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Abstract

We consider a real semi-simple Lie group with finite center and a maximal compact sub-grokipof G. Let G =
K exp(ax)K be a Cartan decomposition ¢f. For x € G denote|/x| the norm of thea;-component ofx in the Cartan
decomposition ofG. Leta > 0, b > 0 and 1< p, ¢ < oco. In this Note we give necessary and sufficient conditions: ot
such that for allk -bi-invariant measurable functiohon G, if e?I*I° £ € L7 (G) and 1M F( f) e L4(a* ) then f =0 almost
everywhereTo citethisarticle: S. Ben Farah, K. Mokni, C. R. Acad. Sci. Paris, Ser. | 336 (2003).
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Résumé

Principe d’incertitude et paires LP-L4-suffisantes sur les espaces symeétriques réels non-compa@s. considéere un
groupe de Lie semi-simple réél de centre fini etk un sous-groupe compact maximal de Soit G = K exp(ar)K une
décomposition de Cartan de. Pourx € G, on note|/x|| la norme de la composante dedansa. Soienta >0, b >0
et 1< p,q < co. Dans cette Note on donne une condition nécessaire et suffisanie suelle que pour toute fonctiorf
mesurable eK -bi-invariante suG, si ¢l¥1° f ¢ L7 (G) et @15 (f) e L4(a%) alors f =0 presque partouBour citer cet
article: S. Ben Farah, K. Mokni, C. R. Acad. Sci. Paris, Ser. | 336 (2003).

O 2003 Académie des sciences. Published by Editions scientifiques et médicales Elsevier SAS. All rights reserved.

1. Introduction

One of the rigorous formalization of the uncertainty principle in the classical Fourier analyRisigto study
LP-L14-sufficient pairs of positive functions in the following meaning. A pair of positive functigng) is said to
be LP—L4-sufficient, whenever, for all measurable functifnthe conditiongy=1 f € L?(R) andy 1 f € L4(R)
implies thatf = 0 almost everywhere. Whegn= g = oo, the pair is simply said to be sufficient as in [10] (p. 128).

This problem has been intensively studied in the literature, in many situations. For examfie,vwdren

p =g =00 and(¢(x), y(A) = (e—“"z, e‘“z), we obtain the classical Hardy’s theorem, see [9]. Cowling and

E-mail addressesslaim.benfarah@fsm.rnu.tn (S. Ben Farah), kamel.mokni@fsm.rnu.tn (K. Mokni).
1631-073X/03/$ — see front mattél 2003 Académie des sciences. Published by Editions scientifiques et médicales Elsevier SAS. All rights

reserved.
doi:10.1016/S1631-073X(03)00220-6



890 S. Ben Farah, K. Mokni / C. R. Acad. Sci. Paris, Ser. | 336 (2003) 889-892

Price [5] have proved that the pa('er“xz, e‘“z) is LP—L4-sufficient if and only ifab > 1/4 andp or q is finite.
Analogous of these results have been also studied in [3,7,8,13—-15].

Now we consider a real semi-simple Lie grodp with finite center. LetG = K expla;)K be a Cartan
decomposition ot;. Denote byj| x| the norm of ther,.-component ok € G in the Cartan decomposition. In [12],
Narayanan and Ray, have proved that for afl & < oo and for all 1< g < oo, the pair(e‘“”x'|2<pé_2/p, e bIIrIIZy
defined respectively o6 anda’ is LP—L4-sufficient if and only ifab > 1/4 (¢o is the spherical function below).
In [4], we have proved, with Triméche, that the péif, (x), e ?I*I?) is LP—L4-sufficient if and only ifab > 1/4
and p or g is finite, whereh, is the heat kernel o7 at timea. We note that this pair gives the correct decay
condition to obtain the analogue of the above Cowling and Price result. In the other hand, Sitaram and Sundari in
[14], and Cowling, Sitaram and Sundari in [6] have studied the gait*!I”, e=2IM1%) for p = ¢ = oo.

The aim of this Note is to study thie?—L-sufficiency of the same paje—/¥II*, e~t1H1%) for all 1 < p, ¢ < 0o
and alla >0, b > 0.

2. Notations

In this section we introduce some classical notations and results about semi-simple Lie groups. For details we
refer to [11].

Let G be a connected, non compact real semi-simple Lie group with finite centeKaadixed maximal
compact sub-group of;. Takeg = £ + p a Cartan decomposition @f= Lie(G) such thatt =Lie(K). Let a be
a maximal abelian subspace @f The associated Killing form defines a scalar product on a. By duality,
we define a scalar product ari which can be extended . as a hermitian product, denoted also(hy). Let
|l - || be the associated norm. As usual denoteldythe Weyl group and® the set of all roots. Le&™ be a
fixed set of positive rootséjar the set of positive indivisible roots ard_, a7 the corresponding Weyl chambers
respectively ina and a*. Let p = %Za62+ mqa. We have the Cartan decompositioh= K exp(ay)K. For
all x € G, denote|x| = ||xT|| wherex™ is the a-component oft in the above decomposition. For alle G,
let H(x) be the unique element im such thatx € K expH (x)N. The spherical functions o6 are defined by
Pr(x) = [, €P=PHED gk x € G, 1 e ag.

The spherical Fourier transform o6 is defined byF(f)(1) = ]G f®e_r(x)dx, f € DYG). Let
¢ be the Harish-Chandra-function defined e Then the inversion formula is given b§~1(h)(x) =
Jar hGY@.(0)e()|72dh, h=TF(f).

3. Phragmén-Lindeldf type results

We need some complex analysis results for the proof of the main theorem of this paper.
Fix y a positive measurable function ¢ co[. Suppose there exists integer 0 and arealsg > 0 andeg > 0
such that

(i) Vr >0, Vx > 09 y(rx) < const- max(rk, 1)y (x).
(i) Yo > o0, dy(0)= f;+ly(x) dx > o.

Lemma 3.1.Let f be an analytic even function of. Suppose that fot < ¢ < 400, me N, M >0 and a
constant > 0 we have for alk € C

@] < M(L+1z))" €@ and /|f(x)|qy(x) dx < M.
0

Thenf =0o0onC.
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Using the Phragmén—Lindel6f principle (see [10], p. 36) we obtain the following result
Lemma 3.2.Let f be an even analytic function db. Suppose that fan € N, M > 0 andv > 0 we have and all
zeCandallx e R+
|F@|<M(1+12)" €M) and [f(x)| <M.
Thenf =constonC.

4. The LP-LY version of Hardy’s theorem
We start by the principal theorem of this Note.

Theorem4.lletl< p,g <ocanda>0, b>0.
If 1< p < 2then the paine=@¥I1?, e=2II*1?) is 1 P—L9-sufficient if and only ifib > 1/4.
If 2 < p < ooandab > 1/4, then the paine~a!*I* ebII1%y js 1P 4-sufficient.

In Proposition 4.7, we prove thab > 1/4 is necessary and suffisent, in the c@se SL(2, C).

The proof of this theorem is a consequence of the following results. For givefl, b >0, 1 < p < o0 and
1< g < o0, let f be ak -bi-invariant measurable function @ such that|e?*I° £|| (g, < co. The condition on
f and properties of the spherical functions [11], imply that the definition of the Fourier transform can be extended
to £, andJ(f) is W-invariant and analytic oaf.. Moreover it satisfies the properties given in the following lemma.

Lemma 4.2.Let p’ be the conjugate exponentpf We have for alk =& +in € a* 4 a7

2=p 2
if 1 < p < oo then|F(f)(W)| < const- (1+ [y[)? e/ * It eI,

if p=1then|F(f)()| < const - eX/4lnl?,

Let ua,...,u; be a basis oln* such thata’ = ZleRi - . Let Ay = p1 + oo + -+ + gy for all
t=(f2,...,11) € RI~1, The change of variablecy, . .., x;) = x(1, t2, . . ., ;) and Fubini’s theorem gives

Lemma 4.3.If 1< g < oo ande!*I*F £ isin L9 (a*, |c(1)|~2dA) then
o0
/|eh‘x‘2”A’”23"(f)(xA,)|q|c(xA,)|_2xl_ldx < +o0, 1)
0

foralmostallz, >0, ...,4 > 0.

Proposition 4.4.Let1 < p,g < oo and f a K -biinvariant measurable function ofi such that

Cil <M and |&M°Ff M, )

f ” LP(G) L4 (a%,|c(W)]|~2dn) <

for M >0,a > 0andb > 0. If ab > 1/4 then f = 0 almost everywhere.

Proof. Fora <a’ <1/4b and# > 0,...,5 >0 lett = (t1,...,4) andg, ,:C — C be defined byg, ,(z) =

WA F(£)(zA,) andy (x) = |c(x A;)|~2x!~L. For almostr, > 0,...,1 > 0 Lemma 3.1 or Lemma 3.2
gives thatg,/ , = 0 onC thenF(f) = 0 onag. Hencef = 0 almost everywhere.

Using similar proof we obtain the following result
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Proposition 4.5.Supposd < p < 2and1 < g < oo. Let f be aK-biinvariant measurable function oG such
that

2 2
e f”LP(G) <M and [MFr0) ”Lq(a’;,|c(x)|—2dx) <M,
for M >0,a > 0andb > 0. If ab = 1/4 then f = 0 almost everywhere.

The heat kernek, is defined fora > 0 and is a positivek -bi-invariantC*>°-function onG. Using Anker’s
estimate [1,2] of,, we obtain

Proposition 4.6.1f ab < 1/4thenforalll < p,g < oo anda <t < 1/4b, h, verifies

[ ey <00 and [@MFFUhI D Lo ooy -2an) < o

”LP(G)

Now we consider the groug = SL(2, C) as a real Lie group. We také = SU(2) and

a={m= (5 °)verl

We can identifya to R in such a way thal H, || = |x|. For all realx, the mapH, — A - x gives an identification
of a* with R such that|x|| in a* is [A|. Under these conditions we hayg(x) = 25ME . e (1) =2 = %2 and
8(x) = 4sintf 2x.

Fora >0, letg, be defined ofR by g (1) = e **/4sirf(ai) /A%,

Proposition 4.7.Let2 < p< oo and1 < g < oo. For all 0 < o < min(1/4, (p — 2)/4p), the functionsf, =
F1(gq) verifies

16 full oy <00 and [t <o0.

La(a%,le(h)|~2dh)
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