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Abstract

We show that for every € BV (£2; Sl), there exists a bounded variation functipre BV (£2; R) such that = &9 a.e. on2
and|¢|gy < 2u|gy. The constant 2 is optimal in dimensian> 1. To cite this article: J. Davila, R. Ignat, C. R. Acad. Sci.
Paris, Ser. |1 337 (2003).

O 2003 Académie des sciences. Published by Editions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé
Relévement des fonctions BV a valeurs sur le cercle s1. on montre que pour tout € BV (£2; Sl), il existe une fonction
a variation bornée € BV (£2; R) telle quex = €% p.p. dans? et |p|gy < 2Ju|gy. La constante 2 est optimale en dimension

n > 1. Pour citer cet article: J. Davila, R. Ignat, C. R. Acad. Sci. Paris, Ser. | 337 (2003).
O 2003 Académie des sciences. Published by Editions scientifiques et médicales Elsevier SAS. All rights reserved.

Version francaise abr égée

Soit 2 ¢ R" un ouvert et: : 2 — S une fonction mesurable. Un relévementdest une fonction mesurable
¢ .82 — Rtelle que

u(x) = v

pour presque tout € £2. Une question naturelle est de savoir s'il existe un reléevement préserve la régularité
de la fonctionu. Par exemple, si2 est simplement connexe gtest continue, alors on sait qu'on peut trouver un
relevementy continu. Motivée par I'étude de I'équation de Ginzburg—Landau et la théorie du degré, on constate
une recherche assidue sur ce probléme de I'existence du relevement dans les espaces de Sobolev, BMO et VM
(voir [3,4,7,6)).

Dans cette Note on étudie le cas des fonctions a variation bornée :

Théoréme 0.1. Soitu € BV (£2; S1). Alors il existe un relévemente BV (£2; R) deu tel que|p|sy < 2|u|gy.
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Sin > 2 la constante 2 est optimale; on donne un exemple dans la Section 4. En dimeasibon peut
trouver un reléevement tel que|glsy < %|u|gyv. L'existence du relevement BV est montré aussi dans [8], mais
sans contrdle sup|gy . _

L'idée de la démonstration du Théoréme 0.1 est de considérer la forcti®h— R, LEHY=0,V—n<0<
. Alorsg = L(u) est un relevement (mesurable)dainsi que toutes les fonctiong€*u) — o, Va € R. En suite
on montre que la fonction — |L(€%x)|gy est semi-continue inférieurement et qu’od’o?f |L(€%)|gy da <
47 |u|By .

Corollaire 0.2. Soitu € BV (£2; S1). Alors il existe une suite, € C>*(£2; S1) NBV(£2) telle queuy — u p.p. et
limsup,_ « luklsv < 2ulgy.

Remarque 1. Si on note SBYR2,R™) = {u € BV(£2; R"): D = 0} (ou Du est la partie Cantor de la
différentielleDu), alors pour tout: € SBV(£2; S1) il existe un relévement € SBV(£2; R) tel quejp|av < 2Julpy.

1. Introduction

Let 2 c R” be an open set and: 2 — S* a measurable function. A liting af is a measurable function
¢ : 2 — R such that

u(x) = v

for a.e.x € 2. If u has some regularity one may ask whether or gw@an be chosen with some regularity as
well. For example, if2 is simply connected and is continuous then it is well known thatcan be chosen to be
continuous.

We are concerned in this Note with the case whehas bounded variation, and by this we mean that
1

u € Lig (£2; R?), |u(x)| =1 for a.ex € £2 and its BV seminorm is finite, i.e.,
2 2
lulgy =Ssu /Z”’ divg;dx: g; € Cgo(.s?; R"), Z |g,'|2 <1inf2} <oo,
o i=1 i=1

where the norm iR” is the Euclidean norm.

Remark 1. Throughout the paper we will say that BV (£2; R") if v e Lﬁ)c(.Q) and its standard BV seminorm
lv|gy is finite. We adopt this convention, because in the case that the Lebesgue mea3ussimfinite, with the

standard definition of BV where it is required thag L1(£2), there would not be ang!-valued BV function.
Our main result is the following.

Theorem 1.1. Letu € BV(£2; S1). Then there exists a lifting € BV (£2; R) of u such that

lplv < 2|ulv. (1)

Remark 2. (1) If n > 2 the constant 2 appearing in (1) is optimal. We present an example in Section 4.

(2) The case of dimension= 1 is simple, and in fact one can find a liftiggwith [¢|gy < 7 |u|gv.

(3) In [8], the authors show the existence of a lifting BV but they do not control its BV seminorm.

(4) If u belongs to the Sobolev spa#eb1(£2; s1) and2 c R? is smooth, bounded and simply connected it
was already known that has a liftingy € BV (£2; R) which satisfies (1) (private communication of H. Brezis and
P. Mironescu).
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Regarding other function spaces there has been recently much research, specially motivated by the stud
of the Ginzburg—Landau equation. Firstly, Bethuel and Zheng [3] proved th&t i§ bounded and simply
connected and € WhP(£2; S1) with p > 2 thenu has a litingg € W7 (£2; R); this result is false in general
if n >2 and 1< p < 2. A complete description for the existence of the lifting in general Sobolev spaces
WS P(2;81), 0<s < oo and 1< p < oo, was given later by Bourgain, Brezis and Mironescu [4]. There are
also results in the space BMO and VMO, see Coifman and Meyer [7] and Brezis and Nirenberg [6].

The idea for the proof of Theorem 1.1 is to consider the functios! — R defined by

L(E) =6 Y-n<6<m. ()

Theny = L(u) is a lifting of u, in the sense that®*) = u(x) for all x € £2. We would like to havéy|gyv < 2|u|gv.,

but this is far from true. It may even happen tliat) does not belong to BV (classical results for composition
of functions assert only that jf : S — R is Lipschitz thenf (u) is BV). There is a way to remedy this situation.
Indeed, observe that for fixede R the functionL (€%u) — « is also a lifting ofu. We shall prove

Theorem 1.2. The functionx — |L(€%u)|gy is lower semi-continuous and

27
/|L(ei“u)|BVda<47r|u|BV. (3
0

Remark 3. Inequality (3) can be viewed as a sort of co-area inequality. In particular it implies that for a.e.
a € R, L(€%) € BV. The constant# in (3) is sharp; see the example in Section 4.

To prove Theorem 1.1 we picky such thaf L (€%0u)|gy is minimum. By (3),¢ = L(€%u) — aq is a lifting of
u that satisfies (1).

Corollary 1.3. Letu € BV(£2; S1). Then there exists a sequenges C*°(£2; S1) N BV (£2) such thaty, — u a.e.

i
andinLj,. and

limsupluklv < 2|ulgy.

k— 00

2. Preliminariesabout the space BV

The material that we present next is standard and can be found in the book [2].eLBV (£2; R™). Its
jump setS(v) is defined by the requirement thate £2 \ S(v) if and only if there exist®(x) € R™ such that
(x) = ap-limy_m v(y), that is:

Ve>0 lim meagB, (x) N{y € £2: [v(y) =) >¢e}) _
=0 measB; (x))

0.

It can be proved (see [2]) that fé¢"1-a.e.x € S(v) there existt (x), v~ (x) € R” and a unit vectop, (x)
such that

ap-lim v(y) = vt (x), ap-lim v(y) =v" (x). 4)

y—=x, (y—x,vy(x))>0 y=x, (y—=x.vp(x))<0

Dv is a matrix valued Radon measure which can be decomposé&d as D% + DJ/v + D, where D“v is
defined as the absolutely continuous partDaf with respect to the Lebesgue measure, wiiley and Dv are
defined as

D/v=DuvS(®v), D= (Dv— D").(22\ Sv)).
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D/ is called the jump part anB¢v the Cantor part oDv. It can be proved that
Div=@T—v7)@v, H" LS ).

Since we use just the local behavior of BV functions, throughout the paper we consider the precise representative
v¥ 2 > R" ofeachve BV, i.e.,

*
vd
(x) = lim, mea$B ) / Y
B, (x)
if this limit exists, andv*(x) = 0 otherwise. Remark that* specifies the values afexcept on @{"~1-negligible
set.
It is well known that ifv € BV (£2; R™) and f : R™ — R is Lipschitz thenf o v belongs to BV, and Ambrosio
and Dal Maso [1] proved a chain rule in this context. The following lemma is a slight modification of this chain
rule foru in BV with values inS? (see also Theorem 3.99 in [2] for the case of scalar BV functions):

Lemma 2.1. Let 2 c R” be an open set and € BV(£2; S1). Let f: 5! — R be a Lipschitz function. Then
v = f o u belongs tdBV (£2; R), f is differentiable at«(x) for (| D?u| + |Du|)-a.e.x and
Dv = fr(u)(D"u + Du) + (fu™) — fu))ve 1S ), (5)

where ft denotes the tangential derivative ff

3. Proof of Theorem 1.2

Let u € BV(£2; S1). For the proof of this theorem we consider a sequence of Lipschitz functions that
approximateL (defined in (2)), and carry out the computations with this approximation. For gmald we
let L, : ST — R denote the following function

0 ifO<0<m—s¢,
Le(€") = T—=(r—0) ifr—e<o<m+e,
0= 2r if 7+ <0 <2r.

Leta € R and defingpy . : ST — R by
¢a,8(ei0) — Lg (ei(a-i-@)).

Theng, . is Lipschitz and thereforeg, (1) € BV. We use now the chain rule from Lemma 2.1 to compute the
derivative ofg - (1):

Dépog e (u) = (Le)r (€u) (Du + D) + (e () = o (7)) vu H' LS (w).

Since the measures in the expression above are mutually singular, for the total variation of the corresponding
measures we have

| Dopae ()] <[ (Le)e (€%u) |(|Dul + | D ul) + |G e (uh) = oe ()| H* LS ().
Integrating this total variation ovea® we get

(bl < [T (€] A 0%]+ D))+ [ s = st (6)
2 S(u)
Observe that the ma@ — |¢q - (u)|gv iS lower semi-continuous because it is the supremum over a family of

continuous functions ire. In particulare — |¢y.(1)|By IS measurable. Integrating (6) with respecit@ver
[0, 2] we get
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2 2 2
[ el < [ [y 6(pu] + Du) ot [ [ 00— et | e
0 08 0S(u)

Let us consider the first term on the right-hand side above; by Fubini’s theorem
2 2
//|(Z8)t(ei°‘u)|d(|D“u| 4 |Dcu|)da=//|(Z£)t(ei“u)|dad(|D“u| 4 [DCu)).
022 20

But an easy computation shows that for any fixedfoz’f |(Z8)t(ei”‘u(x))| do =4(r —¢). So
2
//|(Z8)t(é“u)| d(|D"u| + |Du|) da = 4(x — &) (| Du|(2) + | D u|(£2)). @
0%

On the other hand, using the explicit formula for it is not hard to verify that if6; — 62| < & then
2
/ Lo (€€ — L, ()| do = 2
0

Observe that if & = u*(x) and &2 =~ (x) with |61 — 62| < 7, then|ut(x) — u~(x)| = 2siN(|61 — 62/2).
Hence, for any fixed € S(u#) we obtain

s

— 161~ 02](27 — 101~ 021) < 8(r — &) sin([61 — 21/2).

2r
/|¢a,£(”+(x)) — o,e (1™ ()| do <A — &) |u™ (x) —u™ (x)].
0

Integrating overS (1) and combining the result with (7) we establish that
2

/|¢a,g<u>|Bvda<4<n —&)lulpv. ®)
0

To finish the proof note that — |L(€%u)|gy is lower semi-continuous with values [, co], because

= sup L(€”u)divgdx
geCy® |g|<1Q

and for fixedg the mapa — [, L(€*u)divgdx is lower semi-continuous. Also observe that for all except a

countable set of € R we have med$y € 2: u(y) = —e7*}) = 0, and for these values af L.(€%u) — L(€%u)
a.e. inf2 ase — 0. This implies that for a.ex, |L(€%)|gv < liminf._.o|L.(€%u)|gv. Hence, using (8) and
Fatou’s lemma

2 2w
/|L(e'°‘u)|BV da < |iLT1_)iI(’J]f/|Lg(e'“u)|BV do < 4m|ulgy. O
0 0

Remark 4. Recall the space of special functions with bounded variation

SBV(£2; R") = {u € BV(2;R") | D°u=0in 2}.
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We say that: € SBV(£2; S1) if u € SBV(£2; R?) and|u(x)| = 1 for a.e.x € £2. Then each: € SBV(£2; $1) has
alifing ¢ € SBV(£2; R) satisfying (1). Indeed, by Theorem 1.1, there exists a lifngBV (£2; R) such that (1)
holds. By the chain rule for BV functions applied to the relatios € we obtain

Du=iu(D¢ + D) + (" — & )vy H'1LS(9). 9)
SinceD‘u = 0 we see thaD“¢p = 0 and sap € SBV.

4. Theconstant 2 isoptimal
The following result is a consequence of the paper [5]:

Lemma 4.1. Let £2 be the unit disc inR2. Defineu: 2 \ {0} — S, u(x) = o for everyx € 2\ {0}. Let
¢ € BV (£2; R) be alifting ofu. Then|D¢|(£2) > 47 = 2|u|py.

Proof. Firstly remark that: € W-7(2) for all p € [1,2) and [, |Vu|dx = 2. Takeg, € WE1NC®(2; R)
such thatp, — ¢ a.e. onf2 and [, |[Ve,|dx — |Dg|(2) asn — cc. Setu, =% ¢ Whln > (2; §Y). For
everyr € (0, 1) denoteS, = {x € R% |x| = r}. Up to a subsequence, for arec (0, 1) we haveu, — uH -a.e.
in S, and sup fs, |Vu, | dH?; for thoser, by Lemma 18 of [5]

liminf | |Vu, - | dH: > / |Vu - 7| dHY + 27 :/|Vu|dHl+2n
n—o0
Sr Sr Sr
(heret is the tangent vector in each point§f). Therefore, by Fatou’s lemma,

1
|D¢|(:2)=|iminf/|vun|dx>/liminf/|wn|dH1dr>/|W|+2n. O
n—0o0 n—oo
2 0 Sy 2

Remark 5. For dimensiom > 3, we consider the cylinde? = B2 x (0, 1)"~2 c R” whereB? is the unit disc in
R? and we repeat the above argument for the functi@nxs, ..., xy) = u(z).
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