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Abstract

We introduce the notion of a semimartingale attractor associated with space–time white noise driven generalize
Cahn SPDEs. We treat the driving noise in the martingale measure setting, and we give an existence result for th
random attractors for these generalized Allen–Cahn SPDEs in our setting. This Note focuses on semimartingale f
attractors, but our noise setting also leads naturally to a related type of random attractors that we call semimartingale
attractors and which we detail in an upcoming article. Detailed proofs and extensions of our result, as well as other p
of semimartingale attractors, for different types of SPDEs are also furnished in the follow-up article.To cite this article:
H. Allouba, J.A. Langa, C. R. Acad. Sci. Paris, Ser. I 337 (2003).
 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé

Attracteurs semimartingales pour des EDPS d’Allen–Cahn généralisées dirigées par le bruit blanc spatio–tempore
Nous introduisons la notion d’attracteur semimartingale associé aux EDPS d’Allen–Cahn généralisées dirigées pa
blanc spatio–temporel. Nous traitons notre bruit dans le cadre de mesure martingale, et nous donnons un résultat d
pour ce type d’attracteurs pour ces EDPS d’Allen–Cahn généralisées. Cette Note discute des attracteurs semim
fonctionnels, mais notre cadre du bruit mene aussi naturellement à un type lié d’attracteurs aléatoires que nous
attracteurs de mesure semimartingale et que nous détaillerons dans un prochain article. En outre, les preuves déta
d’autres propriétés d’attracteurs semimartingales et des extensions de notre resultat appliquées à différents types d’ED
aussi fournies dans ce prochain article.Pour citer cet article : H. Allouba, J.A. Langa, C. R. Acad. Sci. Paris, Ser. I 337 (2003).
 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Version française abrégée

Soient CL � R+ × [0,L], OL � (0,∞) × (0,L) et ∂2W(t, x)/∂t∂x le bruit blanc spatio–temporel. Nou
considérons l’EDPS :

E-mail addresses:allouba@math.kent.edu (H. Allouba), langa@numer.us.es (J.A. Langa).
1631-073X/$ – see front matter 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights
reserved.
doi:10.1016/S1631-073X(03)00312-1
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

∂U

∂t
=�xU + f (U)+ ∂2W

∂t∂x
, (t, x) ∈ OL,

U(t,0)=U(t,L)= 0, 0< t <∞,
U(0, x)= u0(x), 0 � x � L,

(1)

oùf :R → R a la forme :

f (u)=
2p−1∑
k=0

aku
k, avecp ∈ N, eta2p−1< 0 (2)

(e.g., f est une fonction de type Allen–Cahnf (u) = 2u(1 − u2)), et u0 ∈ C([0,L];R) est une fonction
déterministe. Nous introduisons la notion d’attracteur semimartingale fonctionnel associé à l’EDPS (1)
par un bruit blanc spatio–temporel, et nous donnons un résultat d’existence pour cet attracteur aléatoire
blanc spatio–temporel est traité ici comme une mesure martingale orthogonale continue, désignée parW, et liée
au drap brownienW comme dans Walsh [12]. Il est important de noter que notre cadre de mesure mar
spatio–temporel pour le bruit et notre notion d’attracteur semimartingale sont nouveaux dans la littéra
attracteurs aléatoires. Ce cadre peut également servir dans l’analyse stochastique des attracteurs alé
il nous permet d’introduire et de traiter la nouvelle notion des attracteurs de mesure semimartingale
dernier type d’attracteurs est basé sur la notion de mesures semimartingales qui généralise la notion de
semimartingale orthogonales continues introduite dans [2]. L’article [3] contient aussi la preuve détaillée d
résultat présenté ici. En outre, quelques extensions et propriétés d’attracteurs semimartingales pour différ
d’EDPS sont aussi fournies dans [3].

Nous remarquons que Crauel et Flandoli [6] et Schmalfuss [10] ont introduit le concept d’attracteu
quelques EDPS, et ceci a été utilisé avec succès dans l’étude de quelques propriétés qualitatives pour ces
(voir Schmalfuss [10], Crauel et al. [7], et Caraballo et al. [5]).

1. Statements and discussions of results

We consider the Allen–Cahn type SPDE (1) onCL � R+ × [0,L], whereL > 0 is fixed, andW(t, x)
is the Brownian sheet corresponding to the driving space–time white noise, written formally as∂2W/∂t∂x.
As in Walsh [12], white noise is regarded as a continuous orthogonal martingale measure, which we
by W. We assume thatf satisfies the conditions in (2) (in particularf can be the celebrated Allen–Cahn te
f (u)= 2u(1−u2) as in [1]). We assume that the initial functionu0 ∈ C([0,L];R) to be deterministic. Henceforth
we will denote (1) byeAC(f,u0). We introduce the concept of a semimartingale functional attractor correspo
to a space–time white noise driven SPDE, and we show the existence of such a random attractor foreAC(f,u0) in
our noise setting. It is important to note that our martingale measure noise setting is new in the random a
literature. It paves the way for new stochastic analytic investigations of random attractors, and it is also cr
our introduction and treatment of a related new type of random attractors which we call semimartingale m
attractors (more on that in [3]). This latter type of random attractors is based on the notion of semima
measures which generalizes the concept of continuous orthogonal semimartingale measures introduced

Crauel and Flandoli [6] and Schmalfuss [10] have introduced the concept of an attractor for some
and this has been successfully used in the study of qualitative properties for these equations (see, amo
Schmalfuss [10], Crauel et al. [7], and Caraballo et al. [5]). This concept has been developed within the fra
of the theory of random dynamical systems (Arnold [4]).

Proceeding toward a precise statement of our results, let us recall some definitions associated with
attractors. Let(Ω,F,P) be a probability space and{θt :Ω → Ω, t ∈ R} a family of measure preservin
transformations such that(t,ω) 
→ θtω is measurable,θ0 = id, θt+s = θtθs , for all s, t ∈ R. The flowθt together
with the probability space(Ω,F,P, (θt )t∈R) is called ameasurable dynamical system. Furthermore, we suppos
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that the shiftθt is ergodic. Arandom dynamical system(RDS) on a complete metric (or Banach) space(B, d) with
Borel σ -algebraB, overθ on (Ω,F,P) is a measurable mapR+ ×Ω × B � (t,ω, ξ) 
→Φ(t,ω)ξ ∈ B such that
P-a.s.

(i) Φ(0,ω)= id (onB),

(ii) Φ(t + s,ω)=Φ(t, θsω) ◦Φ(s,ω), ∀t, s ∈ R+ (cocycle property).

A RDS is continuous (differentiable) ifΦ(t,ω) :B → B is continuous (differentiable). A random setK(ω)⊂ B

is said toabsorbthe setD ⊂ B if there exists a random timetD(ω) such that

t � tD(ω)⇒Φ(t, θ−tω)D ⊂K(ω), a.s.P.

K(ω) is forward invariant ifΦ(t,ω)K(ω)⊆K(θtω), for all t ∈ R+ a.s.P. Now, let dist(·, ·) denote the Hausdor
semidistance dist(B1,B2)= supξ1∈B1

infξ2∈B2 d(ξ1, ξ2), for B1,B2 ⊂ B. A random setAΦ(ω)⊂ B is said to be a
random attractorassociated with the RDSΦ if P-a.s.

(i) AΦ(ω) is compact and, for allξ ∈ B, the mapξ 
→ dist(ξ,AΦ(ω)) is measurable,
(ii) Φ(t,ω)AΦ(ω)= AΦ(θtω), ∀t � 0 (invariance), and
(iii) for all D ⊂ B bounded (and nonrandom) limt→∞ dist(Φ(t, θ−tω)D,AΦ(ω))= 0.

Remark 1. Note thatΦ(t, θ−tω)ξ can be interpreted as the position att = 0 of the trajectory which was inξ at
time −t . Thus, the attraction property holds fromt = −∞.

We now set the stage for our result. LetU be the solution toeAC(f,u0) on (Ω,F, {Ft },P) (see Appendix), and
let Uϕ(t) � (U(t)− u0, ϕ); ∀ϕ ∈ ΘL0 . Then, by the assumptions onf we have easily that{Uϕ(t); t ∈ R+} is a
semimartingale on(Ω,F, {Ft },P) for eachϕ since (TFF) (see Appendix) gives

Uϕ(t)=
t∫

0

(
U(s),ϕ′′)ds +

t∫
0

(
f

(
U(s),ϕ

))
ds +

L∫
0

t∫
0

ϕ(x)W(ds,dx); 0 � t <∞, a.s.P. (3)

We call the random fieldU(t, x) a weak semimartigale sheet. Now, setΦU(t− s,ω)U(s, ·,ω)=U(t, ·,ω).We call
a random attractorAΦU associated withΦU a semimartingale functional attractor. When we want to emphasi
we say weak semimartingale functional attractor. Our result forAΦU can now be stated as

Theorem 1.1.Supposef satisfies(2) and u0 : [0,L] → R is continuous and deterministic. Then, the SP
eAC(f,u0) has a strong pathwise-unique solution and it possesses a semimartingale functional attractorAΦU ⊂
L2(0,L).

Remark 2. It is well known [12] that the two formulations (GFF) and (TFF) are equivalent if the drift and diffu
coefficients are locally Lipschitz, which they clearly are foreAC(f,u0). Also, we will use the notationRt,L for
[0, t] × [0,L].

2. Sketch of proof of Theorem 1.1

Let β � 0; letZβ(t, x) be the pathwise-unique strong solution to (1) withf (Zβ) = −βZβ andZβ(0, x)≡ 0,
which is Hölder continuous withαtime = 1/4− ε in time andαspace= 1/2− ε in space,∀ε > 0 (a standard resu
as in [12], pp. 321–322); and consider the equation
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Vβ(t, x)=
L∫

0

Gt(x, y)u0(y)dy +
L∫

0

t∫
0

[
f (Vβ +Zβ)(s, y)+ βZβ(s, y)

]
Gt−s(x, y)ds dy

�
L∫

0

Gt(x, y)u0(y)dy + Iβ(t, x)=H(t, x)+ Iβ(t, x), (4)

i.e., the random PDE:

∂Vβ

∂t
=�xVβ + f (Vβ +Zβ)+ βZβ, (t, x) ∈ OL,

Vβ(t,0)= Vβ(t,L)= 0, 0< t <∞,
Vβ(0, x)= u0(x), x ∈ [0,L].

(5)

We first briefly sketch the proof of the existence–uniqueness for (1). We note that whenp = 1 in (2) f is linear,
and the strong existence and pathwise uniqueness foreAC(f,u0) (see Appendix for definitions) follow as in [12
pp. 321–322. We now turn to the casep > 1. Letβ = 0, and letZ � Z0 andV � V0. Clearly, the existence an
uniqueness foreAC(f,u0) is equivalent to the existence and uniqueness for the corresponding random PD
This is becauseZ is the pathwise-unique strong solution [12] to the standard heat SPDE andV +Z is a solution
to eAC(f,u0) if and only if V satisfies (4). FurthermoreZ(t, x) is a.s.α-Hölder-continuous withαtime = 1/4− ε
andαspace= 1/2− ε, ∀ε > 0 [12]. For the rest of the proof, we fixω ∈Ω , and treat the path-by-path determinis
version of our random PDE (5). Following the proof in Temam [11], Chapter III in Theorem 1.1, we haveP-a.s. that
there is a unique continuous (in(t, x)) solutionV to (5) satisfying (4) ifu0 ∈ C([0,L]). In fact, this implies tha
|f (V + Z)| �M <∞ on Rt,L; thusI0(t, ·) ∈ C1(0,L) with |DI0(t, x)| � CMt1/2 for t > 0 (I0’s smoothness
is obtained throughout as in Theorems 2 to 5 in Chapter 1 of [9]) henceV (t, ·) ∈ C1(0,L) (H(t, ·) in (4) is in
C2(0,L)). If additionally u0 is Lipschitz on [0,L]; thenf (V + Z) is Hölder continuous on[0,L], uniformly
locally in t , which implies thatI0(t, ·) ∈ C2(0,L) henceV (t, ·) ∈ C2(0,L) ∀t > 0. Also, a.s.P:

(a) for all 0� s < T and allu0 ∈ L2(0,L), there exists a unique solution

V ∈C([s,∞);L2(0,L)
) ∩L2(s, T ;H 1

0 (0,L)
) ∩L2p(s, T ;L2p(0,L)

)
, with V (s)= u0;

(b) if u0 ∈H 1
0 (0,L), thenV ∈C([s,∞);H 1

0 (0,L))∩L2(s, T ;H 2(0,L)),

and hence,V ∈ C([s + ε,∞);H 1
0 (0,L)) ∩ L2(s + ε,∞;H 2(0,L)), for everyu0 ∈ L2(0,L) andε > 0, where

H 1
0 (0,L) := {v ∈ H 1(0,L), v(0) = v(L) = 0} andH 2(0,L) are the usual Sobolev spaces. It is then clear
U(t, x)= V (t, x)+Z(t, x) is the pathwise-unique (because uniqueness holds a.s. for bothV andZ) strong solution
(because the white noiseW is fixed throughout) of (1), and thatU is P a.s. continuous under our conditions onu0

(since bothV andZ are).
We now sketch the steps of proving the existence of our random attractorAΦU . In light of Remark 1,

we look at our white noiseW as a two-sided (in time) space–time white noise on(Ω,F,P). I.e., if Ω =
{ω ∈ C(R × [0,L];R): ω(0, x)= ω(t,0)= 0} with P being the product measure of two Brownian-sheet meas
on the negative and positive time parts ofΩ ; thenW(t, x)= ω(t, x) andW is the white noise corresponding toW .
It can easily be checked thatΦU satisfies properties (i) and (ii). Letβ > 0; then, as above, (5) has a unique solut
Vβ with the same regularity asV for all −∞ < s < T (sinceZβ is Hölder continuous). Multiplying byV 2p−1

β

and integrating over[0,L] in (5); using Young’s and Hölder’s inequalities repeatedly and the generalized Po
inequality|v|Lp � L|Dv|Lp , p � 1 along with its consequence

∫ L
0 v

2p−1�xv dx � −((2p− 1)/p2L)|v|2p
L2p ; and

using elementary inequalities onf and elementary manipulations, we get (withL2p = L2p(0,L))
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∣∣Vβ(t)∣∣2pL2p + λ∣∣Vβ(t)∣∣2pL2p � β

ε2p−1

∣∣Zβ(t)∣∣2pL2p + 2p
∑

0�i�2p−2
i even

(
2p− 1

i

)
c0,i

∣∣Zβ(t)∣∣iLi

+ 2p

{ ∑
1�i�2p−1
i odd

(
2p− 1

i

)[
K0,iL

(4p−i−2)/(4p−2)
∣∣Zβ(t)∣∣iL4p−2 + iK1,i

(4p− 2)ε(4p−i−2)/i
i

∣∣Zβ(t)∣∣4p−2
L4p−2

]}
, (6)

where|Zβ(t)|0L0 � 1 andλ = λ1/2 (λ1 is the first positive eigenvalue for the Laplace operator). Now, pickinβ
large enough (similarly to [7,8]), using Gronwall’s lemma, and lettingP(t) denote the right-hand side of (6); w
can deduce that there exists ans1(ω) such that ifs < s1(ω) and−1� t � 0,

∣∣Vβ(t)∣∣2pL2p � κ
[∣∣Vβ(s)∣∣2pL2p eλs +

0∫
−∞

P(r)eλr dr

]
� r0(ω)= 1+ κ

0∫
−∞

P(r)eλr dr. (7)

The at-most-polynomial growth of the norms ofZβ(t) in P(t) in (6) as t → −∞ (and hence the finiteness
r0 = r0(ω)) follows straightforwardly from standard results concerning the elementary SPDE correspon
Zβ (e.g., see Lemma 4.1 and the ensuing discussion in [8] as well as [7,12]). On the other hand, ifA = −�x
(the negative Dirichlet Laplacian), then e−tAv(x)= ∫ L

0 v(y)Gt (x, y)dy for t > 0, and so using (4) on the interv
[−1,0] and applying the operatorA1/8 gives us

∣∣A1/8Vβ(0)
∣∣
L2 �

∣∣A1/8 e−AVβ(−1)
∣∣
L2 +

0∫
−1

{∣∣A1/8 eAsf
(
Vβ(s)+Zβ(s)

)∣∣
L2 + β∣∣A1/8 eAsZβ(s)

∣∣
L2

}
ds

�R0(ω)= κ0r
1/(2p)
0 (ω)+ κ1

0∫
−1

(|s|−3/8 + 1
)[
r
(2p−1)/(2p)
0 (ω)

+ ∣∣Zβ(s)∣∣2p−1
L2p−1 + 1+ β∣∣Zβ(s)∣∣L1

]
ds, (8)

where the constantsκ0, κ1 depend onL andp. To obtain the last inequality, we used Hölder inequality, the Sob
embedding, and the smoothing properties of(e−tA)t�0 and e−A:

|z|L2 � C2|z|W1/2,1 ∀z ∈W1/2,1(0,L),∣∣e−At z
∣∣
Ws2,r

�C1
(
t(s1−s2)/2 + 1

)|z|Ws1,r ∀z ∈Ws1,r (0,L), −∞< s1 � s2<∞, r � 1,∣∣A1/8 e−A
∣∣
L(L2(0,L)) �C0 (9)

with r = 1, s1 = −1/4, s2 = 1/2.
Lastly, if we let K(ω) be the ball inD(A1/8) of radiusR0(ω) + |A1/8Zβ(0,ω)|L2; then K(ω) is compact

becauseA has a compact inverse, and it is obviously an attracting set at time 0. As in Crauel and Fland
(Theorem 3.11), the existence of our random attractor is concluded from the existence of the random
absorbing set inL2(0,L). ✷
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Appendix

We collect here definitions and conventions that are used throughout this article. Filtrations are ass
satisfy the usual conditions (completeness and right continuity), and any probability space(Ω,F, {Ft},P) with
such a filtration is termed a usual probability space.

Definition A.2 (Strong and weak solutions toeAC(f,u0)). We say that the pair(U,W) defined on the usua
probability space(Ω,F, {Ft },P) is a continuous solution to the stochasticPDE eAC(f,u0) if W is a space–time
white noise onCL; the random fieldU(t, x) is predictable (as in [12]), with continuous paths onCL; and the pair
(U,W) satisfies either the test function formulation:

(
U(t)− u0, ϕ

) −
t∫

0

(
U(s),ϕ′′)ds =

t∫
0

(
f

(
U(s)

)
, ϕ

)
ds +

L∫
0

t∫
0

ϕ(x)W(ds,dx);

0� t <∞, a.s.P, (TFF)

for everyϕ ∈ΘL0 � {ϕ ∈ C∞
c (R;R): ϕ(0)= ϕ(L)= 0},where(·, ·) is theL2 inner product on[0,L]; or the Green

function formulation

U(t, x)=
L∫

0

t∫
0

Gt−s(x, y)
[
f

(
U(s, y)

)
ds dy + W(ds,dy)

] +
L∫

0

Gt(x, y)u0(y)dy;

s < t <∞, a.s.P, (GFF)

whereGt(x, y) is the fundamental solution to the deterministic Dirichlet heat equation. A solution is termed
strong if the white noiseW and the probability space(Ω,F, {Ft },P) are fixed a priori andFt is the augmentation
of the natural filtration forW underP. It is termed a weak solution if we are allowed to choose the probab
space and the white noiseW on it, without requiring that the filtration be the augmented natural filtra
of W. Finally, we say that pathwise uniqueness holds foreAC(f,u0) if whenever(U(1),W) and (U(2),W)
are both solutions toeAC(f,u0) on the same(Ω,F, {Ft},P) thenU(1) andU(2) are P indistinguishable; i.e.
P[U(1)(t, x)= U(2)(t, x); t ∈ (0,∞), x ∈ [0,L]] = 1. We often simply say thatU solveseAC(f,u0) (weakly or
strongly) to mean the same thing as above.
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