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Abstract

We discuss a non-existence result for a semilinear sub-elliptic Dirichlet problem with critical growth on half-spaces of
stratified groups of step two. Our result improves a recent theorem (N. Garofalo, D. Vassilev, Math. Ann. 318 (3) (2000)
453-516).To citethisarticle: A. Bonfiglioli, F. Uguzzoni, C. R. Acad. Sci. Paris, Ser. | 336 (2003).

O 2003 Académie des sciences. Published by Editions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé

Quelques résultats de non-existence pour des équations critiques sur les groupes stratifiés de pas dioys discutons
un résultat de non-existence pour un probleme de Dirichlet sous-elliptique semi-linéaire a croissance critique sur les demi-
espaces de groupes stratifiés de pas deux. Notre résultat améliore un théoreme récent en (N. Garofalo, D. Vassilev, Math. Anr
318 (3) (2000) 453-516}our citer cet article: A. Bonfiglioli, F. Uguzzoni, C. R. Acad. Sci. Paris, Ser. | 336 (2003).
O 2003 Académie des sciences. Published by Editions scientifiques et médicales Elsevier SAS. All rights reserved.

Version francaise abrégée
Dans cette Note nous annongons le résultat suivant.

Théoréeme 0.1.S0itG un groupe de type Heisenberg et s@itun demi-espace quelconque@eAlors il n’existe
pas de solutions du probleme de Dirichlet
—Agu = u(@+2/(0-2), L
ueSi2), u>0. @)

De plus, siG est un groupe stratifié de pas deux quelconque etst un demi-espace deavec frontiere paralléle
au centre dé, alors, dans ce cas aussi, le probleme de Diriclilgtn’a pas des solutions.
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Ci-dessus, nous avons désigné pay le sous-Laplacien canonique s avecQ la dimension homogene de

et avecS&(Q) I'espace de Sobolev approprié. Notre théoréme améliore un résultat récent [5] ou on a démontré la
non-existence de solutions de (1) pour la sous-classe des groupes de type Heisenberg composée des groupes
type lwasawa et pour les demi-espageavec frontiere non paralléle au centre@e

1. Introduction

The aim of this Note is to present some nonlinear Liouville theorems on step-two stratified groups and in
particular on Heisenberg-type groups (see Theorem 2.1 below). The study of nonlinear non-existence theorem:
within the degenerate-elliptic context has achieved a growing interest in recent years. Indeed, this sort of results
plays a crucial réle in applying blow-up techniques in order to obtain existence results for nonlinear subelliptic
equations. Particularly relevant is the study of critical semilinear equations on stratified groups in connection with
the Yamabe problem and the Webster scalar curvature problem on CR manifolds (see, e.g., [7]).

A considerable amount of the related literature is devoted to the Heisenberg Hfoupe simplest case
of a non-Abelian stratified group. For instance, in the papers [1,2], sub-critical semilinear equatiéifisaon
investigated: a priori estimates and existence theorems are obtained via non-existence results of “Gidas and Spruc
type”. A different approach, of variational nature, is followed in [9,12,3]. In [3] existence of solutions has been
obtained by using the non-existence results in [9,12] on the half-spat#sasfd by the P.-L. Lions concentration-
compactness principle.

The variational setting seems to be appropriate in order to obtain existence results also in the wider case of
general stratified grougs (whose relevance is highlighted by the celebrated paper of Rothschild and Stein [10]),
provided suitable nonlinear Liouville theorems are established. More precisely, in using variational techniques, one
is led to characterize the energy levels of the variational solutions of the following semilinear Dirichlet problem
with critical growth

_ Agu = u(@+2/(Q-2)

2
uesSiR), u>0, ()

when§$2 is a half-space ofs or the whole space. Herdg is a sub-Laplacian oft, Q denotes the homogeneous
dimension ofG and S&(Q) is the appropriate subelliptic Sobolev space (all the notation and definitions can be
found below).

The classical analogue of problem (2), wh@nis the Euclidean groufR¥ and Ag is the ordinary Laplace
operator, has been intensively studied starting from the early 1980s (see, e.g., the monograph [11] and the therei
references). However, in comparison to the classical setting, uniqueness and non-existence results for (2) presel
new and significant difficulties, even in the “simplest” case of the Heisenberg gBoupH* [9,12]. These
difficulties are mainly due to the lack of good a priori estimates for the Lie derivatives of the solutions along
the directions of higher commutators. The case of general stratified groups presents further complications and
at the authors’ knowledge, only very partial results have been given so far. This is true even in the case of the
so-called H-type groups, despite they share with the Heisenberg gifupsmmon features. H-type groups were
introduced by Kaplan [8] and form a remarkable class of step-two stratified groups widely studied in the latest
literature. In the same paper [8, Eqg. (17)], Kaplan exhibited an explicit (cilindrically-symmetric) solution to (2)
whenG is a H-type group an®? = G. Moreover, in the recent paper [6], Garofalo and Vassilev have established a
uniqueness result for cylindrically-symmetric solutions to (2) wiieis a H-type group of lwasawa-type afalis
the wholeG. Furthermore, in [5] Garofalo and Vassilev deal with the non-existence problem on half-spaces. The
techniques in [5] are based on the use of a Kelvin-type transform: this forces the authors to work only in the case
of the lwasawa-type groups, a particular sub-class of H-type groups where the Kelvin transform possesses sever:
useful properties. Besides, in [5] only certain classes of half-spaces are covered.
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2. Result

We announce here the following result which exhausts the probleatlfdrtype groups and faall half-spaces.
It also provides a partial answer for the problem on general step-two stratified groups.

Theorem 2.1.Let G be a H-type group and le® be any half-space d&. Then the Dirichlet probleni2) has no
solution. Moreover, ifc is a general step-two stratified group a2l is any half-space o whose boundary is
parallel to the center ofs, then(also in this casgthe Dirichlet problem(2) has no solution.

We explicitly remark that not every non-characteristic half-space of a step-two stratified@roap the form
in the second assertion of Theorem 2.1Gifs not a H-type group.

Though some of our techniques in approaching Theorem 2.1 are inspired by the ideas contained in the paper
[9,12], we stress that the case of general H-type groups present several new difficulties. Broadly speaking, these
complications are mainly due to the structure of the second layer in the stratification of the Lie algebvehach
(when the group is ndil¥) always has dimension strictly larger than one. In particular, the different geometry of
G makes it harder to construct explicit barrier functions. Moreover one has to face with the more general features
of the group structure at many different levels.

3. Proof of Theorem 2.1

We hereafter trace the line of the proof of the above theorem. First we need to fix some nétadiomensional
stratified groups of stefwo andm generators are characterized by being (canonically isomorph to)R” , o)
with the following Lie group law V =m +n, x e R™, t € R")

x; +§&;, j=1...,m
t = ‘
x 7)o (1) <tj+rj+%<x,U<f>s>, j=1....n)

where theU")’s arem x m linearly independent skew-symmetric matrices. The canonical sub-Laplaci&n on
is the second order degenerate-elliptic operatey = Z?":l Xf where X ; is the left-invariant vector field
that agrees at the origin with/ox;. The Lie algebrag of G admits the stratificationy = &1 & &2, where
®1 = spanfXi,..., X} and > = sparf(d/dt1), ..., (d/dt,)}. We denote byQ = m + 2n the homogeneous
dimension ofG and byVg = (X31,..., X») the subelliptic gradient operator related to the sub-Laplagian

If 2 C G is a smooth open set, we recall that the characteristic setisf

[z€021X;@)eT.002), j=1,....m},

T,(952) being the tangent spaced®? at the point;. Stratified groups possess the following remarkable property:
there exists a homogeneous nafron G such that

r o =d>2%¢toz), z¢€G, (4)
is a fundamental solution fakg . In the sequel, we shall denote By(z, r) thed-ball with radius- > 0 and center
z€G.
The definition of H-type group due to Kaplan [8] is equivalent to the following one: H-type groups are the sub-
class of step-two stratified grougs, o) as in (3), with the additional requirements that the’’s areorthogonal
and satisfy
vPUS +uDu® =0, foreveryr,se{l,...,n}withr #s.

The above characterization allows to write an explicit formula for the sub-Laplagian

m 9 2 1 5 n 9 2 n m ) 82
A = 2 - 9 e . :
G 12_;(8)6]) +4|X| ;(31;) +szz i,j axjats (5)

s=1i,j=1

3)
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We finally fix the notation for the Dirichlet problem (2). We set2 20Q/(Q — 2). The exponent2— 1 =
(0 +2)/(Q — 2) is a critical exponent for the semilinear Dirichlet problem (2). We shall denot&'sy2)
the Sobolev space of the functiomse L2 (£2) such thatVgu € L2(£2). The norm inS1(£2) is given by
lullsioy = llull2r + Veull2. We denote b)S&(Q) the closure ofC5°(£2) with respect to this norm. A solution
to the Dirichlet problem (2) is, by definition, a functiane S(£2), u > 0, such thayl,, (Veu, Vgp) = [, u? 1o,
for everyyp € S3(82).
Throughoutthe sequeb; will always denote a stratified group of step twd will denote an arbitrary half-space
of G andu will always denote a fixed solution to the boundary value problem (2pea I7. The core of the proof
of Theorem 2.1 consists in finding suitable asymptotic estimates for the second layer derivativesmh will
allow us to apply some general Pohozaev-type identities. We point out that Pohozaev-type identities have beer
proved in the previous papers [4] in the setting of the Heisenberg group and in [5] for general stratified groups.
Here we apply [5, Theorem 3.1] to vector fields of the following type:

Z%0(z) = d ((1z0) o z)  (for afixedzg € G). (6)
dr t=0

It is easy to prove that diz*°) = 0 and thatZ® commutes withVg. We then have the following Pohozaev-type
identity:

m
2/ ZXj(p(Xj, V) Z0¢pdo — /(Zzo’ v>|V<[;(p|2do = 2/ Agy Z%¢. (7
92 J=1 952 2

Arguments analogous to the ones given in [4,9], will prove our non-existence Theorem 2.1, provided suitable
estimates of: and its Lie derivatives are established. In the sequel we trace the line of how these estimates are
proved.

The first task is to prové&” summability properties af, namely thai: € L7 (£2) for everyp € (2/2, oc]. We
stress that the proof of the globAP summability ofu for p lower than 2 requires significant modifications of
the standard arguments. The following task is to prove asymptotic estimatearidrits Lie derivatives at infinity,
in terms of the fundamental solutiah of Ag. If u is set to be zero outsidd and f = u?~1, we introduce the
functionw(z) = f@ I'(z,¢) f(¢)d¢ so that we can write = w + v, wherev is the Ag-harmonicpart of u. We
have 0< u < w in I1. In order to estimate the decaywfwe show thatw = O(I"), as infinity. This can be proved
as a consequence of [13, Theorem 1.1] jointly with the cltégroperties of.. We then get the needed asymptotic
estimater < M min{1, I"}. We now turn to the estimate of the Lie derivativesicf w + v. SinceG is step-two, it
is not difficult to find estimates ab using direct representation formulas for the Lie derivatives of the convolution
definingw, up to the second layer of stratification. The heart of the matter is then to obtain analogous estimates
for the second layer derivatives of We now have to distinguish between two classes of half-spaceshose
different geometric structures require ad hoc approaches:

oY = {(x,1)eG|(a,x)>0} (forafixeda € R™),
o2 = {(x,1)eG]|,(b,t)>0} (forafixedbeR").

We explicitly remark that ifz is a H-type group, then these two types of half-spaces characterize (up to a group left-
translation) respectively all non-characteristic and all characteristic half-spaces. On the confFasyaifeneral
step-two stratified group, the class of non-characteristic half-spad@<sontains all thel7D’s, but may also be
larger.

First of all we treat the case of a non-characteristic half-spate. The main argument is based on the
representation of the derivatives ofas the limit of a sequence of integral means modelled on the geometry
of T™ . More precisely, leZ € . Sincev is a classical solution ckgv =0in TV, v =win 7Y, thenZv is
a classical solution of the Dirichlet problefn; (Zv) =0in [TV, Zv = Zw in 917D, We used here the facts that
the operators\g andZ commute and thaa 7™V is invariant with respect to the Euclidean translations along the

(8)
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x-coordinates. Let now(x) > 0 be a continuous functioonly depending ow such thatB;((x, 1), r(x)) € ITD

for every(x, 1) e T, For everyg € LL (1) we define

Tg: MY - R, (Tg)(x,1) = (My1)g)(x,1),

whereM, is defined by (here: o > 0 is suitable constant arkl = |Vgd|?)

M@ ="2 / K(ctog)g() k.

By(z,r)

T is a linear operator with the following properties. {i)is increasing and mapst . (17V) into C(17). (i) If

g € C?(ITM) and Agg = 0 thenTg = g. (iii) If g € C2(ITY) andAgg < 0 thenTg < g and (T*g)ien is a
non-increasing sequence. (i¥)commutes with second-layer Lie derivatives. By means of these propertigs of
it is possible to show that*u is a non-increasing sequence pointwise convergent to zdi%hask — co. As a
consequence, we are able to derive the result we needed:

|Zv|=O(), atinfinity in 17D, (9)
Indeed, from the above properties, itlis = v henceT*w = T*v + T u = v 4+ T*u \, v; moreoverT* (Zw) =

Z(T*w) whence (for every non-negative test functign [ @T*(Zw) = — [(Z®)T*w k2 [@®Zv. From
the estimates ofv and theAg-harmonicity of I, it also follows |T*(Zw)| < T*(c I') = ¢I" in I®, whence
| [ ®Zv| < M [0 @T" which implies (9). We explicitly remark that everything we have discussed so far is
valid on a general step-two stratified groG@p

We are left with the investigation of the half-spade@$” in (8). To this end, we now restrict ourselves to the
case wher( is a H-type group. Hence thE@’s exhaust (up to a left-translation) all characteristic half-spaces.
A rather elaborated argument is exploited in obtaining the needed estimates of second layer Lie derivatives. This
argument is based on the delicate construction of explicit barrier functions (modelled on the geomE#yanfd
on the properties of H-type groups) and also relies on the knowledge of the explicit expresaigrirof5). We
briefly summarize our approach. We first find an estimate agar the boundary aoff which allows to obtain
an estimate of the normal derivati: at dI7. Then, exploiting the fact thahg and Z commute, we are able
to extend such estimate inside. In this way we get asymptotic behavior f@u both at infinity and near the
characteristic seffjx| = (b, t) = 0} (whereZu may fail to be smooth up to the boundary). We do not give details
here. We only highlight that the lack of compactness of the characteristic set adds remarkable complications in this
construction, in comparison to the case of the Heisenberg diibup
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