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Abstract

Based on our previous work, Fu (Invent. Math. 151 (2003) 167-186), we prove that, given any two projective symplectic
resolutionsZ1 andZ» of a nilpotent orbit closure in a complex simple Lie algebra of classical t¥pés deformation equivalent
to Z,. This provides support for a ‘folklore’ conjecture on symplectic resolutions for symplectic singulafitieste this
article: B. Fu, C. R. Acad. Sci. Paris, Ser. | 337 (2003).
O 2003 Académie des sciences. Published by Editions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé

Résolutions symplectiques pour les orbites nilpotentes (11). En utilisant notre résultat précédent, Fu (Invent. Math. 151
(2003) 167-186), nous montrons qu'étant données deux résolutions symplectiques projectateg, d’'une adhérence
d’orbite nilpotente dans une algébre de Lie simple classigyesst déformation équivalenteZp. En particulier, ceci vérifie
une conjecture «folklore » sur les résolutions symplectiques pour les singularités symple&iguester cet article: B. Fu,
C. R. Acad. Sci. Paris, Ser. | 337 (2003).
O 2003 Académie des sciences. Published by Editions scientifiques et médicales Elsevier SAS. All rights reserved.

Version francaise abr égée

SoitG un groupe de Lie semi-simple complexe, connexe d’algébre dg SeitO une orbite nilpotente dans
Alors O est lisse en codimension 1. S@ril existe une forme symplectique holomorpheforme de Kostant—
Kirillov). Une résolution des singularités: Z — O estsymplectiquesi la 2-formen*(w), définie a priori, sur
7-1(0) s’étend en une 2-forme symplectique gutout entier.

Dans [3], nous avons montré que pour une telle résolution symplectique projective, la Zaggitisomorphe &
T*(G/ P) pour un sous-groupe paraboliqgiede G. Le but de cette Note est de comparer deux telles résolutions.

Rappelons que deux variétég et Z, sont déformation équivalentes s'il existe un morphisme ﬁla@ S
au-dessus d’'une courbe connekéel queZ1 et Z, sont isomorphes a deux fibres ge Dans cette Note, nous
montrons le théoréme suivant :
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Théoreme 0.1. SoitO une orbite nilpotente dans une algebre de Lie simple complexe classique. Supposons que
O possede deux résolutions symplectiques projectives O et Z, — O. Alors Z1 est déformation équivalente
aZo.

Comme corollaire, les adhérences des orbites nilpotentes dans une algébre de Lie simple complexe du typ
classique vérifient la conjecture suivante :

Conjecture 0.2. Soit X une variété irréductible avec singularité symplectique. Soignt> X, i = 1, 2, deux
résolutions symplectiques projectivesXieAlors Z; est déformation équivalentezy.

QuandX est projective, cette conjecture a été démontrée par Huybrechts (Theorem 4.6 [6]). Dans [7], Kaledin
a démontré cette conjecture sous une hypothése assez restrictive. Dans [4], nous avons vérifié cette conjectu
pour certaines variétés avec singularités quotients. L'article [4] contient aussi d’autres résultats sur les résolutions
symplectiques des orbites nilpotentes.

L'idée de la démonstration du Théoréeme 0.1 est la suivante. Nous montrons d’abord que pour un sous-groupe
paraboliqueP de G avec le facteur de Levi, T*(G/P) est déformation équivalente@/ L. Ensuite, en utilisant
les résultats de Hesselink [5], nous montrons que pour deux résolutions symplegtigGes;) — O, i =1, 2,
d’'une adhérence d’orbite nilpotente dans une algébre de Lie simple complexe classigt¢ Psast isomorphe
a G/ Py, soit P1 et P, ont un facteur de Levi en commun, ce que achévera la démonstration.

1. Introduction

Let X be a complex variety, which is smooth in codimension 1. Following [1], the vaNely said to have
symplectic singularitied there exists a holomorphic symplectic 2-foenon Xeq such that for any resolution of
singularitiesr : Z — X, the 2-formr*w defined a priori Om_l(Xreg) can be extended to a holomorphic 2-form
on Z. If, furthermore, the 2-formr*w extends to a holomorphic symplectic 2-form on the whol&Zdbr some
resolution ofX, then we say thaX admits asymplectic resolutiorand the resolution is calledsymplectic

One important class of examples of symplectic singularities consists of nilpotent orbit closures in a semi-simple
complex Lie algebra. Projective symplectic resolutions for these singularities have been completely characterizec
in [3]. This Note studies the relationship between two such projective symplectic resolutions.

Recall that two varietie¥1 and Z, aredeformation equivalerif there exists a flat morphiSIﬁ—f> S over a
connected curvé such thatZ; andZ, are isomorphic to two fibers of. The purpose of this Note is to prove the
following:

Theorem 1.1. LetO be a nilpotent orbit in a complex simple Lie algelyraf classical type. Suppose th@tadmits
two projective symplectic resolutioy — O and Z>, — O. ThenZ; is deformation equivalent t@».

In particular, we see that; and Z, are diffeomorphic, thus they have the same topological invariants (Betti
numbers, etc.), which is in some sense the McKay correspondence for nilpotent orbit closures. Another motivation
of this result is to provide support for the following:

Conjecture1.2. Let X be an irreducible variety with symplectic singularities. Suppose that we have two projective
symplectic resolutionsZ; — X andZ> — X. ThenZ; is deformation equivalent t@o.

WhenX is projective, this conjecture has been proven by Huybrechts (Theorem 4.6 [6]). In [7], Kaledin proved
the conjecture under a rather restrictive hypothesis [7, Condition 5.1]. In [4], we proved that any projective
symplectic resolution for a symmetric produst” of a symplectic connected surfadeis isomorphic to the
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Douady—Barlet resolutiog!”! — @ In particular, this also verifies the above conjecture. Some other results
on uniqueness of symplectic resolutions for some quotient symplectic singularities and for some nilpotent orbit
closures are obtained in [4].

2. Key lemma

I am indebted to M. Brion for pointing out the following lemma, which plays a key role in the proof of our
theorem.

Lemma 2.1. Let G be a semi-simple complex connected Lie group with Lie alggbtzet P be a parabolic
subgroup ofG with Levi factorL. ThenT*(G/ P) is deformation equivalenttG /L.

Proof. We first show thatj(G/P) is deformation equivalent t&#/L as P-varieties, where is a base point of
G/P. Letp, be the Lie algebra of the unipotent radiggl of P. Thenp,, equipped with the adjoint action &f,
is identified withT,(G/ P).

Let z be an element in the center b= Lie(L) such that its centralizer it¥ is exactlyL, then its centralizer

in g is exactlyl. Consider the familyy := (tz + pu)te(c—f> Cz = C of sub-spaces ig. Note that each subspace
tz + pu is stable under the adjoint action bfand the adjoint action oP, (since[z, p,] is contained irp,). Thus
we get a family ofP-varieties withp, being the special fiber.

Now we show thatz + p, is isomorphic toP /L for ¢t # 0. In fact, theP-orbit of 7z coincides with theP, -orbit
of ¢z, which is closed irg (since P, is unipotent), butAd(P, )tz and¢z + p, have the same tangent spaces:at
thusAd(P,)tz is also open inz + p,,, which shows thatz + p, is exactly theP-orbit of tz. By our choice of;,
the latter is isomorphic t@ /L.

Now consider the familyG x p V — C, which is given by(g, v) P — f(v). Then the central fiber i8*(G/P)
and other fibers are all isomorphic@y/ L, which concludes the proof.O0

Remark 1. Notice that if two parabolic subgroup?, and P, have a Levi factor in common, then the two
deformationsG x p, V1 — C andG x p, V2 — C have the same fibers ov€r— {0}.

Remark 2. The natural morphism

GxpVSWp Cg, (g v)~Adgv

gives a deformation of the Springer resolution7*(G/P) — O, whereWp is the image ofr, depending a priori
on the polarizatior?. Notice thatz, is an isomorphism if £ 0.

3. Proof of Theorem 1.1

First let us recall the following theorem from [3]:
Theorem 3.1. Let O be a nilpotent orbit in a semi-simple complex Lie algeprand G a connected Lie group
with Lie algebrag. Suppose thad admits a symplectic resolutiah — O. ThenZ is isomorphic tol'*(G/ P) for
some parabolic subgroup of G and under this isomorphism, the map~ 7*(G/P) — O becomes the natural

collapsing of the zero section.

Such a parabolic sub-groupis called goolarizationof O in [5]. So to prove Theorem 1.1, we need to show that
if we have two polarization®, P> of O such thatr*(G/P1) andT*(G/ P2) are birational ta©, thenT*(G/ Py)
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is deformation equivalent t6* (G / P2). In fact, we will prove that eitheP; and P, have conjugate Levi factors or
G/ Py is isomorphic toG/ P2 (in some cases gf = s02,). Then Lemma 2.1 will conclude the proof.

To this end, we will do a case-by-case check, using the results of Hesselink in [Sl=[aAt ..., dy] be the
partition corresponding to the orhi? (cf. Section 5.1 [2]). Lek = [s1, ..., s¢] be the dual partition ofl, where
si=#jdj>i}.

3.1. Casgy =sl,

LetV =C". Aflag F of V is a sequence of sub-spaces @y C F1 C --- C Fr = V. ltstypeis the sequence
(p1, ..., px) given byp; =dim(F; /F;_1). One shows easily that the stabilizZerc G of F is a parabolic subgroup.

By Theorem 3.3 [5], any polarizatioR of O is a stabilizer of such a flag with type (s, (1), . . ., S5 %)) for some
permutations € &y, and they have conjugate Levi factors.

3.2. Casgy =sp,,

Let V = C?" and¢ a non-degenerate anti-symmetric bilinear formWnA flag F = (Fo, ..., Fy) is called
isotropicif F- = Fy_; for 0<i < k, whereF;* is the orthogonal space & with respect to the bilinear form.
The type(ps, ..., px) of an isotropic flag satisfiegs; = pr+1—; for 1 <i < k. By Lemma 4.3 [5], every parabolic
subgroupP of G is the stabilizer of some isotropic flag, and two parabolic subgroups with the same flag type are
conjugate under the action of (Lemma 4.4 loc. cit.).

Here all congruences are modulo 2. For an even numpet

Pai(2n, q) = {partitionsr of 2n | 7; =11if j <q; m; =01if j > q}.

The unionPai(2n) = Uq Pai(2n, ¢) parametrizes all conjugate classes of Levi factors of parabolic subgroups in
G. For anyg, there exists an injective Spaltenstein mapping (Proposition 6.5 [5])

Sy - Pai(2n, g) — P1(2n),

whereP1(2n) is the set of partitions of/2in which odd parts occur with even multiplicity (cf. Section 5.1 [2]).

By the proof of Proposition 3.21 [3], iP is a parabolic subgroup @ such thatT*(G/ P) gives a symplectic
resolution forO, then one hag = #{ | d; = 1}. The injectivity of the mars, implies that any two such parabolic
subgroupsP; and P> have conjugate Levi factors.

3.3. Casgy=s02,+1

Let V = C%t1 and letg be a non-degenerate symmetric bilinear formiarin the same way as in the case of
g = sp,,, one defines the notion of isotropic flags. The proof folows in a similar way to the case 6f,,.

3.4. Casgy =soy,

Let V = C% and¢ a non-degenerate symmetric bilinear form ¥nThe groupH of automorphisms o#/
preservingp has two components. The identity componentois our Lie groupG ~ SO(2n).

By Lemma 4.4 [5], the class of parabolic subgroups;ofvith flag type(ps, ..., px) splits into two conjugacy
classes (denoted b#; and P,) under the action of; if and only if kK = 2r and p, > 2. Furthermore, the two
parabolic subgroups are conjugate under the actidh,éf., there exists an elemént H such thatP, = hP1h~ 1.
Take an isotropic flag’ = (Fop, ..., Fr) € G/P1,thenF’ =hF = (hFy, ..., hFy) is an isotropic flag irG / P,. This
gives an isomorphism betweé&ty P1 andG/ P».

So we need only to consider polarizationg®dfwith different flag types. By the proof of Proposition 3.22 [3]
and the proof of Lemma 4.6 [5], two such polarizations have conjugate Levi factors.
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4. Concluding remarks

4.1. Though we believe that Theorem 1.1 is also true for exceptional Lie algebras, because of a lack of a com-
plete description of the polarizations of their nilpotent orbits, we do not know how to check this.

4.2. One should bear in mind that for two symplectic resolutidns> O, i = 1, 2, althoughZ; is deformation
equivalenttaZ;, Z1 andZ2 may be non-isomorphic. An explicit example is given in [4].

4.3. By Remark 1, our theorem can be strengthened as followsZLet O, i = 1, 2, be two symplectic reso-
lutions for a nilpotent orbit closure in a simple complex classical Lie algebra. Then there exists two deformations
Z; — C, such thatz; o = Z; and 21, = 2, for anyr # 0. This can be viewed as an analogue of the result of
Huybrechts (Theorem 4.6 [6]).

4.4. A stronger form of Conjecture 1 is stated in [4], where we conjectured that there exist deformations
F; 1 Z; — X of the morphisms; : Z; — X, such thatF; , is an isomorphism for = 0. In the case of nilpotent orbit
closures irst,,, we proved this in [4], by constructing explicitly the deformations. For the other cases, although by
Remark 2 we have a deformatidrof , we do not know whether the deformation spasgsof O are isomorphic
or not for two polarizations.
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