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Abstract

Let (X,),>1 be a sequence of independent and identically distributed (iid) random variables (rv) with common distribution
function (df) F and another iid sequen¢€y,),, > 1 with df G independent ofX,,),, 1. Here we consider the Smoothed Kaplan—
Meier Estimatot#;, of F defined as integral of nonparametric density estimators. It is shown thasfisfies some smoothness
conditions,F;,, has the Chung—Smirnov property, that is, with probability one,

on 1/2
limsupl ——— F,—F|r=Crg,
n_>oop<loglogn> | Frn lr F.G
whereCr ¢ is a constant depending only anandG (|| - [|[r andT are defined below). In this Note, we extend the result
of Winter (1979) and Degenhardt (1993) to the censorship model and those of Csérgd and Horvath (1983) to the smoothed
estimator with the same constaiit . Tocitethisarticle: E. Ould-Said, O. Yazourh-Benrabah, C. R. Acad. Sci. Paris, Ser. |
337 (2003).
O 2003 Académie des sciences. Published by Editions scientifiques et médicales Elsevier SAS. All rights reserved.
Résumé

Propriété de Chung-Smirnov de I’ estimateur lissé de la fonction de répartition en présence de censure. On considére
une suite de variables aléatoires (i, ),>1 de méme fonction de répartition (f.d.F)et une autre suite de variables aléatoires
(Cn)p>1 de f.d.r.G indépendantes deXp),>1. On considere un estimateur lissé par convolutignde F. Nous montrons
que cet estimateur vérifie la propriété de Chung—Smirnov. Dans cette Note, nous étendons les résultats de Winter (1979) e
Degenhardt (1993) au cas censuré et celui de Csorgo et Horvath (1983) a I'estimateur lissé avec la mémeprst&ote
citer cet article: E. Ould-Said, O. Yazourh-Benrabah, C. R. Acad. Sci. Paris, Ser. | 337 (2003).
O 2003 Académie des sciences. Published by Editions scientifiques et médicales Elsevier SAS. All rights reserved.

Version francaise abr égée

Dans les modeles de durée, on dispose de deux sWiigs>1 et (C,),>1 mutuellements indépendantes de
f.d.r. F et G respectivement. Les v.a. observables sont min{X;, C;} etd; = 1ix,<c;y pouri =1,2,...,n. |l
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est bien connu que pour ce type de modele, I'estimateur de la f.ckst I'estimateur de Kaplan—Meier [@,

défini ci-dessous (3). Sil'on suppose gaest continue, il est naturel de considérer un estimateur lisgéaielieu

de I'estimateur en escalidt, . De tels estimateurs apparaissent naturellement comme des intégrales d’estimateurs
nonparamétriques de la densité, définis par

fn(n:i/K(t;S)dE(s), (1)

an n

oU K est une densité de probabilite telle gkie> 0, [ K (u)du =1, eta, est une suite de réels positifs décroissant
vers zéro quand tend vers I'infini et oUF,, est I'estimateur de Kaplan—Meier défini en (3).
L'estimateur lissé peut s’écrire alors :

F,,(x):i/K<xa_t>1?,,(z)dt. )

n n

Dans cette Note, nous établissons un résultat du type Chung—Smirnov pour I'estimateur lissé défini en (2).

1. Introduction

Let (X,),>1 be a sequence of iid rv with common @f These rv are regarded as the lifetimes of the items
under study. In many situations, due to possible withdrawals of the items from the life testing experimentation,
the lifetimes may not be directly observable. Instead, we observe only censored lifetimes. That is, assuming that
(Cn)n>1 is another sequence of iid censoring random variables with tig. dhe observable rv are thepairs
{(Z[, 8), i =1, 2,..., n}, WhereZ,» = min{X,», Cl} and&- = ]l{Xigcl.}.

For this model, the coherent estimaforof the df F based on%Z;,8;), i=1,2,...,n,isthe Kaplan—Meier [5]
estimator (KME) defined by

n—i \0
N =
1-F,(x)= n—i+1 3)

it Zgy<x

0 if x > Zny,
whereZq) < Z) < --- < Z(y) are the order statistics @; ands(y), (2, . - ., 8 are the correspondirdg. Clearly,
the Z; are iid with common d7 (x) =1— (1 — F(x))(1— G(x)), and the uncensored model is the special case of
the censored model witti = 0. Since the litterature about KME is huge, the interested reader can consult Gill [4].
Most notably, Breslow and Crowley [1] proved that the sequence of product-limit proce@:{@g(x) — F(x))
converges weakly to a Gaussian process with zero mean and variance function

T dF (u)
4= | T raora—cay “

—00

If we suppose that the df is absolutely continuous, it is natural to consider a smooth estinkgtof F rather than

the classical KMEF, which is a step function. Such estimators arise quite naturally as integrals of nonparametric
density estimators defined by (1). The smoothed KME can be representgdy= ffoo fu(r) dt, which can be
rewritten, using integration by parts and Fubini’'s theorem, as follows

F,,(x):i/K<xa_t>ﬁ,,(z)dt. (5)

n n

If no censoring is present, the Chung—Smirnov property has been obtained by Winter [9] for the upper bound and
Degenhardt [3] for the lower bound. To the best of our knowledge, the problem of the smooth estimation in the
censored case has been studied only for the Nelson—Aalen estimator using martingale theory and the recent rest
of Lemdani and Ould-Said [6] in which they prove that the asymptotic performari¢eisbetter than the classical
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KME F, in the sense of relative deficiency using the MSE criterion. There are few results about a smoothed df
under censorship model. This is the goal of this Note.

For any dfw, let Tw = supx; W(x) < 1}. If T¢ < TF the data ovefll; is possible but cannot be observed. In
this case we cannot estimafgx) for x > 7.

2. Result

We recall that the Chung—Smirnov property (CSP) gives the rate of the convergence. We dayshtidfies
the CSP if

on  \12
Iimsup( ) \Fa— Fll=C, 6)
n—-+oo \ l0glogn

whereC =1 in the uncensored case (smoothed or not)|gfifl= sup, | f (x)|. ]
We will establish the same result as (6) for smoothed Kaplan—Meier estifator
The following conditions over the bandwidth,, } and the kernek will be needed.

log(1/a, , log(1/ay, . .
ap 40, na, t oo, M — 0 (a, is not too smal, M — +00 (a, is not too big, (7
nay loglogn
K is with compact suppoft-1, 1], /uK(u) du=0 and /uzK(u) du < +o00. (8)

In our approach, a strong representation of KME due to Major and Rejt6 [7] plays an important role. Let
HY"(t) =P[Z1 <1, §1=1]andH (r) =P[Z1 < t, 81 = 0], Major and Reijto [7] established that, for< Ty,

~ 1<
Fn(x)—F(x):(l—F(x)) X ;ZWi(X)-i-Vn(x) 9)
i=1

and

Fo() — Fr) = (1— F(0)) x %%(x) + Ru(0), (10)
where

o = Yzicns=1 — HI) /x Yizi<yy —HO) un, /x Lz, <y=1 — HM()
viln = AR e ) ey o)

andy, (x) is a Gaussian process defined by

Bu(H™() [ Ba(H™()) = Ba(1— HO) o / Bu(H""())
1-H@) +/ 1- Hw)? WO | A

—0o0 —0o0

W (x) = dH (y) 12)

with B, (s), 0 < s <1, being a Brownian bridge. Moreover, the remainder terms in (9) and (10) satisfy, with
probability one,

C
]P’(Supn|r,,(x)| >x+ —) Slce_”‘32 (13)
x<T 3
for all x > 0, whereC, « > 0 andA > 0 are universal constants, and
log?
sup|Rn(x)|=O< g n) T <Ty. (14)
x<T n

Let || fll» = sup.<, |.f (x)|, our main result is the following:
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Theorem 2.1. Under the condition$7) and (8), if F has densityf having bounded first derivativg’ and if a, is
such that

1/2
O<a,<1 and ( ) a3—>0 asn — 400, (15)
loglogn
thenforallT < Ty
o 12
Iimsup( ) | Fy, _F”T:CF,G a.s., (16)
n—+oo \ lOglogn

whereCr ¢ = sup <7 (1 — F(x)(d(x))Y/?, d(x) is defined in(4).

Remarks.
1. We pointed out that we have the same constant in (16) as in Csoérgd and Horvath [2] for the maximal
deviation between the KME'’s and the At
2. Our assumptions are the same as in Degenhardt [3] and our result extends his lower bound.
3. If no censoring is present, the problem is solved using some results on the empirical processes, which are
not available in the censoring case. In our case, we use the strong approximation of the KME due to Major and
Rejt6 [7] to draw up the result.

Proof. First we prove the upper bound. Let = (21/(loglogn)¥/2). By a Taylor expansion of order 2 and
using (9), we get

2
e (B[ F(0)] = F(x) = 222 / U2 £ (Eu) K () i+ an< / (5 — anu)K (1) du>, (17)

whereé, , lies betweerx andx — a,u. Now we have the following inequality

cna? / u? f'(Ey.x) K () du

< ||f/||cna3/ u?K () dut. (18)

Using the fact that, for all positive r¥, E(X) = 0+°°[1— F(u)]du and (13), we can prove thE{supth [ (u)]]
= O(%). Then the second term of the rhs of (17) is bounded, By which tends to zero.
Sincec,a? — 0, from (8) it follows that
Cn {E[Fn (x)] - F(x)} — 0 asn— +oo. (29)
Now, for the variance term, we prove that
limsupc, || E, — EF, |7 < lim sup[cnllﬁl —Flr + O<C—">:|
n—+00 n—+00 n

By Cso6rg0o and Horvath ([2], p. 413), one has

Iimsupcn”Fn _EFn||T < Cr. (20)

n—-+00

The result of the upper bound now follows by the triangle inequality and (19).
For the lower bound, using the reversed triangle inequality we get

1

/ oK () du

. Cp
—limsupsup—
n—+o00 x<T V1

. . . C
limsupc, || F, — Fll7 > limsupsup —
n—-+00 n—+o00 x<T V1

9

1
/(Fl + I3)K (u) du
-1
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wherert = B,(F (x —ayu)) — Bu(F(x)), T2 = Bu(F(x)), 3= F(x —ayu) — F(x) andp, (F (x)) = /n(F, (x) —
F(x)). Applying again Csorgo and Horvath [2], we have

1

/FzK(u) du

=limsupe, | F, — Fllr = CF.c. (21)

n—-+00

. Cp
limsupsup—
n—+o00 x<T

By a Taylor expansion of" and (15), it is easy to see that the ternTtends to zero.
Now, for I it can be split as follows

dH""(y)

_ By(HY(x —a,u) | [ Ba(HY() — By(1— HU(y))
Fl_(l_F(x_“"”)){ 1= HQx — an) / (1= H())?

—00

U BL(HY))
— — " dH —(1—-F
TR )} ( (x)){

Bu (H""(x))
1— H(x)

[ By(HY(y) — By(1— H™(y)) .
dH —
* / 1 H(y)? )

0 _
+ «/;(Rn(x —apu) — Rn(x))'
A Taylor expansion of + F(x — a,u) in neighbourhood of yields
B,(H"(x —ayu))  B,(H"(x)) }

F1=(1_F(x)){ 1-H(x—au)  1—H(x)

[ Bu(H"(y)
| A=H)?

dH (y)}

T Bu(HY() — Bu(L— HYG) [ Bu(HY(y)
1—-F dH —_—
+ (x)){ / A—H()? R BT

X X—anu

dH(y)}

Bu(H"x —ayu)) [ Bu(HY(3)) — By(l— HYG)) .
+ {_anuf(éu,x)‘i‘o(an)}{ 1— H(x —ayu) _ZO (1— H(y))2 dH™(y)
T B (H () _
- ) (]_T(y))de()’)}+ﬁ(Rn(X—anu)—Rn(X)) i=T11+ 2+ N3+ Ia (22)
By the fact thatB,, satisfies
. 1B, |
imsupogTogs =~ #)

and (8) we have limsyp, , ., SUp.<r % f_lllflz + I'3a|K () du = 0. Now for I'11, we have the following
inequality

By(H"(x —anu)) By (H"(x))

1—H(x —apu) 1— H() K () du

1
Cn
limsupsu —/ 1-F(x)
n—>+00px§?\/ﬁ l( )

| By (H"(x — ayu)) — B, (H""(x))|
1- H(x —ayu)

Cn

1
Llimsupsup— /{
-1

}K(u)du

n—-+00 x<T /1
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1
i En un 1 _ 1 T /"
+ limsupsup = |B.(H (x))|/‘1_ HG—aw "1 K(u)du:=TIy{;+ I} (24)
-1

n—+00 x<T N

Making use of (23), we can check that the tefff} tends to zero. All what is left to be shown, is thé}, is
asymptotically negligible.

Let wy (an) = SUR,_g<q, | Bn(t) — Bu(s)] the continuity modulus oB,,.

By (7), the result of Stute [8] holds fd8,. That is, we have

1\ 2
a)n(an):O<<an In a_> ) a.s. (25)

Now by a Taylor expansion o “"(x — a,u), the integral term of |, can be bounded by, (a, || /)M, where
M =sup,cr, Wlm for somes > 0 such tha + ¢ < Ty.

Now, using the following dominating sequenge= ('og'%)l/4 which satisfy (15), we can check that, for all
sequence,,

limsupw,(a,) =0 a.s. (26)

n—-+00

Finally, the termli4 in (22) is of order@ uniformly on] — oo, T'], we have

1
lim supsupcn/|Rn (x — anu) — Ry (x)| K (u) du = 0. (27)
n—>+00 xT el

Now (19)—(22), (26) and (27) allow us to conclude for the lower bound and the result.
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