13)

0
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where
p(x, y;5) = (dms) /e WP/G9) (14)
and where p g is the equilibrium measure supported on K with
/Mk(dy) =C(K). 15)
It follows that
hi () = Py[Tg <00l =Py[Lk <00l =cy / s @y)lx -y, (16)
where
em =470 ((m - 2)/2). 17
Since
0
Polr < Ly <oo]=fds/uk<dy>p<x,y;s>, (18)
t
and
@rs) ™2 (1= |x — y[*/(45)) < p(x, y; 8) < (d7s)™™"/2, (19)

we have that

P.lf < Lg < oo] = (% _ l>_l(4n)m/2C(K)t(2m)/2 +O(™2). (20)
Using (11), (16) and (20) we can rewrite (8), (9) as follows.
Proposition 2. Let K be a compact and non-polar set in R™.

(1) Ifm=3,5,6,... then for x e R"\K and t — o0
Py [t < Tx < 00] =P[Tx = c0]Py[t < L < 0ol +O(¢~"/?). (21)

(i) If m = 4 then for x € R\K and t — 00
4 5 logt 2
Pt < Tx < 00] =P, [Tk = 0o]Py[f < Lg < 00] —2(4w) *C(K)*P,[Tx = <>o]t—2 +0(t7%).  (22)

It is well known [4, p. 392] that if m = 3 and K = B(0; R) (the closed ball with center 0 and radius R) then for
x| > R

e ¢]

P.[t < Tp,r) < o0] =/ds (47‘[53)

t

—12R(Ix| — R) o (x=R)2/ds)

(23)
|x|

Moreover for a ball B(0; R) in R? the corresponding equilibrium measure is concentrated on 9 B(0; R) and propor-
tional to the surface measure, with constant of proportionality equal to R~!. This gives by (18)

x| - R
|x]

Py [Tg(o;r) = o] = , (24)

and

o0
P.[r < Lpo.r) < 00l = /ds @rs) ™ 27 (1 - e—‘le/S)e—<'xl—R>2/<4S). (25)
t
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It is a straightforward computation to show that, by (23)—(25), form =3
Py [t < Tp(o,;r) < 00] =Px[T(0;r) = oCIPx[t < Lp(o;r) < ]
1 2,-3/2 —5/2
+W}PX[TB(O;R) = ool|x|R?t 2+ O(¢7/2). (26)

This proves the assertion in Theorem 1(iii).

The main stratagem which permeates the proof of Proposition 2 is to replace Tx by Lk at “every possible op-
portunity” and to use the strong Markov property to control terms like P,[Tx <t < Lk]. For a different application
of these techniques we refer to the study of the expected volume of a Wiener sausage in R3 associated to the com-
pact set K [4]. There Spitzer’s formula (7) was improved up to order O(t ~'/?) proving a conjecture by M. Kac. See
[1-3,13] for more recent applications.

It turns out that a single application of the strong Markov property (Proposition 4) supplemented by additional
estimates (Lemma 3) is sufficient to prove Proposition 2 for m > 5. However, for m =4 or m = 3 the strong Markov
property has to be applied twice respectively six times (Propositions 5 and 8). The reason is that for m = 3 two non-
trivial terms of order r~! and four non-trivial terms of order (logt)/ 3/2 contribute to P, [t < Tx < oo]. Lengthy
calculations using the above techniques finally result in the cancellation of these non-trivial terms. Such a cancellation
does not take place for m = 4, and this results in the (log?)/ t? contribution in (9).

The analysis of the O(t ~"*/?) remainder in Proposition 2 is complicated since the distribution of the random variable
B(Tk) on the regular part of dK enters at each application of the strong Markov property. Unlike the special case of
a ball in R? we do not expect a simple improvement of the remainder.

This paper is organized as follows. In Section 2 we prove some basic estimates (Lemma 3) which will be used
throughout the paper. Proposition 4 is the key estimate from which Proposition 2 follows for m > 5. In Section 3 we
use Proposition 4 to obtain a further refinement (Proposition 5) from which Proposition 2 follows for m = 4. Finally
in Section 4 we complete the proof of Proposition 2 for m = 3 by refining Proposition 5 (Proposition 8). The proof of
Proposition 8 follows the same strategy as the proof of Proposition 5, and has been omitted.

2. Proof of Proposition 2 for m > 5

It is convenient to introduce some further notation. For ¢ € R” and K compact in R we define
R(c):inf{p}O: K C B(c; p)}, 27
where B(c; p) is the closed ball with center ¢ and radius p. Let
R:inf{R(c): CGR’"}. (28)

The infima in (27) and (28) are attained and we may assume without loss of generality that the latter is attained at
c=0.

Lemma 3. Let K be a compact and non-polar set in R (m > 3). Then for 0 <s <t < 00

Pt < Tk <00] <Pyt < Lg < 0]

-1
<1A (% - 1) @m) M2 C(K)>m12, (29)
-1
Pis <Lg <t]<1A (% - 1> (r)™2C(K)(s@m/2 — 1 Cmm/2) (30)
and for z € K
|Pilt < Ly <00l =Pt < Lg < 00l| <1ACyxt™™?, (1)
where

Cr.x = (x| + R) (1x] + 3R)C(K). (32)



M. van den Berg / Ann. I. H. Poincaré — PR 43 (2007) 193-214

For any Borel set E of [0, t]

/dS/MK(dy)p(x,y;t—sK 1.
E

197

(33)

Let T > 0 be arbitrary. There exists a constant C depending on T and on K such that forallt > T, 0 <s <t and

x e R
Pels <Tx <1< C(T(t — T) ™2 (¢ — S)S—m/2).

Proof. Estimate (29) follows immediately from the fact that Lx > Tx and (18), (19).
Estimate (30) follows from

t
P.ls <Lk <t]=/dr/m<(dy)p(x,y; 7),

and the bound in the right-hand side of (19).
To prove (31) we note that by (18)

o0
|IP’x[t <Lg <oo]l =Pt <Lg < oo]| < /ds (47rs)_m/2//LK(dy)|e_|x_y|2/(4S) — e_‘z_-V|2/(4s)|

t
o0

</ds (4ns>*m/2(4s)*1/MK(dy>||x—y|2—|z—y|2|

t
<f’"/2/m<(dy)(|x| T 120) (] + 121+ 211)
< Cx’Kt—m/Z
since both y and z € K C B(0; R).

Since p is non-negative

/dS/MK(dy)p(x,y;t—s) < / ds/uK(dy)p(x,y;t—s)
E [0,7]
=P [Lx <t]< 1.

This proves (33).
The proof of (34) relies on the following [4,11,12]. Form >3
/dyIP’y[TK <t]=C(K)t+o(t), t— oo.
Rlﬂ
Hence there exists 77 such that for all t > T}

/dy Py [Tk <t] <2C(K)t.
Rnl
By the Markov property at time s we have that

Pels < Tgx < 1] =/dy PRk (X, y; )Py [Tk <t —s],
Rm

(34)

(35)

(36)

(37)

(38)

(39)

(40)

where prm\g (-, - ;-) is the Dirichlet heat kernel for the open set R™\ K (i.e. the transition density of Brownian motion

with killing on K). By domain monotonicity of the Dirichlet heat kernel

PRk (X, 5 8) < p(x, y;8) < (4rrs)™"/2,

(41)
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We first consider the case t — s > T7. Then by (39)-(41)

Pys < Tk < 1] < (4mrs)™"/? / dyPy[Tx <t —s]
Rm

<2(4ms)MPC(K)(t — 5). (42)

Next suppose that T < T and ¢t — s € [T, T1]. Then by monotonicity

/dyIPy[TK <t—s5]< /dyIPy[TK < Ti]

R™ R™
<2C(K)T; £ 2C(K)%(t —5), (43)

and

Pyls < Tx <] < 2(47rs)_m/2C(K)%(t — ). (44)
Combining (42) and (44) we obtain that

Pyls <Tx <t]<Cs ™2t —s), t—s>T, (45)
with C given by

C=2(4n)_m/2C(K)<1 % ?) (46)
By (45)

Pols <Tx <t1<Pyt =T <Tx <t]1<CT@t—T)"™? t+—5<T, 47

and (34) follows from (45)—(47). O

Proposition 4. Let K be a compact and non-polar set in R™ (m > 3). Then for t — o0

Pt <Tg <o0] =Py [Tk = 0] Pyt < Lx <0o0]l+ Pyt < Tk < o0]Py[t < Lg < 00]
t

- [asbits < <01 [ mx@nptryin =5+ 0 P). (48)
0
Proof. Note that
Pylt < Tk <00l =Pt < Lx <00l = Px[Tk <1 < Lk]. (49)
By the strong Markov property

t
P, Tk <t < Lg]= Ex{/ITKedsPB(TK)[t —s<Lg < OO]} 50)
0
Using Lemma 3, (31) with z = B(Tx)
Pt —s < Lg <00l =Py[t —s < Lg <00]] < 1A Cx g (t —s)™™/2. (51)

If we can show that
t

Ex{ / Irgeds (1A Co e (t — s)—m/2)} =0(r/?), (52)
0
then, by (50)—(52),
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t

Py [Tk <t < Lgl= Exi / 7, edsPelt —s < Lg < oo]} +0(r/?)

0
t

d
:/dsd—(IP’x[TK <51 =Py [Tk <t])Pelt —s < Lg <00l +0O(t™™"/?)
)
0

=P [Tx < t]P,[t < Lg < o0]
!

d —m/2
+ ds}P’x[s<TK<t]d—IP’x[t—s<LK<oo]+0(t ). (53)
s
0
This implies Proposition 4 since, by (18),
d
Bl =5 < L <00l = [ ux@yperyir =) (54)
To prove (52) we note that
t

E{ / Irgeas (1A Cr ke (t —s>—'"/2)}

0
t

:/dsi(IF’x[TK <s1=P[Tx <t])(1 A Cxx(t —5)""/?)

ds
0
t*
=P [Tk <t1(1 A Cyxt™™?) + %CX,K/ds Pols < Tx < 1](t — s)~"+2/2, (55)
0
where
t"=@¢-T) VO, (56)
and
r=ciy o7

The first term in the right-hand side of (55) is O(t~™/?%). To estimate the second term in the right-hand side of (55) we

suppose that # > T and use Lemma 3 with 7 = Cf/ ,’: to obtain that
t*

/ds Py[s < Tx < t](t — s)~"+2/2

0
t-T)/2 t—T
< / ds (t — s)~m+2/2 4 f ds Cs™™/*(t —s)™™/2
0 (t—T)/2
t—T
<(@+1)2) "+ (e —T1)2) ™" [ ds(t —s)™"?=0(""?). o (58)
0

We conclude this section with the proof of Proposition 2 for m > 5. By Lemma 3, (29), the second term in the
right-hand side of (48) is O(#>~™) and hence is O(~"/2) for m > 4. By (19) and (15) we have for any z € R”

/ px(dy)p(z, yit —s) < CK) ™2, s€l0,1/2]. (59)
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Hence, by (29) and (59), we have for m > 5

1/2 1/2
fdst[s <Tk < t]/uK(dy)p(x,y;t—s) <C(K)z—m/2/ds(1 A C(K)s1=m2) = 0(1—™/2).
0 0

By (34) we have form > 5
—T =T
/ dsPy[s < Tk < t]/MK(dy)p(x, yit—s5)<C f dss™™2C(K)(t — )72 = 0(r~/?).
t/2 t/2
By (34) and (33) for E = [t — T, t] we have
t

[ asbuts <1 <ot [ ux@peeyie -9 <10 - 1) =0( ).
—T
By (60)-(62) and Proposition 4 we conclude that (21) holds form > 5. O

3. Proof of Proposition 2 for m =4

(60)

(61)

(62)

The proof of Proposition 2 for m = 4 and m = 3 relies on the asymptotic analysis of the third term in the right-hand

side of (48).

Proposition 5. Let K be a compact and non-polar set in R™ (m > 3). Then for t — oo
t
/dst[s < Ty <t]fu1<<dy)p(x,y;r—s>
0
! 4
=P, [Tk :oo]/dsIP’x[s <Lg <t]//u<(dy)p(x y; t—s)+ZA +0(r/?),
0 i=1

where

~

=/dsﬂ%[s < Tk <tPilt —s5 < L < oo]/w(dy)p(x,y;r—s),

=/dS]Px s <Tx <oo]Py[s < Lg < t]/uk(dy)p(x,y;t—s),

/dsfdr Pylt < Tx < r]fw(dz)p(x,z; - r)/w(dy)p(x,y; f—s),

:/ds/dr]P’ [t < Tk <s]/;u((dz)(p(x 7zt —1) — p(x,z; s—r))/,uK(dy)p(x Vit —s).
0

Proof. Since
Pels <Tx <t]=Pyls <Lg <t]+P[Tg <t < Lg]—P:[Tx <s < Lg],
we have that the left-hand side of (63) equals

(63)

(64)

(65)

(66)

(67)

(68)
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t
/dsIPu[s <Lk <r1/w<(dy)p<x,y;r—s>
0

t

+/ds (Pu[Tk <t <Lg]—Pi[Tk <s <L1<])/m<(dy)p(x,y;t—s).
0

By the strong Markov property we can write the second term in (69) as

t t

/ds Ex{ / lTKedTPB(TK)[t—‘L' < Lg < o0]
0 0

S
- / Iryed: Papls — 7 <Lk < OO]} /MK(dY)P(X,y; r—s).
0
First we show that we can replace B(Tkx) in (70) by x at a cost O(t_’”/2). By (52)

t t

/dsEx{/HKedf(l/\Cx,K(t—r)_’”/z)}/uk(dy)p(x,y;t—s)
0 0

t

< Ex{ / lTKedr(l A Cx,K(t - r)—m/Z)} = O(t_m/2)~

0

Moreover by (55)

t N

/dsEx{f1rkedt(1Acx,K<s—r>—m/2)}/w(dy)p(x,y;r—s)
0 0
t
= [asBtric <511 A Coes ™) [ pc@npevit =)
0

t s*

+/dsfdt Pyt < Tk < S]Cx,K%(s — r)_(’””m/ux(dy)p(x,y;t—s),

0 0

where
s*=(@E—-T)VvO.
By (59)

1/2

0
=0(r"/?).

By (33) with E = [t/2, 1]

o
/dst[TK <s](1 Acx,Ks—mﬂ)/MK(dy)p(x,y;t—s) < C(K)fm/2</ds(1 Acx,Ks—m/2)>
0

201

(69)

(70)

(71)

(72)

(73)

(74)
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t

f dsPy[Tx < s1(1 A Cy gs™™/?) / px (dy)p(x, yit —s5) < Cy g (1/2)""/? / ds / pr (dY)p(x, yit —s)

t/2 E
=0(r/?). (75)
To estimate the second term in the right-hand side of (72) we have that the contribution from s € [T, 2T'] is bounded
by
2T  s-T 2T
o5 [arcaro -2 [ucaypeyie=9< [ o [ueanpesie-s)
T 0 T
< C(K)T (¢t —2T)™"™/2. (76)
The interval [27, ¢ /2] contributes at most, by (34) and (59),
12 (s=T)/2
ds / dr Cx,K%(S -~ r)_(’””)/sz(dy)p(x, yit—s)
2T 0
t/2 s—T
+/ds / dr CCx,K%r’m/z(s—r)’”‘/z/w(dy)p(x,y;t—s)
2T (s=T)/2
12 (s=T)/2
< C(K)cx,Kr—'"/Z/ds / dr %(s _g)~m+2)2
2T —00
12 s—T
+CC(K)Cy gt/ f ds ((s = 7)/2) ™" / dr %(s _)ym/2
2T —00
_o(nP), a7

The interval [¢/2, t] contributes at most, by (33) and (34),

t/2<s<t

(s—=T)/2 s—T
sup [ / de Cx,Kg(s—r)*(m“)/% / de ccx,K%r*m/z(s—r)*m/2
(-T2

< sup {Cox((s+T)/2) " +3CC, x((s = T)/2) " P12} = 0(1~"7?). (78)

t/2<s<t

By (74)—(78) we conclude that the right-hand side of (72) is O(¢ —m/2y Then, by Lemma 3, (31), (71) we have that the
expression in (70) equals
t t d
/ds{ /dtd—(Px[TK <t1]—P[Tk < t])IP’x[t — T < Lg <o9]
T
0 0

N

_/dT%(Px[TK <] =Pu[Tg <s])Puls —7 < Lg < w]} /w(dy)p(x, yit—s5)+0(t7"?)

0
t t
:/ds{/dr%(Px[TK <t]—-P[Tg <t])IP’x[t—r < Lg < o0]
0

s
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—/dr%(Px[TK <t1]—P,[Tk <s])]P’x[s —1t<Lg <t—‘l,']} /MK(dy)p(x,y;t—S)—i-O(f’"/z)
0

—P, [TK<oo]/dsIP’ s<LK<t]/MK(dy)p(x y,t—s)+ZA +0 _’"/2) (79)
i=1

after two integrations by parts. Proposition 5 follows by (69) and (79). O
Below we obtain the asymptotic behaviour of the first term in the right-hand side of (63).

Lemma 6. Let K be a compact and non-polar set in R*. Then for t — 00
t

/ dsPyls < Lg <] / k @)p(x. yit — ) = 2(4m)*C(K)
0

zlogt +0(72). (80)

Proof. By (35)
T

T
/dsIP’x[s <Lk <t]/wc(dy)p(x,y;t—s)</ds/m<(dy)p(x,y;t—s)
0 0
<CEK)T(t—-T)"2 (81)
By (33)

t

/ dsPyls < Li < r]/mdy)p(x,y; () <Pl —T <Lg <1] f ds/w(dy)p(x, yit—s)
t—T t—T
<Pt —T < Lg <t]<CK)T/(t(r = T)). (82)
Furthermore by (35) and (19)
=T =T

/dst[s <Lk <t]/,uK(dy)p(x,y;t—s) < (@4m)~*C(K)? / ds(s7' =t -5

T T
= 2(4m)” 4C(K)2—+O( %), (83)

which proves the upper bound in (80). To prove the lower bound in (80) we have by (35) and (19)

t

/dsIPx[s <Lk <r1/m<(dy)p<x,y;r—s>

0
t—T t
) lx —z|?
> / dS/df(4ﬂt) //uc(dz) 1- e /MK(dy)P(X»y;t—S)- (84)
T s

2
/ds/drmm) Z/Md)' d /w(dy)p(x,y;r—s)

Since

< C(K)*(Ix| + R) / /drt_3(t—s)_2:O(t_2), (85)
T N
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we have that the left-hand side of (84) is bounded below by

t—T t
[ a5 [aramoed) [ux@pe i - +06)
T S

=T =T
> () *C(K)? / ds(z—s)*z(s*l—fl)—cur<)2(|x|+R)2 / ds(t =) (s =171 +0(c7?)
T T
= 2(471)_4C(K)21(;—§t +0(:7?). (86)

The lower bound in (80) follows from the estimates in (84)—(86). O

We conclude this section with the proof of Proposition 2 for m = 4. By (29) we have that the second term in the
right-hand side of (48) is O(t~2). Below we will show that A; = O(~2) fori = 1,...,4 and t — oo. This implies
Theorem 1 for m = 4 by Propositions 4, 5 and Lemma 6.

The contribution from s € [0, T] to A in (64) is bounded by C(K)T (t — T)_Z. Similarly by (33) with E =
[t — T, t] and (34) the contribution from s € [t — T, ¢] is bounded by

t
Pt — T < Tk <t] / ds//u((dy)p(x, yit—s) < CC(K)T/(t(t — T)). 87)
=T
The contribution from s € [T, t /2] is bounded, using (29), by
t/2

/ds C(KYs't—9"3 =o<k;—§t>, (88)
T

and the contribution from s € [t/2,t — T] is bounded, using (34) and (29), by
—T
/ ds CC(K)2s 72t — )2 =0(t7?). (89)
/2
This proves that A| = O(t’z).
The contribution from s € [0, T'] to A, is bounded by C(K)T (t — 7)~2 and the contribution from s € [r — T, ] to
A» is bounded, using (29), by C(K)?(t — T)~2.
Finally, the contribution from s € [T, t — T] is bounded, using (29), (30), by
=T
/dsC(K)3s_](s_l —t Nt —-s)"2=0(t7?). (90)
T
This proves that A, = O(t’z).
The contribution from s € [0, /2] to A3 is bounded, using Lemma 3 and (59), by

12 1)2 —T t
C(K)3 CC(K)? CC(K)T 1
’Z/dS{/dfﬁﬁL / dfﬁJf / dt(t_(iT))z/MK(dZ)P(x,Z;t—r)}:O(—(Z§I>.
0 s t/2 t—T

(29)
The contribution from s € [¢/2, t] to A3 is bounded, using (34), by

T -
/ds/dfT/MK(dZ)P(x,ZQI—T)/MK(dY)P(x’Y§t—S)

t/2 s
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t t
CcT
Ta-n? / @ f drfMK(dZ)p(x’“—f)/MK(dy)p(x,y;t—s)
t—T t-T

t

2
4C CcT
<t—2(/dr(t—f)l/zqu(dz)p(x,Z;t—t)) +m

—0(12), 92)

where we have used that for m =4

o0

1 _
/drrl/zfux(dy)p(x,y; T):&T—3/2/MK((1)’)|X_)’| :
0

172 1/2
! -2 1/2
gm(/:‘“((dyﬂx_ﬂ > </MK(d)’)> < C(K) '~ 93)

This proves that A3 = 0@t~ 2).
The contribution from s € [0, 2T'] to A4 is bounded by

s t
2C(K)T
70_(2;)2( / dT/MK(dZ)P(x,z;s—t)+ / dr/MK(dy)p(x,y;t—t)> =0(r72). (94)
The contribution from s € [2T, /2] to A4 is bounded by
T ey fo2ewe F acck) ] cT
-2 b N N o
cuon [af [ar 200 [ 2004 [0 2805 [uc
2T 0 T 572 soT
X /MK(dz)(p(x,z;s —7)+plx,z;t — r))} =0(r7?), (95)

where we have used that P,[t < Tx < s] is bounded on the intervals [0, T'], [T, s /2], [s/2,s —T]and [s — T, s] by 1,
C(K)/t,C(s — ‘L’)/T2 and CT/(s — T)?2 respectively.
To bound the contribution from s € [¢/2, t] to A4 we use that uniformly in x, z, s, T and ¢

P25 =) —p, 51 =D <G —DTAC=) DAl =5 -2 (96)
First of all the contribution from the rectangle {(s, 7): 1/2 <s <t, 0 <t < T} to A4 is bounded by
t

T t
2C(K 2C(K)T
[ as [ar 225 [x@mpteoyie =0 < 2555 [as [uc@pyie—n=06). o)

t/2 0 /2
Secondly, by Lemma 3 and (96), (93)

t s/2
[ a5 [arritr <1 <s1 [ ie@olpezie = = pvzis = 0] [ux@pe.yie=s)
t/2 T
F CK R =)
</dS/d‘Cw/MK(dY)P(Ly;f—S)
1/2
t —5/2 A Ky
<C<K)2(Z) / ds (r—s)‘/zlog(ﬁ) f ng (dy)p(x,yit —s)

t/2
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s ¢ —-5/2 ¢
cewr () ()

Thirdly, by Lemma 3 and (96), (93)

/ds / drPylt < Tx <s]/m<<dz)}p<x,z;t— ) pCrazis — r)}/wmy)p(x,y; (-5

t/2  s/2
CCK) (1 —5)\2
/ / g(s)i .L-)%s/)z /MK(dy)p(x, yit—s)
/2 s/2

<16CC(K) / ds (1 — )12 f bk (dy)pr, yi1 — )

0
s—T
x / dr (s — )32 <32cC(K)> 1712172,
-0

Finally, by Lemma 3,

t s
/ds f drPx[KTK<s]/ux<dz>|p<x,z;t—r)—p(x,z;s—r)\fumdy)p(x,y;r—s)

t/2  s=T
1

/ds 7@_”2 / dr/mc(dz)(p(x zt—=1)+px,z s—f))/ﬂk(dy)p(x yit—s)

t/2
8CT
<——.
(t —2T)?2
This completes the proof of A4 = O(t~2) and hence of Proposition 2 for m =4. O

4. Proof of Proposition 2 for m =3

Throughout this section we assume that m = 3. By Propositions 4 and 5

P.[t < Tx < ool = (1= Py[r < Lx <00])” Py [Tk = 00]Py[r < Lg < o0]

t
— (1 =Pylt < Lg < 00]) ' P, [Tk =oo]/dsIP’x[s <Lg <t]
0

4
X /MK(dy)p(x, yit—s)— (1 =Pyt <Lg < oo])fl ZA,- +O(f3/2).
i=1
By (20)

(1 —Plt<Lg < oo])_lPx[TK = o0]P,[t < Lg < 00]

— P, [Tk = 00lP,[1 < Lg < 00l + (167°) ' C(K)*P, [Tk = oolt ™! +0O(: 7).

Lemma 7. Let K be a compact and non-polar set in R3. Then for t — 00
t

/dSIPx[S <Lk < t]/uk(dy)p(x,y; t—s)=(162%) "' C(K)2r +O(t7).
0

(98)

99)

(100)

(101)

(102)

(103)
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Proof. By (19)

/ px (dy)p(x, yit —s) < (4m) 2CK) (1 — 5) 72, (104)

so that by (104) and (30)
t 1
/dsIP’x[s <Lg < t]/MK(dy)p(x, yit—s)< (327'[3)71C(K)2f1 /dss71/2(1 +sl/2)71(1 .
0 0
=(167) "' c(K)2 1, (105)

where the integral with respect to s € [0, 1] is evaluated by the change of variable s = (sin0)2. To prove the lower
bound in Lemma 7 we have

(xl+R)2
/ pk(dy)px, yit —s) = @Gm) PCEK) @ — )7 = (dm) PCE) @ — 5) (1 —e Hm), (106)
Since
! 2 ! 2
(x|+R) (x|+R)
/dst[s <Lg<t(t—s)P(1—e )< C(K)/ds (s7V2— 1712t — )2 (1 —e” 5
0 0
e do (x1+R)?
— 2C K t_l P 1 _ _4[((:056)2
(K) f Treme e )
0
/2
1 _ (x+R)? _ap
<2C(K)t / do(1—e % )=0("?), (107)
0
we have that the left-hand side of (103) is bounded from below by
t
(471)’3/2C(K)/ds Pils < Lg <1t —s) 2+ 0(t73/?). (108)
0
Since
t
—3/2 _(|X|+R)2
Pils <Lg <t]> | ug(dy) | dr (4z1) e &
S
x 2
= (¥ T K (s = ) (1= (1— e ), (109)
we have by estimates similar to (107) that (108) is bounded from below by
; 2
(167%) ' c(k)} ' — c(k)*! f ds (s7172 = 1) (1 —5)"32(1 — e ") 4 0(1=3/2)
0
= (167°) ' c(K)2 "+ 0(131). (110)

This completes, by (106)—(110), the proof of the lower bound in Lemma 7. O

By Lemma 7 we obtain that the term of order r~! in (102) cancels with the second term in the right-hand side
of (101). So the proof of Proposition 2 for m = 3 is complete if we can show that

4
ZA,- =0(t7%?%), t— oo (111)
i=1
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However, it turns out that each of the A; is (for m = 3) of order (log?)/ t3/2. So in order to obtain (111) we will
show that the sum of the coefficients of logz/#3/% of the A;’s cancel with remainder O(r—3/2). In Proposition 8 we
state that P, [s < Tx < t] in (64) can be replaced by P, [s < Lx < t]P,[Tx = o] at a cost of O(t’3/2) with similar
replacements in (65)—(67) respectively. In Lemma 9 we obtain, using Proposition 8, the desired asymptotic behaviour

of each of the A;. This in turn implies (111) and thereby completing the proof of (111) and of Theorem 1.

Proposition 8. Let K be a compact, non-polar set in R3, and let A; i =1, ..., 4 be given by (64)—(67) respectively.

Then for t — 00

t
Al =P, [Tk =oo]/dsIP’x[s <Lg <t]Py[t —s <Lk < oo]/,uK(dy)p(x,y;t—s)+0(t_3/2),
0
t
Ay =P, [Tk = oo]/ds]P’x[s <Ly <o0o]Py[s < Lg < t]/,uK(dy)p(x,y; t—s)+0(73),
0

t t
A3=1P’x[TK=OO]/ds/drIP’x[r <Lk <t]/u1<(dz)p(x,z;t—r)
0 K

x /MK(dy)p(x,y; t—s)+0(t7?),

t
Ay =P, [Tk =oo]/ds/drPx[r < Lg <s]/;u<(dz)
0 0

x (p(x,z;t —1) — p(x, 255 — t))/,uK(dy)p(x, yit—s) +O(t_3/2).

It is convenient to denote the first term in the right-hand sides of (112)-115) respectively by Bj, ..., Bs.

Lemma 9. Let K be a compact and non-polar set in R3. Then for t — 00

logt

B =2(41) 2 C(K)’ Py [Tk = o0l + o(13/?),
_ —9/2 3 _Jogr —3,2
By = 44m) " C(K) Px[Tg = 00] 577 + o),
logt
By = 2(47)"Y2C(K)*P,[Tx = oo]ﬁ% +0(13),
log?

By =—8(4m) 2 C(K)’PulTx = 00l +0(:~2).

Proof. By (29), (30) and (104)

r=y[2

t
By <4(4m)~2C (KB [Tk = o0 / ds (5712 =172 =) / Bk (dy)e” 5.
0

On the other hand, by (35)

(lx[+R)?

Pyt —s < Lg <00] = 2(4m) 2C(K)(t — )2 (1 4+ H5 —1).

Hence by (109) and (121)

(112)

(113)

(114)

(115)

(116)

(117)

(118)

(119)

(120)

(121)
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t
B > 4(4n) 2 C(K)* P, [Tk = 0] / ds (s7'2 =712t —5) 72
0

x—y X 2 x 2
/MK(dy)e ‘4(: =) (1 — (1 —e <|4(|:1§; ) - (1 — e*%)), (122)

Below we will compute the leading asymptotic behaviour of the right-hand side of (120). Substitution of s = 7(cos #)?
in (120) yields that the integral equals

/2 P 2
2t’3/2/MK(dy)/d9 (sin®) "' (1 + cos@)~le aine)? . (123)
Since
(sin®) ' (1 +cos®)" ' <20) ' +4, 0<6<m/2, (124)

we have that the right-hand side of (123) is bounded from above by

/2 00
by 1
t_3/2/u,1<(dy) f 9ol +0(t73/?) =§t_3/2/,u,1((dy) / duu=te ™ +0(t73/?)
0 lx—y[2
Jth
1 412
:Et_3/2/,uk(dy)log<| - yl >+o( 1737), (125)

This gives, together with (120), the desired upper bound for the asymptotic behaviour of the right-hand side
of (120). The lower bound for the right-hand side of (120) follows similarly, using (sin®)~1(1 4 cosO)~! >
(26)~!, 0 <@ < /2. Furthermore returning to (122) we have that

t

lx—y[? (x[+R)?
/ds (s712 =712 - s)_Z//LK(dy)e_ g (1—e %)

0
2
! le—y[? (x[+R)>
§2t_3/2/d9 (Sin9)_1fw<(dy)e 41(sin6)2 (l—e 4t(sm9)2)
0
/2
4t (sin@)2\ /2 _ (x+R)?
<2r—3/2/d9 (sin@)_lv/‘/“((dy)<%) (1— ¢ wen?)
X =Y
0
(0@}
1 x2(x+R)? 3
< 16wt~ (/MK( y) )/d@ 1—e BCZ ):O(f / ), (126)
0

and

t
Le—y[2 i R)
/ ds (s72 =171 —5)7? / i (dy)e T (1 —e” Ta0)
0

p _ 1/2 .
S e e B e R (e
x=y

0

t
< Snt_lfds sV —s5) V(1 -
0

_ (xl+R)?
4s

)
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s _ Wxl+R)?
=16m—1/d9(1—e wen0?) = 0(13/2). (127)
0

It follows by (126) and (127) that the two remainders in the right-hand side of (122) contribute each at most ot —3/2).
This completes the proof of (116).
To prove (117) we note that by (29), (30) and (104)

r—y[2

t o0
By <2(4m) 2C(K)*P, [Tk =+oo]/ds (s_l/z—t_l/Z)(t—s)_S/Zf,u,K(dy)/dr 13w
0 K

/2 00
do _ ey
= 4(4m) P C(K)*P [Tk = oolt >/ / — / 1k (dy) / dr 1732 meno? | (128)
sinf (1 + sinf)
1
On the other hand
t
By >2(4m) 2C(K)* P, [Tk = oo]fds (s7V2— 1712t —5)732
0
! 2 2 2
ey x (x|+R)
X /MK(dy)/dr =32~ (1-( e )— (1 —e d=)). (129)
N

Below we will compute the leading asymptotic behaviour of the right-hand side of (128). Using the inequality
(sinf)~' <671 +4, 0 <6 < /2, we obtain for (128) the upper bound

/2 0
_y?
4(471)’9/2C(K)21F’X[TK=oo]t’3/2/d@@’]/drt’yz/ug(dy)e el +0(r73/2), (130)
0 1

and the upper bound follows by a calculation similar to (125). The lower bound for the right-hand side of (128) follows
using (sin )11 +sin@)~! =61 —4, 0 <6 < /2. Furthermore returning to (129) we have a first error term

t

t
—1/2 _ ;=172 -3/2 _ xRy L3 oyl
ds (S —t )(t_s) (] — € 4s ) ,bLK(dy) drt e ir (131)
s

0

Since

t [e9]
3/2 \X—)’\z 3/2 4'[ 1/4
/MK(dY)/dT 2% w </u1<(dy)/df =/ (ﬁ)
x—y
N N

< 4ﬁs—1/4[m<(dy>|x —yI712

1/2
< 4ﬁs—1/4</ ik (dy)|x — y|_1> C(K)'/?

<82 s~V (K)12, (132)
we have that (131) is bounded from above by

t

M 2

8v2m C(K)! /21! /ds s =) P (1 e
0

~—
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/2
_xl+R)?
< 16x/2nC(K)1/2t_5/4/d9 (sin@)~1/2(1 — e #ein0)?)
0
o0
1/2,-5/4 —12 — eliRy? 3
< 167C(K)?t doo712(1—e™ w2 ) =0(r?).
0

The second error term is bounded by

t

t
—-1/2 —-1/2 -3/2 _ (x+R)? 32— lx—y[2
ds (s —t7 At =) (1—em W) | ug(dy) [ drTT e
N

0

t
_ (x+R)?

<SJEC(K)l/zt_I/dss_3/4(f—s)_”z(l —e” )
0

t
<87 C(K)'(1x| + R)1! /ds s — )T =0(),
0

211

(133)

(134)

where we have used (132) and the inequality 1 —e™? < 6'/4, 6 > 0. It follows by (133) and (134) that the two

remainders in the right-hand side of (129) contribute each at most O(t_3/ 2). This completes the proof of (117).

To prove (118) we note that by (30) and (104)

t
\«v—ylz
B3 < 2(4m)72C(K)?P, [Tk = 0] / ds / g (dy)e” 5T (t — )32
0

t
X /d‘L’ (72— — )2,
s

On the other hand

t

(135)

t
lx—y[2
B3 = 2(47) " 2C(K)*P, [Tk =oo]/ds/;u<(dy)e_4<fﬂ') (t —s)*3/2/dz (12— — )2
0

N

el+R)% _ (+R?
x(1=(1—e " ) = (1—e Hun)).
Below we will compute the leading asymptotic behaviour of the right-hand side of (135). Firstly, since

t t

_ _ _ 12— -1 - t—s)'?
/dr(r 12 =12y — 1) 3/2=/drr V2=12(1/2 4 412) 7 g 1/227

\y \y

we have that the right-hand side of (135) is bounded from below by

iy

t
2(d) 2 C(K)2 By [T = ool / ds / pk (dy) (i —5) e 50
0

= logt _
> 2(4) 2 C(K)*P, [Tk = oo],s% +o(),
Secondly, since

t

_ol2 2 — )2
1212y, =32 (E—=9) (t—s
/dr (r t )(t T) < 2 + 2,1/2

N

(136)

(137)

(138)

(139)
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we have that the right-hand side of (135) is bounded from above by

t
be—y[?
2047) 22 C(K)’P, [Tk =oo]t_3/2/ds/,uk(dy)(t — )" le di +0(r3/?)

<204m)PC(K) P [Tk = 00]3—/2 +0(t7373). (140)

In order to complete the proof of (118) we have to show that the two error terms in the right-hand side of (136)
contribute at most O(t_3/2). Since the right-hand side of (139) is bounded from above by 3(r — s)l/zt_ls_l/2 we
have that the first of these error terms is bounded by

=y (x[+R)?

t
C(K)*t™! /ds/u,((dy)(z—s)*ls”/ze‘—w—w (1—e % )
0

t

x 2
gan(K)Zt—lqu(dy)mmx—y|)—1/ds (t — )25 12 (1 — e~ HE)
0
/2 )
_ (x+R)
<16nC(K)2f1/d9(1—e weno?) = Ot /2. (141)
0

The upper bound for the second of these error terms follows by a similar calculation. This completes the proof of (118).
To prove (119) we rewrite By as follows.

By = (4m) (K )Py [Tk = ool / ds / pk (dy)pr, yi1 —s)

X fdr (=D = (s —r)””)fdp/m(dw)p(x,w;p)

0

t
+ (d) 2By [T = oo] / ds f sk (dy)p(r, vt —s) / ik (d2)

N

[ - f o [ nrtw)pir.wi p

0

+ (4m) PP [Tk =oo]/ds/ux<dy)p(x,y;t—s)/mdz)
0
S N
~3/2 el
x [dr(s—1)/*(1—e %) [ dp | uk(dw)p(x, w; p). (142)
0 T
We first show that the third term in the right-hand side of (142) is bounded in absolute value by O(r ~3/2). Note that

\tfw\z

f dp / pk (dw) px, w; p) <2(4m) (717 = 57172 f pk (dw)e™ & -

x—w|?
g(s—r)r—l/%—lfw(dw)e——‘ we (143)
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Hence the absolute value of this third term is bounded by

(x[+R)2 2

t s
C(K)fds/;u((dy)p(x,y;t—s)/dr (1—e %o )(s—r)—l/zr—l/zs—lfw(dw)e—”i—?”

/2

_ (xR x—wl?
_2C(K)/ds/;u((dy)p(x y,t—s)s_I/dG(l—e 4s<sine>2)/MK(dw)e——‘ W
0
< @m2(Jx| + R)C(K) f ds / pk @) p(e.yit —s) / sk (@) p(x, wi s) = O(1~2). (144)
0
SinceforO< 1t <s <t
lx— x|+ R)?

(t — r)_3/2( — e du- r)) <(s— r)_3/2(1 . e_(“:j; ), (145)

we have that the second term in the right-hand side of (142) is also estimated by (144).
It remains to find the asymptotic behaviour of the first term in the right-hand side of (142). By the first inequality
in (143) we have that this term is bounded from below by

24m) 2 C(K)P, [T = o] / ds / 1k (@)@ — )25

N
* / dr (=072 = (s =) (712 =571 / e dw)e 5 (146)
0
A straightforward calculation gives that
s
/dr (s — 0732 ¢ — r)—3/2)(t—1/2 _ S—I/Z)
0
=20t -+t =)' 5T @ =)+ (s + 60V @ =72 (24527 a4
Hence (146) equals

=y w2

t
—4(4m) P C(K)P, [Tk :oo]/ds/MK(dy)/MK(dw)e*m*T(r‘/z+(r—s)1/2)‘1s—1

x [0 =)+ (1 45+ 602) @ — )72 (2 451271, (148)

The first term in the square brackets of (148) gives the contribution

—6(4m)"2C(K)*P, [Tk = OO]W-FO( —3/2), (149)

and the second term contributes

—2(47) PC(K) Py [Tk = oo]3—/2 +0(7?). (150)

By (146)—(150) we conclude that the first term in the right-hand side of (142) is bounded from below by the expression
in the right-hand side of (119). Since

\x—w\Q

/ dp f i ([dw)plx, w; p) > 204m) (712 = 571/2) / pk (dwye™ (151)
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we have, by (143), that the resulting upper bound differs from the lower bound by at most

t N
fds/w(dy)p(x, vit —s)fdr (== -07?)
0 0

x C<K>(r‘”2—s‘”z)/mdw)( e

r—w[?

t
</ds//u((dy)p(x,y;t—s)/MK(dw)s_le"4&
0

x C(K)/dr r 2 (s — 1)1 (1 = e P w)),

By substituting 7 = s(sin 0)% we have that

t /2
_ x—wl?(cos6)? (0056)2
/df T_l/z(s — T)_l/2(1 — e_lx_w‘z(%_%)) g 2/ d@(l —e 4$(sm9)2

0 0
< @m)' (x| + R)s 2.

Then (152) is bounded from above by

t
<4n>26<1<>(|x|+R)/mdy>/uk<dw)fdsp<x,w;s>p(x,y;r—s).
0

(152)
o0
_ (x+R)?
2/d9 l—e 562 )
0
(153)
(154)

But (154) has been estimated in (144). This completes the proof of (119), Lemma 9 and Proposition 2 form =3. O

Finally one can show that, by going through the estimates leading to the proof of Proposition 2, the remainder
O(~/?) in Theorem 1 is uniform on compact subsets of R”\ K . This completes the proof of Theorem 1.
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