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Abstract

We consider here a linear quasi-geostrophic ocean model. We look for controls insensitizing:{iresmmsitizing) an
observation function of the state. The existence of such controls is equivalent to a null controllability property (resp. an
approximate controllability property) for a cascade Stokes-like system. Under reasonable assumptions on the spatial domain:
where the observation and the control are performed, we are able to prove these prdfeciteshis article: E. Fernandez-
Caraetal., C.R. Acad. Sci. Paris, Ser. | 337 (2003).

O 2003 Académie des sciences. Published by Editions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé

Contréle insensibilisant pour un modéle de circulation océanique pour les grandes échelleNous considérons
un modéle océanique quasi-géostrophique linéarisé. On fixe une fonctionnelle d’observation de I'état et on cherche des
contrdles insensibilisants (respinsensibilisants). L'existence de ces contrdles est équivalente a la contrdlabilité exacte a zéro
(resp. la contrélabilité approchée) d’'un systeme en cascade de type Stokes. Sous des hypothéses géométriques raisonab
sur les domaines ou l'on exerce l'observation et le contrle, on est capable de montrer ces prdfmigtéster cet
article: E. Fernéndez-Cara et al., C. R. Acad. Sci. Paris, Ser. | 337 (2003).
O 2003 Académie des sciences. Published by Editions scientifiques et médicales Elsevier SAS. All rights reserved.

Version frangaise abrégée

Soit £2 un ouvert connexe borné non vide B8, avec frontiérel” de class&? et normale unitaire extérieure
v =v(x). Soientw et © deux sous-ensembles nonvides@e T >0, Q=02 x (0, T)etX =1 x (0,T). On
considére un modéle océanique quasi-géostrophique linéarisé [9,10], décrit par les équations

u,—AAu+yu+(f0+ﬁxz)kAu+p—lOVp:Tnthw dansQ,
divu =0 dansQ,

u=0 surx,

ul;—o=uo+tig danss2,

1)
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olu=u(x,t) et p=p(x,t) sont la vitesse et la pression du fluide. Dans ce modélest un coéfficient

de viscosité turbulentey est le coéfficient ddriction au fond, (fo + Bx2)k A u est le terme de Coriolis avec

K Au=(—up, u1) et po est la densité du fluide. A droite,, Xépresente l#onction caractéristiquele I'ensemble

w et7T est une source donnée. Le termi), avect € R, est une petite perturbation de la donnée initiaject

h = h(x, 1) est le contrble a déterminer. Le terme de Coriolis introduit un couplage d’ordre zéro dans les équations
et entraine un comportement différent du systéme selon la direction de I'espace. Par simplicité, on supposera qu
A=y=fo=p=po=1

On introduit I'espaced = {v € L?(£2)%: divv =0 danss2, v-v =0 surl"} et on suppose quey, tiig € H,
avec|iiollo.2 = 1. On suppose aussi qlec L?(Q) eth € L?(w x (0, T)). La solution satisfait € L?(0, T; V)N
C(0,T1; HYNHYO,T; V') et p e D'(0, T; L3(2)), oUV = {v € H}(£2)% divv =0 dans}.

Dans cette Note, on s'intéresse par I'éxistence de contrdles insensibilisaptmsansibilisants pour le
systeme(1). Signalons que, dans les cas similaires des équations de la chaleur linéaire et semilinéaire, cette
question a déja été étudiée et résolue dans [1,2,12].

Soit © un sous-ensemble ouvert non videfdeet considérons la fonctionnelle définie par(4). On imposera
I'hypothése géométriqu). Les résultats principaux de cette Note sont :

Théoreme 0.1. On suppose qud > 0 et (7) est vérifiée. Alors, pour chaque> 0, il existe un contrble
h e L% x (0, T)) qui este-insensible poud.

Théoreme 0.2.Dans les conditions du Théorer€, siug =0, il existe une constant® (2, w, O, T) > O telle
que, si

T
M
// exp<—4>72dx dr < oo,
t
0R

alors il existe un contrdlé € L%(w x (0, T)) qui est insensible poup.

Montrons les idées générales des arguments qui permettent démontrer ces résultats.
Tout d’abord, on peut caractériser les propriétés d’'insensilgjtét (6) en termes de la contrblabilité exacte &
zéro et la contrélabilité approchée d’un systeme en cascade. Plus précisement, on la

Proposition 0.3. Soit (iZ, p, ¢, 7) la solution du systéme coup(8). Alors le probleme de trouver un contréle
insensibilisaniresp.s-insensibilisant est équivalent au probléme de trouvetel que

qli=0=0 (resp.|lgli=ollo.2 < &). (2

En général, pour des problemes linéaires, il est bien connu que la contrélabilité approchée est équivalente 4 ul
résultat d’unicité du systéme adjoint associé et que la contrdlabilité exacte équivaut a une estimation d’observabilité
appropriée.

Proposition 0.4. On suppos€7). Soit(z, r, ¢, 8) la solution du system@0). Siz =0danswNO x (0, T), alors
¢ =0etVh =0dansQ.

Le résultat d’unicité précédent entraine le Théoréme 0.1. D’autre part, le Théoreme 0.2 est une conséquence d
I'inégalité d’observabilité suivante :
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Proposition 0.5. Il existe des constantdd, C > 0O telles que

T Y T
//exp(—t—4>zzdxdt SC//zzdxdt,
0 0w

pour toute solution d¢10) avecgg € V.
La Proposition 0.5 repose sur une inégalité globale de Carleman pour le systeme en ¢E3cade

Proposition 0.6.0n supposé€7). On consideére les fonctiorf$2), ouno est une fonction positive convenablemente
choisie dan€'#(£2). Il existes = 6(22,0,0,T),aveco > 0, telque pourtout > s ety < lilexister>1, >1
etC > Otel que pour > A, 8 > B ety < y, on al'inégalité(13) pour toute solution dé¢l0)avecog € V.

1. Introduction and main result

Let £2 be a nonempty open bounded connected subsi pfvith boundaryl™ of classC? and outwards unit
normal vectow = v(x). Letw be a nonempty open subset®f 7 > 0,0 =02 x (0, T)andX =T x (0, T). We
consider a linear quasi-geostrophic ocean model [9,10], described by the following equations

1 .
ut—AAu+yu+(f0+,3xz)kAu+p—Vp:T—i—hlw in Q,
0

divu=0 inQ, 3)
u=0 onXx,
ul;—o=uo+tig Iin 2.

Here,u = u(x,t) and p = p(x,t) are the velocity field and the pressure of the fluid. In this modeis the
horizontaleddy viscositgoefficient,y is the bottonfriction coefficient,og is the fluid density andfo + Bx2)k A u

is the Coriolis term, with k\ u = (—u2, u1). In the right-hand side, Ldenotes the characteristic function@tind

7T is a given source. The termig, wheret € R, represents a small unknown perturbation of the initial condition
ug andh = h(x, t) is a control term to be determined.

Notice that the Coriolis force is modelled by a zero order coupling term in the equations. It introduces a different
behavior of the system depending on the direction in space. In order to simplify the presentation of the results, we
willassumethad =y = fo=B8=p0=1.

Let us recall the classical spacés= {v € L?(£2)% divv=0in 2, v-v=0onT}andV = {v e
Hi(£2)% dive=0in £2}.

Assume thatig, tiig € H, with |liigllo.e = 1,7 € L?(Q) andh € L?(w x (0, T)). Then problem (3) possesses
exactly one solutiortu, p), with u € L2(0, T; V) N HX(0,T; V') N C([0, T]; H) and p € D'(0, T; L5(£2)). This
can be easily proved by adapting the arguments of [11].

Let O be a nonempty subset &f and let us introduce the function@l, with

T
@(u):%//|u(x,t)|2dxdt. (4)
00

The notion ofinsensitizing controlvas introduced by J.-L. Lions in [8]. In the context(@}, it can be formulated
as follows:

Definition 1.1. We say that the contrdl is insensitizing® if

i<1§(u)

3 =0, VigeH, lolloe =1 5)
T

=0
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On the other hand, we say thats ¢-insensitizing® if

d . A
‘Eqb(u) <e, VipgeH, |ioloe=1 (6)

=0

Of course, in (5) and (6) is, together withp, the unique solution to (3).

The existence of insensitizing asdinsensitizing controls for linear and semilinear heat equations has been
studied in [1,2,12]. In this Note, we will be concerned with this question in the case of the previous Stokes-like
system.

As in the previous references, we will impose the following geometrical hypothesis:

wNO#HP. (7
The main results of this Note are the following:

Theorem 1.2.Let T > 0 and assume that7) is satisfied. Then, for each > 0, there exists a controk €
L?%(w x (0, T)) which ise-insensitizingd.

Theorem 1.3. Under the assumptions of Theoret2 if we also haveug = 0, there exists a constant
M($2,w, O, T) > 0such that, whenever

T
M
// exp(t—4) T2dx dt < o0,
02

there exists a contrdl € L%(w x (0, T)) which is insensitizingp.

2. Sketch of proof of the main results

Let us first give a characterization of the insensitivity (resgnsensitivity) properties in terms of the
null controllability (resp. approximate controllability) of an appropriate cascade system. This is obtained by
differentiating® with respect to the parameterand following a standard argument, see [1,12]:

Proposition 2.1.Let (i, p, g, ) be the solution of the following system

i, — Aii+ i+ 1+x)kAi+Vp=T +hl, inQ,

—qr—Aq+q—(L+x2)kAg+Vr=ulp inQ,

divi=0, divg=0 inQ, (8)
u=g=0 onX,

il;=0=uo, ¢qli=r=0 ing2.

Then the controk is insensitizingd (resp.s-insensitizing®) if and only if

qli=0=0 (resp.llgl;=ollo,2 < &). 9

In general, for linear problems, it is well known that approximate controllability is equivalentuisicue
continuation propertyf the associate adjoint system and that exact controllability reduces to suitable observability
estimates. We will now present the main steps in the proofs of Theorems 1.2 and 1.3, which are inspired by these
general principles. Full versions of the proofs will appear in a forthcoming paper.
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Proposition 2.2.Assume7). Let(z, r, ¢, 6) be the solution to

-2+ —Az4+z7—A4+x2)kAz+Vr=¢lp inQ,

¢ —Ap+¢+(L+x2)kArgp+VO=0 inQ,

divz=0, divg=0 inQ, (10)
z=0, ¢=0 onXx,

Zli=r =0, ¢li=o=¢o in$2,

wheregg € V. Then, ifz=0in w x (0, T), we necessarily have=¢ =0andVr =V6 =0in Q.

Sketch of the proof. Let us putw = w N O. We will prove a more general result saying that

-z —Az+z— A+ x2)kAz+Vr=¢lp inQ,
b —Ap+d+(L+x)KkAp+VO=0 inQ,
divz=0, divg=0 inoQ,

$1=0 onXi, o¢l;—0€V,

(11)

where $1 = (I' N C1) x (0,T), C1 = {(x1,x2) € 2: IxVs.t.(xD, x2) € @}. Then, ifz =0 inw x (0, T), we
necessarily have = 0 in Q. We first notice that cugh = 0 in @ x (0, T'). Then, applying the curl operator to the
second equation dfL0), in view of the presence of the Coriolis term and the fact thapdiv0, we deduce that
¢2=0in® x (0, T) and¢; is a constant itw x (0, T).

Let us introduce) = d¢/dx1 andr = 060 /dx1. We have

Ui =AY+ ¥ +A4+x2)kAy +Vr=0 inQ,
divy =0 inQ,

v=0 in @x(0,T),

(Y, 7)€ L20,T; H) x D'(Q).

From the uniqueness property in [4], one has that 0 in Q. Sinced¢; /dx1 =0, i =1,2, and divp =0 in Q,
we haveVg, =0 in Q, and from¢, =0 in @ x (0, T), we deduce thap, = 0 in Q. On the other hand, since
0¢1/9x1 =0 in Q and¢; = 0 on X1, we obtaing; =0 in C1 x (0, T). The uniqueness properties in [3] give
¢$1=01in Q, as desired. O

Remark 1. In [3], appropriate unique continuation properties have been deduced for the Stokes system, where the
main assumption is that all components of the velocity except one vanish in an open nonempty sghsét of
present, we do not know whether a similar result remains true for (10).

The unique continuation property contained in the statement of Proposition 2.2 is equivalent to Theorem 1.2.
This proves our first main result. On the other hand, Theorem 1.3 follows from the following observability
estimates:

Proposition 2.3.There exist constant¥, C > 0 depending o2, », O andT such that the following inequality
holds true

T Y T
//exp(—t—4>zzdxdt SC//zzdxdt
0 0w

for every solution o{10)with ¢g € V.

The proof of Proposition 2.3 relies on certain global Carleman estimates for the cascade (@yteviore
precisely, let us introduce the weight functions
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a(x,t) = (elenoHoo _ e""o)t—“(T _ t)_4, al) = min_(—za(x, 1), (12)
o, )= (€0)HT =™, ¢(1) =max; (x, 1),

whereng € C*(2) is a function satisfying:
no>0 ing2, no=0 onrl, [Vno| >0 in.Q\(a)ﬂ(’)).

The existence of such a functigg is guaranteed in [6].

Proposition 2.4.Assumg7). There exists = (2, w, O, T), with 6 > 0, such that for alls > § and forally <1
there exist. > 1, 8 > 1, andC > O such that forany. > 4, 8 > 8, andy < y, one has

// 2”( (1Az12 + |z/1? )+sx2¢|vZ|2+s3A4<p3|z|2> dxdt<C//e Atr)s@ 31212 by e (13)

for every solution 0f10) with ¢g € V, where the constar@ depends o2, w, © and T, but is independent of
(z,r,¢,0).

Sketch of the proof. We first write the global Carleman inequalities for the Stokes equations givenin [7,5] for both
systems in (10). The task is then to estimate the integraliofterms ofz. To this end, the main idea is to follow
the steps of the proof of Proposition 2.2 in the reversed order. Thus, we esfimateerms of Vg1, thenVe, in

terms of¢go, theng, in terms of curlp and, finally, curly in terms ofz. At each step, the weight increases

Remark 2. It must be emphasized that the presence of the Coriolis term plays a crucial role in this argument.
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