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Abstract

In this Note, we give a “dual” representation of divergences. We make use of this representation to define and study some
new estimates of the law and of the divergences for discrete and continuous parametric foodtdghis article: A. Keziou,
C. R. Acad. Sci. Paris, Ser. | 336 (2003).
O 2003 Académie des sciences. Published by Editions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé
Repr ésentation duale des ¢-diver gences et applications. Dans cette Note, nous donnons une représentation « duale » des
divergences. Nous utilisons cette représentation pour définir et étudier de nouveaux estimateurs de la loi et des divergences pot

des modéles paramétriques discrets et contipuus:. citer cet article: A. Keziou, C. R. Acad. Sci. Paris, Ser. | 336 (2003).
O 2003 Académie des sciences. Published by Editions scientifiques et médicales Elsevier SAS. All rights reserved.

Version francaise abr égée

Soit (X, B) un espace mesurable. Sgitune fonction convexe définie sii®, +co) dans[0, +oo] satisfant
¢(1) =0 etp(0) = lim,_, o+ ¢(x). Soit P une loi de probabilité définie sG#’, B). NotonsM ! I'espace des lois de
probabilité définies su¢X, B) et notonsM(P) le sous-espace des lois de probabilité absolument continues par
rapport aP (a.c. p.r.a.P). Pour toute loi de probabilit® € M1(P), la$-divergence entr@ et P est définie par

d
s.P=[o (d%)dP (1)

LorsqueQ n'estpas a.c. p.r.&, on posep(Q, P) := +oc. Cette définition a été introduite par Rlischendorf [8], et
elle est la version modifiée de la définition originale introduite par Csiszar [3], qui nécessite une mesure dominante
communes -finie A pour la loi P et les loisQ. Comme nous allons considérer tout I'espag&(P), il convient
d'utiliser la définition (1). Notons que les deux définitions coincident sur le sous-espace des lois de probabilité a.c.
p.r.a.P et dominées par la mesusefinie A.

Les divergences de Kullback—Leibld€l(), Kullback—Leibler modifiéeKL,,) et Hellinger (H) sont obtenues
respectivement pows(x) = —log(x) +x — 1, ¢(x) =xlog(x) — x + 1 etp(x) = 2(y/x — 1)°. Ces divergences
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font partie de la classe des divergences de puissance introduite par Cressie et Read (cf. [2] et Liese et Vajda [5]
Chapitre 2).

Soit {Py, 6 € ®} un modele paramétrique identifiable av®cun sous-ensemble dR¢. On considére le
probléme d’estimation de la vraie valeur incondgelu paramétré et I'estimation des divergencesP,, Py,) a
partir d’un échantillorXy, ..., X, de loi Py,. On suppose que le suppdrdes loisPy ne dépend pas de Si S est

discret fini, on ap(Py, Pyy) = ;5 9 (22) Py (i) ; Pour ces modeéles, Lindsay [6] et Morales, Pardo et Vajda [7]

Pyy (i)
ont introduit « les estimateurs de minirc;wum dedivergences » (EM's) définis par
9" = argelerg(b(PQan)’ (2)
ou¢(Py, P,) estl'estimateur « plug-in» dg(Py, Ps,)
Py (i) .
d)(Pe,Pn):Zw(;(l.))Pn(z), (3)
ieS "

et P, est la mesure empirique construite a partir de I'échantil@n. .., X,,. L'estimateur du maximum de
vraisemblanc€EMV) est obtenu poup(x) = —log(x) +x — 1.

Les estimateurs (2) d& et les estimateurs (3) desdivergences ne sont pas définis si le suppgontest pas
discret; dans Broniatowski [1], une nouvelle méthode d’estimation est proposée dans le cas continu pour estime
la divergence de Kullback—Leibler; il utilise la représentation duale bien connue de la divergence de Kullback—
Leibler comme la transformée de Fenchel-Legendre de la fonction génératrice des moments. En étendant [1]
nous donnons dans cette Note une nouvelle représentation générale pour I'ensembltiviegences. Nous
obtenons cette représentation par application du lemme de dualité (cf. Dembo et Zeitouni [4], Lemme 4.5.8). Cette
représentation permet de définir les estimateurs de minimung-agergences lorsque le suppdttn’est pas
nécessairement discret. On présente le comportement asymptotique de ces estimateurs.

1. Introduction and notations

Let (X, B) be a measurable space. kelbe a non-negative convex function defined 0y+o0) in [0, +o0] and
satisfyingp (1) = 0 andyp(0) = lim,_, o+ ¢(x). Let P be a probability mesures (p.m.) defined(@n B). Denote by
M* the whole space of p.m.s defined 6k, B) and denote by/*( P) the subspace of p.m.’s absolutely continuous
(a.c.) w.r.t.P. For all p.m.Q € M1(P). The¢-divergence betwee@ and P is defined by

0.7 = [ o3 ) or. @

When Q is not a.c. w.r.t.P, we set¢(Q, P) := +oo. This definition has been introduced by Ruschendorf [8].
It is the modified version of the orginal definition introduced by Csiszar [3]; his definition requires a common
o-finite dominating measure for P and for the p.m.’90. Since we will consider the whole spag€!(P), it is
more convenient to use definition (4). Note that both definitions coincide on the subspace of p.m.’s akcand.t.
dominated by.

The Kullback—Leibler divergenc&( ), modified Kullback—Leibler divergenc&L,,) and Hellinger divergence
(H) are obtained respectively ferx) = x log(x) — x + 1, ¢(x) = —log(x) + x — 1 andp(x) = 2(y/x — 1)2. All
these examples of divergences are pecular cases of the so-called “power divergences”, introduced by Cressie ar
Read (cf. [2] and [5], Chapter 2).

Let {Py, 0 € ®} be a parametric identifiable model defined@n B) with ® a subset oR?. Let X1, ..., X,
be an i.i.d. sample with common unknown distributiBg. We consider the estimation problem &f the true
unknown value of the parameter and the estimation problem of the diverggtBgsPy,). If all p.m.'s Py have
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the same discrete finite suppditwe havep (Py, Po) = Y ;c5 ¢ (522 10 ) Po, (i); For such models, Lindsay [6] and

Pog (i)
Morales, Pardo and Vajda [7] introduced the so-called * Mlnlrrw-minvergences estimates” (ME’s) defined by
9}1 = argglengqs(PQan)s (5)
whereg (Py, P,) is the “plug-in” estimate o& (Ps, Ps,)
Py (i) .
Py, P,) = P, (i), 6
¢ (Py, Py) gq)(m”) 0) (6)

and P, is the empirical measure associated to the sarkiple. ., X,,. The maximum likelihood estimate (MLE) is
obtained forp(x) = —log(x) + x — 1

The estimates (5) and (6) are not defined when the supstontinuous; in Broniatowski [1], a new estimation
procedure is proposed in order to estimateKhedivergence between some set of p.isand some continuous
p.m. P, without making use of any partitioning nor smoothing, but merely making use of the well known dual
representation of th&L-divergence as the Fenchel-Legendre transform of the moment generating function.
Extending the paper by Broniatowski [1], we expose a general representatigprdfeergences. This is obtained
through the duality lemma, whose proof can be found for example in (Dembo and Zeitouni [4], Lemma 4.5.8,
Chapter 4). We make use of this representation to define some new estimates of the p@gpwisitdr we will
call “minimum dual¢-divergences estimates” (MEE’'s) where the p.m'sPy do not necessarily have discrete
finite supports. Also the same representation will be used in order to estBig, Ps,) which leads to various
parametric tests.

2. Results

Let M be the space of all finite signed measures defineari3). We also consider a class of measurable
real valued functiong’ defined onX’, and we assume the contams/\/l;,, the set of all bounded measurable
functions defined om’. We will denote by(F) the linear span ofF, ¢’ the derivative function of andgo the
inverse function ofy’. We will sometimes writePf for [ f dP for any measure® and any functionf. Define
Mz :={QeM| [|fldQ] <oo, Vf e F}. We extend the definition in (4) on the whole spade- by stating
¢(x) = +oo for negative values aof. We equip the linear spadd £ with the rz-topology, which is the coarsest
topology for which all mapping® € M — [ f dQ € R are continuous for alf in (F)

Proposition 2.1. M equiped with ther£-topology is a locally convex Hausdorf topological linear space and
the topological dual space aff r is the set of all mapping® — [ fdQ when f belongs to{F). Further the
divergence function® — ¢(Q, P) from (M £, tr) onto(—oo, +oc0] are lower semi-continuous.s.c).

According to this proposition, the Fenchel-Legendre transform ef ¢ (Q, P) is defined for anyf in (F) by
T(f,P):= suerMf{ffdQ — ¢(Q, P)}. The conditions in duality lemma hold for the functio@s— ¢ (Q, P)
and the topological dual space Mfr is one to one withF). Hence by application of the duality lemma, we state

Proposition 2.2. For any measur&® in M £ and for any p.m2P, it holds

#(Q, P) = sup {/fdQ—T(f, P)}-
fe(F)

From this proposition, using directional derivatives, we calculatg P), and we obtain
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Theorem 2.1. Assume that the functiamis srtictly convex and i€2 on (0, +00). Let Q and P be two p.m’s with
Q a.c.w.rt.P and¢(Q, P) <o Let F be a class of functions such that(dQ/dP) belongs toF, for all f

in F, [|f1dQ is finite andga (f(x)) is defined for allx € X. Then, the divergencg(Q, P) admits the “dual
representation”

d)(Q,P):SUp{/fdQ—/f:P_’(f)—sﬂ(g(f))dP}- (7)
feF

The supremum i(7) is unique(P-a.s) and is reached af = ¢’(dQ/dP) (P-a.s).
2.1. Definition of estimates through dual representation

We assume that the functianis strictly convex and i€£? on (0, +00). We assume that for anye @, P,
has densitypy with respect to some dominating-finite measurer. We assume also that for ary in ©,
the following condition holds (C.0)/ |¢'(ps/pe)|dPy(x) < oo for any 6 € @. This condition is fulfilled if
¢ (Py, Po) := [ @(pa/ps) dPy < oo for anyé € @ andg fulfills the condition of Lemma 8.7 in Liese and Vajda [5]
(see [5], Lemma 8.9). Consider the class of functighslefined byF := {x — ¢'(ps(x)/pe(x)), 6 € O}. By
Theorem 2.1, we obtain

d)(Pa,Peo):?Uﬁ{/fdf’a—/f:;(f)—w(;;(f))dPeo}, i.e.,

¢ (Py, Poy) = SUPPyym(0,), withm(b,a):x - m(0,a,x) and (8)
fe®

m(0,a,x) = / ¢/<&> dP, — {d(ﬁ(ﬂ)&m - w(ﬁ(X)> }
Po peo Po peo
Remark 1. The functiond — Py,m (6, «) has a uniqgue maximizér= 6. See Theorem 2.1.

For alle € ®, define the what we call “dua@-divergences estimates” (iE’s) of 6y by

6, () := arg supP,m (6, ). (9)
fe®

The divergence (P, Ps,) betweenP, and Py, can be estimated by

Gn(Pa, Pog) i= Pum (Bn (@), @) = SUpPm (0, ). (10)
fe®

Further we have inke ¢ (P, Ps,) = ¢ (Pay, Pg,) = 0. The infimum in the above display is unique wheiis
strictly convex on a neighborhood of 1, and it is achieved at6y. It follows that a natural definition of estimates
of 6p, which we call “minimum duap-divergences estimates” (MEE’s), is

ap = arg mf ¢n(Pa, Py,) = arg inf supP,m(0, «). (12)
€@ gecm

Remark 2. The maximum likelihood estimateMLE) belongs to these class of esitmates. Indeed it is
obtained whengp(x) = —log(x) + x — 1, that is as the dual modifieHL-divergence estimate or as the
minimum dual modifiedKL-divergence estimate, i.eMLE = DKL,, E = MDKL,, E. Indeed we have fo:p(x)

—log(x) +x — 1, Pym(8,a) = — [log(pa/ps) dP,, hence from definitions (9) and (11), we geta) = 0,
argsup.e — /10g(Py/Py) dP, = arginfyeo — flog(Pa/Pn)dPn =&, = MLE.
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2.2. The asymptotic behaviour of the estimag&) and ¢, (P, Pg,) for fixeda in ©

In this section we state the asymptotic normality of the estim@tés) and evaluate their limiting variance.
The hypotheses handled here are similar to those used in ([9], Chapter 5) in the shdegstifnates. Notice that
indeed for fixedv, 6,(a) are M-estimates. We state also the asymptotic behaviour of the estirfaa(tE& Pag).
Denote by’ (0, o) thed-dimensional vector with entri%m(e a) and bym” (0, o) thed x d-matrix with entries

00 507 m(@, a). In the sequel we will assume that condition (C.0) hoWl&P,, Pg,) < oo and that the estimates

0, () exist. Define the function — g0, a,x) :=¢ (pa(x)/po(x)) pe(x), and denote by - || the Euclidian norm
and by Iy, the information matrix, i.e.Jg, = fpgopéo/pgo dr where py, is the gradient ofpyg,. We will consider
the following conditions

(C.1) 6, () converges in probability téo.

(C.2) The functiory is C2 and there exists a neighborhod) of 6o such that for alb in V (6p), the gradienpy
and the Hessian matriy of py exist (.-a.e.), the partial derivatives of order 1 gf and the partial derivatives
ofordre 1 and 2 of — g(0, «, x) are dominatedi(-a.e.) by some.-integrable functions.

(C.3) The functio® — m (6, «, x) is C2 on a neighborhoolf (6g) of 6 for all x and all partial derivatives of order
3of0 — m(0, «, x) are dominated ofY (o) by somePy,-integrable functionr — H (x).

(C.4) Pg,lim’ (b0, oc)||2 < oo and the matrixPs,m” (6o, ) exists and is invertible.
Theorem 2.2. Assume that condition(€.1)—(C.4)hold. Then

Q) (@ ﬁ(én (o) — 6p) converges in distribution to a centered normal variable with covariance matrix
V = [~ Paym” (B0, @)] " Poom’ (60, )y’ (B0, @)' [~ Pagm” (B0, )] . (12)

(b) If @ =6p, then— Pgym” (6o, o) = ,,1(1) Pgym’ (0o, a)m’ (6o, )" andV = 190_1.

(2) If a = 0o, then the statistics=~ ,(1)¢n(Pa, Py,) converge in distribution to 3?2 variable withd degrees of
freedom. .

(3) If & # 6o, then/n(¢pn(Po, Ps,) — ¢ (Po, Pg,)) converges in distribution to a centered normal variable with
varianceo? = Pg,m (6, @) — (Pgym (6o, @),

Remark 3. Using Theorem 2.2, the estimaté,s(PaO, Py,) can be used to perform a test of a hypothisedy = ag
against the alternativel®;: 6p # «g for some knouwn valueg. Those statisticén(Pao, Py,), from Theorem 2.2,
aren-consistent estimates @f(Py,, Ps,) = 0 underHp and \/n-consistent estimates @f( Py, Ps,) under Hy.
Sinced)(Pao, P@O) is positive and takes value 0 only wheéf= «p, the tests are defined through the critical region
CRy := {w,,(l)d)n(Pao, Py,) > q4} Whereg, is the x-quantile of thex? distribution withd degrees of freedom.

Also these tests are all asymptotically powerful since the estin@i};,tesxo, Py,) are \/n-consistent undeH;.
Wheng(x) = —log(x) + x — 1, we obtain the critical regio@R«,, := {2n SURco Pr 109(po/pag) > ge} Which

is to say that the test is precisely the likelihood ratio test. Note that, in the discrete case, the test performed from
the statistidkL,, (Py,, P») defined in (6) is different from the likelihood ratio test.

2.3. The asymptotic behaviour of the estimatgand6, (&)

In this section we state the limiting distributions of the estimépeén) and of the MYE’s &, of 6y defined
in (11), we show that the MPE's are all asymptotically efficient. We assume that condition (C.0) is fulfilled, there
exists a neighborhood (6g) of 6 such thaip (P, Pg,) < oo for all « € V (0p) and that both estimates (&,) and
a, exist.
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We will make use of the following conditions

(C.5) Both estimates, andd,(&,) converge in probability téo.

(C.6) The functiory is C2 and there exists a neighborhoBp, 6o) of (6o, Hp) such that for allé, «) in V (6o, 6o),
the gradienfpy and the Hessian matrigp exist (.-a.e.), the partial derivatives of order 1 @f and the partial
derivatives of ordre 1 and 2 ¢, @) — g(0, «, x) are dominatedi-a.e.) by some.-integrable functions.

(C.7) The functiond, o) — m(9, «, x) is C® on some neighborhodd (6o, 6o) of (Ao, o) for all x and the partial
derivatives of order 3 off, «) — m(0, «, x) are all dominated o (fg, 6p) by somePy,-integrable function
x — H(x).

(C.8) Pyyll-&m (o, bo)||° < oo, Pyol -2 m (6, 60)||> < oo and the Information matri, exists and is invertible.

Theorem 2.3. Assume that conditio{€.5)—(C.8)hold. Then both/n (&, — 6p) and f(e (0tn) — 60) converge in
distribution to a centered normal variable with covariance matrix 190—1 and the estimate, andd, () are
asymptotically uncorrelated.

Remark 4. Using theorem 5.7 in [9], we can give sufficient conditions for (C.1) and (C.5).
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