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Abstract

Let (Xn)n�1 be a sequence of independent and identically distributed (iid) random variables (rv) with common distr
function (df)F and another iid sequence(Cn)n�1 with df G independent of(Xn)n�1. Here we consider the Smoothed Kapla
Meier EstimatorḞn of F defined as integral of nonparametric density estimators. It is shown that ifF satisfies some smoothne
conditions,Ḟn has the Chung–Smirnov property, that is, with probability one,

limsup
n→∞

(
2n

log logn

)1/2
‖Ḟn − F‖T =CF,G,

whereCF,G is a constant depending only onF andG (‖ · ‖T andT are defined below). In this Note, we extend the res
of Winter (1979) and Degenhardt (1993) to the censorship model and those of Csörgö and Horvath (1983) to the s
estimator with the same constantCF,G. To cite this article: E. Ould-Saïd, O. Yazourh-Benrabah, C. R. Acad. Sci. Paris, Ser. I
337 (2003).
 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé

Propriété de Chung–Smirnov de l’estimateur lissé de la fonction de répartition en présence de censure. On considère
une suite de variables aléatoires iid(Xn)n�1 de même fonction de répartition (f.d.r.)F et une autre suite de variables aléatoi
(Cn)n�1 de f.d.r.G indépendantes de(Xn)n�1. On considère un estimateur lissé par convolutionḞn deF . Nous montrons
que cet estimateur vérifie la propriété de Chung–Smirnov. Dans cette Note, nous étendons les résultats de Winter
Degenhardt (1993) au cas censuré et celui de Csörgö et Horvath (1983) à l’estimateur lissé avec la même constanteCF,G. Pour
citer cet article : E. Ould-Saïd, O. Yazourh-Benrabah, C. R. Acad. Sci. Paris, Ser. I 337 (2003).
 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Version française abrégée

Dans les modèles de durée, on dispose de deux suites(Xn)n�1 et (Cn)n�1 mutuellements indépendantes
f.d.r. F etG respectivement. Les v.a. observables sontZi = min{Xi,Ci} et δi = 1{Xi�Ci } pour i = 1,2, . . . , n. Il
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1631-073X/$ – see front matter 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights
reserved.
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est bien connu que pour ce type de modèle, l’estimateur de la f.d.r.F est l’estimateur de Kaplan–Meier [2]̂Fn,
défini ci-dessous (3). Si l’on suppose queF est continue, il est naturel de considérer un estimateur lissé deF au lieu
de l’estimateur en escalier̂Fn. De tels estimateurs apparaissent naturellement comme des intégrales d’estim
nonparamétriques de la densité, définis par

f̂n(t)= 1

an

∫
K

(
t − s

an

)
dF̂n(s), (1)

oùK est une densité de probabilité telle queK � 0,
∫
K(u)du= 1, etan est une suite de réels positifs décroiss

vers zéro quandn tend vers l’infini et oùF̂n est l’estimateur de Kaplan–Meier défini en (3).
L’estimateur lissé peut s’écrire alors :

Ḟn(x)= 1

an

∫
K

(
x − t

an

)
F̂n(t)dt . (2)

Dans cette Note, nous établissons un résultat du type Chung–Smirnov pour l’estimateur lissé défini en (2)

1. Introduction

Let (Xn)n�1 be a sequence of iid rv with common dfF . These rv are regarded as the lifetimes of the ite
under study. In many situations, due to possible withdrawals of the items from the life testing experime
the lifetimes may not be directly observable. Instead, we observe only censored lifetimes. That is, assum
(Cn)n�1 is another sequence of iid censoring random variables with the dfG. The observable rv are then pairs
{(Zi, δi), i = 1,2, . . . , n}, whereZi = min{Xi,Ci} andδi = 1{Xi�Ci}.

For this model, the coherent estimatorF̂n of the dfF based on (Zi, δi), i = 1,2, . . . , n, is the Kaplan–Meier [5]
estimator (KME) defined by

1− F̂n(x)=


∏

i: Z(i)�x

(
n− i

n− i + 1

)δ(i)

if x < Z(n),

0 if x �Z(n),

(3)

whereZ(1) � Z(2) � · · · � Z(n) are the order statistics ofZi andδ(1), δ(2), . . . , δ(n) are the correspondingδi . Clearly,
theZi are iid with common dfH(x)= 1− (1−F(x))(1−G(x)), and the uncensored model is the special cas
the censored model withG= 0. Since the litterature about KME is huge, the interested reader can consult G
Most notably, Breslow and Crowley [1] proved that the sequence of product-limit processes

√
n(F̂n(x) − F(x))

converges weakly to a Gaussian process with zero mean and variance function

d(x)=
x∫

−∞

dF(u)

(1− F(u))2(1−G(u))
. (4)

If we suppose that the dfF is absolutely continuous, it is natural to consider a smooth estimatorḞn of F rather than
the classical KMÊFn which is a step function. Such estimators arise quite naturally as integrals of nonpara
density estimators defined by (1). The smoothed KME can be represented byḞn(x)= ∫ x

−∞ f̂n(t)dt, which can be
rewritten, using integration by parts and Fubini’s theorem, as follows

Ḟn(x)= 1

an

∫
K

(
x − t

an

)
F̂n(t)dt . (5)

If no censoring is present, the Chung–Smirnov property has been obtained by Winter [9] for the upper bo
Degenhardt [3] for the lower bound. To the best of our knowledge, the problem of the smooth estimation
censored case has been studied only for the Nelson–Aalen estimator using martingale theory and the rec
of Lemdani and Ould-Saïd [6] in which they prove that the asymptotic performance ofḞn is better than the classic
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KME F̂n in the sense of relative deficiency using the MSE criterion. There are few results about a smoo
under censorship model. This is the goal of this Note.

For any dfW , let TW = sup{x; W(x) < 1}. If TG < TF the data overTG is possible but cannot be observed.
this case we cannot estimateF(x) for x > TG.

2. Result

We recall that the Chung–Smirnov property (CSP) gives the rate of the convergence. We say thatFn satisfies
the CSP if

lim sup
n→+∞

(
2n

log logn

)1/2

‖Fn − F‖ = C, (6)

whereC = 1 in the uncensored case (smoothed or not) and‖f ‖ = supx |f (x)|.
We will establish the same result as (6) for smoothed Kaplan–Meier estimatorḞn.

The following conditions over the bandwidth{an} and the kernelK will be needed.

an ↓ 0, nan ↑ ∞,
log(1/an)

nan
→ 0 (an is not too small),

log(1/an)

log logn
→ +∞ (an is not too big), (7)

K is with compact support[−1,1],
∫

uK(u)du= 0 and
∫

u2K(u)du<+∞. (8)

In our approach, a strong representation of KME due to Major and Rejtö [7] plays an important ro
H un(t) = P[Z1 � t, δ1 = 1] andHc(t) = P[Z1 � t, δ1 = 0], Major and Rejtö [7] established that, forx < TH ,

F̂n(x)− F(x)= (
1− F(x)

) × 1

n

n∑
i=1

ψi(x)+ rn(x) (9)

and

F̂n(x)− F(x)= (
1− F(x)

) × 1√
n
Ψn(x)+Rn(x), (10)

where

ψi(x)= 1{Zi�x,δi=1} −H un(x)

1−H(x)
+

x∫
−∞

1{Zi�y} −H(y)

(1−H(x))2
dH un(y)−

x∫
−∞

1{Zi�y,δi=1} −H un(y)

(1−H(x))2
dH(y) (11)

andΨn(x) is a Gaussian process defined by

Ψn(x)= Bn(H
un(x))

1−H(x)
+

x∫
−∞

Bn(H
un(y))−Bn(1−Hc(y))

(1−H(x))2
dH un(y)−

x∫
−∞

Bn(H
un(y))

(1−H(x))2
dH(y) (12)

with Bn(s), 0 � s � 1, being a Brownian bridge. Moreover, the remainder terms in (9) and (10) satisfy,
probability one,

P

(
sup
x�T

n
∣∣rn(x)∣∣> x + C

δ

)
� κe−λxδ2

(13)

for all x > 0, whereC, κ > 0 andλ > 0 are universal constants, and

sup
x�T

∣∣Rn(x)
∣∣ = O

(
log2n

n

)
, T < TH . (14)

Let ‖f ‖b = supx�b |f (x)|, our main result is the following:
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Theorem 2.1. Under the conditions(7) and (8), if F has densityf having bounded first derivativef ′ and if an is
such that

0< an < 1 and

(
n

log logn

)1/2

a2
n −→ 0 asn → +∞, (15)

then for allT < TH

lim sup
n→+∞

(
2n

log logn

)1/2

‖Ḟn − F‖T = CF,G a.s., (16)

whereCF,G = supt�T (1− F(x))(d(x))1/2, d(x) is defined in(4).

Remarks.
1. We pointed out that we have the same constant in (16) as in Csörgö and Horvath [2] for the m
deviation between the KME’s and the dfF .
2. Our assumptions are the same as in Degenhardt [3] and our result extends his lower bound.
3. If no censoring is present, the problem is solved using some results on the empirical processes, w
not available in the censoring case. In our case, we use the strong approximation of the KME due to M
Rejtö [7] to draw up the result.

Proof. First we prove the upper bound. Letcn = (2n/(log logn)1/2). By a Taylor expansion of order 2 an
using (9), we get

cn
(
E
[
Ḟn(x)

] − F(x)
) = cna

2
n

2

∫
u2f ′(ξu,x)K(u)du+ cnE

(∫
rn(x − anu)K(u)du

)
, (17)

whereξu,x lies betweenx andx − anu. Now we have the following inequality∣∣∣∣cna2
n

∫
u2f ′(ξu,x)K(u)du

∣∣∣∣ � ‖f ′‖cna2
n

∫
u2K(u)du. (18)

Using the fact that, for all positive rvX, E(X) = ∫ +∞
0 [1−F(u)]du and (13), we can prove thatE[supu�T |rn(u)|]

= O( 1
n
). Then the second term of the rhs of (17) is bounded bycn/n which tends to zero.

Sincecna2
n → 0, from (8) it follows that

cn
{
E
[
Ḟn(x)

] − F(x)
} −→ 0 asn→ +∞. (19)

Now, for the variance term, we prove that

lim sup
n→+∞

cn‖Ḟn − EḞn‖T � lim sup
n→+∞

[
cn‖F̂n − F‖T + O

(
cn

n

)]
.

By Csörgö and Horvath ([2], p. 413), one has

lim sup
n→+∞

cn‖Ḟn − EḞn‖T � CF,G. (20)

The result of the upper bound now follows by the triangle inequality and (19).
For the lower bound, using the reversed triangle inequality we get

lim sup
n→+∞

cn‖Ḟn − F‖T � lim sup
n→+∞

sup
x�T

cn√
n

∣∣∣∣∣
1∫
Γ2K(u)du

∣∣∣∣∣ − lim sup
n→+∞

sup
x�T

cn√
n

∣∣∣∣∣
1∫
(Γ1 + Γ3)K(u)du

∣∣∣∣∣,

−1 −1
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whereΓ1 = βn(F (x−anu))−βn(F (x)), Γ2 = βn(F (x)), Γ3 = F(x−anu)−F(x) andβn(F (x))= √
n(F̂n(x)−

F(x)). Applying again Csörgö and Horvath [2], we have

lim sup
n→+∞

sup
x�T

cn√
n

∣∣∣∣∣
1∫

−1

Γ2K(u)du

∣∣∣∣∣ = lim sup
n→+∞

cn‖F̂n − F‖T = CF,G. (21)

By a Taylor expansion ofF and (15), it is easy to see that the term inΓ3 tends to zero.
Now, forΓ1 it can be split as follows

Γ1 = (
1− F(x − anu)

){Bn(H
un(x − anu))

1−H(x − anu)
+

x−anu∫
−∞

Bn(H
un(y))−Bn(1−H un(y))

(1−H(y))2
dH un(y)

−
x−anu∫
−∞

Bn(H
un(y))

(1−H(y))2
dH(y)

}
− (

1− F(x)
){Bn(H

un(x))

1−H(x)

+
x∫

−∞

Bn(H
un(y))−Bn(1−H un(y))

(1−H(y))2
dH un(y)−

x∫
−∞

Bn(H
un(y))

(1−H(y))2
dH(y)

}
+ √

n
(
Rn(x − anu)−Rn(x)

)
.

A Taylor expansion of 1− F(x − anu) in neighbourhood ofx yields

Γ1 = (
1− F(x)

){Bn(H
un(x − anu))

1−H(x − anu)
− Bn(H

un(x))

1−H(x)

}

+ (
1−F(x)

){ x−anu∫
x

Bn(H
un(y))−Bn(1−H un(y))

(1−H(y))2
dH un(y)+

x∫
x−anu

Bn(H
un(y))

(1−H(y))2
dH(y)

}

+ {−anuf (ξu,x)+ o(an)
}{Bn(H

un(x − anu))

1−H(x − anu)
+

x−anu∫
−∞

Bn(H
un(y))−Bn(1−H un(y))

(1−H(y))2
dH un(y)

−
x−anu∫
−∞

Bn(H
un(y))

(1−H(y))2
dH(y)

}
+ √

n
(
Rn(x − anu)−Rn(x)

) := Γ11 + Γ12 + Γ13 + Γ14. (22)

By the fact thatBn satisfies

lim sup
n→+∞

‖Bn‖√
log logn

<∞ a.s. (23)

and (8) we have lim supn→+∞ supx�T
cn√
n

∫ 1
−1 |Γ12 + Γ13|K(u)du = 0. Now for Γ11, we have the following

inequality

lim sup
n→+∞

sup
x�T

cn√
n

1∫
−1

(
1− F(x)

)∣∣∣∣Bn(H
un(x − anu))

1−H(x − anu)
− Bn(H

un(x))

1−H(x)

∣∣∣∣K(u)du

� lim sup
n→+∞

sup
x�T

cn√
n

1∫ { |Bn(H
un(x − anu))−Bn(H

un(x))|
1−H(x − anu)

}
K(u)du
−1
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8) 1113–
+ lim sup
n→+∞

sup
x�T

cn√
n

∣∣Bn

(
H un(x)

)∣∣ 1∫
−1

∣∣∣∣ 1

1−H(x − anu)
− 1

1−H(x)

∣∣∣∣K(u)du := Γ ′
11 + Γ ′′

11. (24)

Making use of (23), we can check that the termΓ ′′
11 tends to zero. All what is left to be shown, is thatΓ ′

11 is
asymptotically negligible.

Let ωn(an)= sup|t−s|�an
|Bn(t)−Bn(s)| the continuity modulus ofBn.

By (7), the result of Stute [8] holds forBn. That is, we have

ωn(an)= O

((
an ln

1

an

)1/2)
a.s. (25)

Now by a Taylor expansion ofH un(x − anu), the integral term ofΓ ′
11 can be bounded byωn(an‖f ‖)M , where

M = supy�T+ε
1

1−H(y)
for someε > 0 such thatT + ε < TH .

Now, using the following dominating sequenceãn = (
log logn

n
)1/4 which satisfy (15), we can check that, for a

sequencean

lim sup
n→+∞

ωn(an)= 0 a.s. (26)

Finally, the termΓ14 in (22) is of orderlog2n
n

uniformly on] − ∞, T ], we have

lim sup
n→+∞

sup
x�T

cn

1∫
−1

∣∣Rn(x − anu)−Rn(x)
∣∣K(u)du= 0. (27)

Now (19)–(22), (26) and (27) allow us to conclude for the lower bound and the result.
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