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Abstract

We describe the classification of germs of holomorphic saddle-node vectorZiad®, 0) € C2, up to analytical change of

local coordinates. The classification of saddle-node foliatiBps obtained by Martinet and Ramis, led to functional moduli.
We reduce the conjugacy equation between two vector fields inducing the same foliation to a homological equation. We derive

then a complete set of additional functional invariants for vector fidldsite thisarticle: L. Teyssier, C. R. Acad. Sci. Paris,

Ser. | 336 (2003).

O 2003 Académie des sciences/Editions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé

Nous décrivons la classification des germes de champs de vecteurs holomorphes de type noeud:Eplcefi? a

changement analytique de coordonnées locales pres. La classification des feuilletages nceud-cols, obtenue par Martinet et Ram
est décrite par des modules fonctionnels. Nous réduisons la conjugaison de deux champs induisant le méme feuilletage a un
équation homologique. Nous en déduisons un ensemble d’invariants fonctionnels qui compléte les modules de Martinet—Ramis
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Version francaise abrégée

Nous considérons des germes de champs de vecteurs holomorpte®ea C? de type noeud-col, c'est-

a-dire qu'ils peuvent s'écrire dans un systéeme de coordonnées linéaires adéguat = Ayd + -

avec

A # 0 (les «--» sont des termes d’ordre supérieur a 1). Nous supposons de plu®,@uesst un zéro isolé

de Z. Deux champs de vecteurs seront dit analytiquement (resp. formellement) conjugués s'il existe un germe de

difffomorphisme (resp. un changement de coordonnées formel) qui transforme un champ en le second.
Dans [2,11] ou [13] on montre qué est formellement conjugué Zy = P(x)Xo ou P est un polynéme de

degré au plug satisfaisant? (0) = A et ouXg est la forme normale formelle de Poincaré—Dulac [4] du feuilletage
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associée, donnée pxp = xk+l% —i—y(l—l—,uxk)% pourk € N* et € C. Cette écriture est unique modulo I'action
des rotations > ax, of = 1.

Pour décrire I'espace des modules de la classification analytique des champs de vecteurs, nous introduisor
I'espace fonctionneD dont les élément&p”, ¢, f) sont des triplets de transformations affiRésh) = h + b,
b € C, de séries convergente$(h) = ) ,_ga,h" et f(h) =), o fuh", avec(a,, fu)nen C C x C etay =
exp2ir/k). Dans [14] on associe a tout champ de vectetirormellement conjugué &p, un Zk-uple
m(Z) = (<p’]?, gpj, fi)jezsk € DX déterminant la classe analytique de

Théoreme [14]. SoientZ1 et Z, deux champs de vecteurs formellement conjuguég, davec m(Z1) =

(go;.‘, (p‘;-, i) etm(Zy) = (w;‘,_ ;-,gj)j. Ces champs sont analytiquement conjugués si et seulement si il existe
c € C*etd e Z/k tels queP €%/ x) = P(x) etpourtoutj € Z/k, p;o(ch) = cr; (h) et fj1g(ch) = g, (h). De

plus I'applicationm est surjective et pour toute déformation analytigue- Z. de dimensoin finie, I'application

e —> m(Z,) est analytique.

Cet invariant se scinde naturellement en I'invariant de Martinet—Rew@iso‘.) j» décrivant la classe analytique
du feuilletage sous-jacents, ainsi qu’en une partie tangentiglle classifiant I]e «temps¥.

Peu aprés avoir achevé ce travail jai appris que Yu.l. Meshcheryakova et V.M. Voronin avaient récemment
annoncé un résultat similaire pour le das 1 dans [12]. Leur démarche géométrique pour réaliser les invariants
s’appuie sur le théoréme de Newlander—Nirenberg, aprés avoir recollé des copies sectorielles du modélg.formel
C’est aussi le point de vue choisi dans [6,7] pour les selles résonnantes. Notre approche se base sur le théoréme
Ramis—Sibuya résultant en des constructions plus explicites. Nous montrons que codjadigrest équivalent
arésoudreZ - F =1/U — 1, ouZ agit par dérivation. Dans le cas des selles résonnantes I'équatibr= G a été
étudiée dans [1] et [5], ce dernier étudiant aussi I'équation homologique associée a la forme Xorrbales [13]
nous considérons le cas général d'un champ de vecteurs noeud-col; cette approche géométrique, semblab
a [1], nous permet ici de dégager une représentation intégrale de l'invariant tanggntjedui, lorsqu’elle est
explicitement calculable, nous fourni des formes normales.

1. Introduction
We consider germs of holomorphic vector fieldg@t0) € C2. We say thatZ (x, y) = A(x, y)% + B(x, y)aiy

has a singularity of saddle-node type(@10) if it can be written in a suitable linear chaft(x, y) = kyaiy 4+

with A # O (the “-.” stand for higher order terms). In addition we assume that the singularigy atf (0, 0) is
isolated. Two of these germs are analytically (resp. formally) conjugated when there exists a germ of holomorphic
(resp. a formal) change of coordinat¢ssending one onto the other. We will denoteyZ the pullback by

of Z,i.e y*Z=Dy Y Zoy).

The germ of singular foliation induced by such a vector fildill be denotedF ;. The leaves of the foliation
are the integral curves & so that another vector field induces the same foliation & if, and only if, there
exists a non-vanishing germ of holomorphic functidrsuch thatZ = U X. More generally we will say that the
foliations 7z and.Fx are analytically (resp. formally) conjugated when there exists a non-vanishing holomorphic
functionU (resp. formal power series) such thaandU X are conjugated. In that case the vector fieldand X
will be said orbitally equivalent.

We wish to describe the classification of saddle-node vector fields with respect to changes of coordinates. This
problem has been solved for foliations leading to important works (Poincaré and Dulac for the formal point of view,
Martinet and Ramis [10] for the analytical one). In the case of resonant saddles, Grintchy and Voronin completed
the classification for vector fields [7]. We want here to introduce another geometrical technique to tackle this
classification problem.

Dulac [4] showed thaZ is analytically orbitally equivalent to a pre-normal form (i.e., non-unique)

0 Rl
_ k+1 k k+1
X=x —ax—i—(y(l—}—ux )+x R(x,y))—ay,
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wherek e N, u € C andR is a germ of holomorphic function &0, 0). Notice that, in these coordinatds,= 0}
is an invariant curve ofr; and the foliation is transverse to all other vertical lifes= cte}. In general there does
not exist another analytic invariant curve passing thro@@gh).

In the sequel we will consider two types of change of coordinates: the fiberedygnes y) = (x, f(x, y))
and the tangential onegr = ®%. The latter is obtained by replacing in the germ of a flédy (x, y), which is
a convergent power series n€ar y, r) = (0, 0, 0), the entryr with a power series or a functiofi depending on
(x, y). Basicallyyy modifies the foliationFy but does not change the time: if two vector fielklsand X, written
as above, are orbitally equivalent Iy, thenyry is a conjugacy. On the contratl; preservesFy but modifies
the time in the following wayy ;X = (1/(1+ X - F))X (hereX - F denotes the derivative df with respect to
X). As a consequence we deduce tha andU2X are (formally, analytically) conjugated if, and only if, the
following homological equation admits a (formal, analytical) solution:

X F=———. (1)

This approachis similar to the work of Christopher, Mardesid Rousseau for irrational saddles in [3]. They locate
the obstruction for a vector field, which is orbitally linearizable, to be analytically linearizable in the obstruction
to solve such an equation. Homological equations have also been studied by Elizarov [5] in theXgsanof by
Berthier and Loray [1] in the case of resonant saddles.

From now on we fix a paitk, n) and will only consider vector fields = U X written in Dulac’s form as above.

2. Formal normal forms
To begin with,X is formally conjugated to the following Poincaré—Dulac’s normal form [4]

d d
Xo= k+1 % 1 ky
0=x""o +y(14 px )By

by a fibered change of coordinates. Two such vector fields cannot be orbitally equivalent for different values
of (k, ).

Next, a formal computation ensures that the equalionF = G possesses a formal solution if, and only if,
the second term satisfi€s(x, 0) = o(x*). It is then possible to deduce formal normal forms by writing Taylor’s
expansiorl/ (x, 0) = P(x) + o(x*) and using Eq. (1).

Lemma 1[2,11,13].The vector fieldZ = U X is formally conjugated t&p = P(x)Xo. Two of these vector fields
PXo and Q Xg are conjugated if, and only if? («x) = Q(x) for some complex numbersatisfyinga® = 1.

Notice that the formal change of coordinates can be writgro v whereyry is Poincaré—Dulac’s fibered
conjugacy betwee® Xg and PX, andvr is a tangential conjugacy betwe@&¥X andU X. We wish to describe
how the previous formal approach can be applied to analytical classification.

3. Sectorial structure of the foliation

Definition. Taked € [0, 2 [,0< 8 < 7 andr > 0. We define the fibered open sectar, 6, ) = {x : | argx — 0| <

B and O< |x| <r} x {y: |y| < r}. We will say that a biholomorphism : V — W is a sectorial diffeomorphism
over V(r,0,B) if (1) For all ¢ > 0 small enough there exists > 0 such thatV(',0,8 — ¢) C V and
V(',0,8 —¢) C W. (2) There exists” > 0 such thaty extends continuously alon@} x {|y| < r”} to some
diffeomorphism.

We wish now to present the sectorial structure of the foliation induces by is sectorially equivalent to its
formal normal formXg over each one of thekXibered open sectors defined fpe Z/k and some > 0 by

ns _ ; rr sn_ BT
Vj —V<r,(4]+1)2k,k> and VJ V(r,(4] 1)2k’k>

as is recalled in the following lemma:
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Lemma (Hukuhara, Kimura and Matuda [8]Pn eacthS” (resp.VJ’.”) there exists a sectorial diffeomorphism
YN conjugatingXo to X, thatisyy Xo = X.

The leaves of the foliation induced By are parametrized by a fixed determination of
y=hxte ™ 'k )

for h € C. In the saddle partB’; = V;” N Vjs_’;l, corresponding to Re¥) < 0, the modulus of (x) tends to infinity
asx goes radially to 0, except when= 0. On the contrary, in the node paﬂt’f = Vj:"' N ij”, for all value of

h € C the leaf tends radially tg0, 0). The space of Ieave@; of Zg over Vj:‘, consisting of thosé such that the
leaf given by (2) intersectB’;, is a bounded simply-connected domair{b€ontaining 0. On the contrary ov@’gl
the space of leave® is the whole line (so tha®}" = 2%* = C overV;" andV* as well). The same description
holds for the foliationF, and we will use the notation®; in this case as well.

4. Homological equation
For G € C{x, y} consider the equation
Z-F=G. (3)

In restriction to a leaf ofF; the vector fieldZ can be sectorially straighten % so that the above equation becomes
f/ = g: we obtain solutions by integratingr) d:. The 1-form corresponding ta @¢an be chosen as the time form
Tz = x‘k‘lU(dxfy). By integratingGt; along a path included in a leaf ¢f; starting from(0, 0), we will obtain
sectorial solutiong”; on each sectoV; = Vjs" U V}”. The integrating paths are given by:

Lemma 2[13]. For » > 0 small enough and for each e V; there exists a path tangent

yi(p):[0,11= V; U{(©0,0)}, y;(0)=(0,0 and y;1)=p.
This path is unigue up to tangential homotopy with fixed extremiti&5 in {(0, 0)}.

Givenp € V]:‘, we denote bw;’o(p) the concatenation of;(p) andy;,1(p) with the negative orientation:
yfo(p) :[0,11 = V; U V41 U{(0,0)} is an “asymptotic cycle” tangent td with basepoini(0, 0). We can now
state the result regarding the homological equation.

Theorem 1[13]. (1) Givenp € V;, the integralF; (p) = ]yj(p) Gz is convergent if, and only if7 (x, 0) = o(x¥).

If this is the case it is the unique bounded holomorphic solutiq@)on V; up to addition by a constant.
(2) The formal solutionF with F (0, 0) = 0 converges if, and only if, the integra}%_oo Gtz are zero for all
J

asymptotic cyclesfo. The sum of is obtained by glueing the differeft;.

Definition. Considerp € V; and the asymptotic cycle(p) = )/;’o(p) given by Lemma 2. The value df(p) =

]y(p) Gtz only depends on the tangential homotopical clasy @f) with fixed extremity. Thusp — T (p) is
constant on each of the sectorial leaves of the foliation. This defines a holomorphic function on the space of leaves

overV]:‘ which we call the period of; with respect taZ and which we writéfzj (G) : he .Q; — T(p) eC.

5. Sectorial normalization

Lemma 3[14]. Let G be a holomorphic function and consider the sectorial solutios: F; to the homological
equation(3) as in Theorem. Then the magr (x, y) = ¢§<x’y)(x, y) is a sectorial diffeomorphism ovét; which
satisfies)7.Z = (1/(1+ Z - F))Z.

Applying this lemma toG = 1/U — 1/ P the diffeomorphism)r conjugatesPX to U X. We compose it with

Hukuhara—Kimura—Matuda’s fibered conjugagy betweenXg andX, to obtain a counterpart for vector fields of
their result:
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Corollary 1 [14]. On each one of the sectov%‘" (resp.V;”) the vector fieldZ is analytically conjugated to its
formal normal formZg by a sectorial diffeomorphismj” (resp.w;”) which factorizes intayy o ¥r.

6. Analytical classification

The analytical class of is determined by how we glue together thie ctorial parts oZg. The gluing
mappingsg’;, g} defined byy " o gi = ¥, and " o g% = y* are sectorial symmetries dfo: they are
sectorial diffeomorphisms satisfying in additigfiZo = Zo. The next proposition describes the structure of the
groupG(Zo, Vo) of germs of sectorial symmetries @b over Vo, when Vg is one of the sectork’;, V;l, Vit or
V¥, in order to give the analytical classification of vector fields. We write@ffas the group of affine maps of the
line, C{h} as the ring of germs of holomorphic functions at € (convergent power serieskne C), and Diff(C, 0)
as the group of germs of biholomorphisméixing 0 € C, i.e., Diff(C, 0) = {¢ € C{h}: ¢(0) = 0 andy’(0) # 0}.

Proposition 1 [14]. The groupG(Zo, V]:‘) is isomorphic to the semi-direct produlliff (C, 0) x C{h} where
(o, Hx (Y, 8) =(po,g+ f o). The groupG(Zo, Vj") is isomorphic to the producff (C) x C. The groups
G(Zo, V;”) andG(Zo, VJ’.”) are isomorphic taC* x C.

Let us describe the isomorphisms involved, for instance oz, Vjs). Eq. (2) provides a first integral
H(x,y): V; — 52; which, for all fixedx, is a linear isomorphisnH, : y — h between a vertical open disc
{x =cte |y| <r} and a disc2, C C containing 0. Consider now a sectorial symmegrpver VJ‘?. Since the
map sends the foliation onto itself it induces a diffeomorphism Diff (£2,, 0). The mapy inducesvia H, a
fibered sectorial symmetrgx, y) — (x, H;¢) we call gn. The compositiorgr = g;,l o g is still a symmetry
of Zg, this time sending every leaf of the foliation onto itself. We derive easily ghat cDZFO for a functionF
constant on the leaves of the foliatiafi:factorizes into some functiofi € O(£2,). We then identifyg to the pair
(@, f)-

Applying these isomorphisms to the gluing mappitgs g7) ; we identify g’ with (¢3, f7) € Diff (C, 0) x C{h}
andg’; with (¢7,1;) € Aff (C) x C. Beside the gluing mappings are unique up to a choice of a symmetry over
eachV:" and VI*. After a convenient choice we can assume tfa9’'(0) = exp(2irp/k), (¢})'(0) =1 and
ij(O) =t; = 0. This particular choice is unique up to a simultaneous change of coordinatesh in all the
spaces of Ieave.@j" and Q}”, corresponding to the global symmetty, y) — (x, cy) identified to(c, 0). We
definem(Z) = (gaj, go;?, fi)j- Inthis setting Martinet-Ramis’ invariant correspond@tp, <pj.)j.

Theorem 2[14]. (1) Let Z1 and Z» be two vector fields analytically conjugated Zg with invariantsm(Z1) =

(go;.‘, (p‘;-, fi); andm(Zy) = (", ; g;)j- Those vector fields are analytically conjugated if, and only if, there
existsc € C* and € Z/k such thatP(e27%/%x) = P(x), and for all j € Z/k we havep; ¢(ch) = ci;(h) and
fi+o(ch) =g;(h).

(2) Reciprocally letng = (go;.‘, <p~;., fj); be given satisfying);.' (h)y=h+aj, (p‘;- (0) = f;(0)=0and (go‘;-)/(O) =
exp(2ir i/ k). Then there exists a vector fiefd formally conjugated t&p, whose invarianiz (Z) equals the given
mo. In other words the mag is surjective.

(3) For all finite-dimensional analytical deformatian— Z. the mape — m(Z,) is analytic as well.

After | finished this work | learned that Meshcheryakova and Voronin had announced a similar result in [12] for
the case = 1. Their proof is different, in particular for the realization of invariants, i.e., point (2) of the previous
theorem. This is established by gluing2 2k) sectorial parts of the modélp, obtaining an integrable almost-
complex structure which, by Newlander—Niremberg’s theorem, is induced by a germ of holomorphic vectr field
Our proof uses the realization part of Martinet—Ramis’ classification to obtain a foli&jomvith prescribed
invariant ((p';, <pj.)j as above. We then identify the invariaf;); with the functional obstruction to solve the
homological equatioX - F =1/U — 1/ P (i.e., the period of the second term).
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Corollary 2 [14]. Let(f;); be the tangential invariant of = U X. Thenf; = T}{(l/U —1/P).

The mapm is surjective if, and only if, the linear ma@ — (T){(G))j e {f € C{h}: f(0) = 0}F is. The latter
statement is proved using Ramis—Sibuya’s theorem [9, p. 176].

7. Normal forms

WhenX = Xy it is possible to compute the perio@}i (x"y™) in terms of the-function (see [5,10,13]). In that
case we are able to find “explicit” analytical normal forms. Bog 0 we set

k-1
Gp = {yx* Y "y R, (x) € Clx, v} Pu(x) = Y prnt”
m>=0 n=0

Let us defing8 (i) = min{0, Re(u)} andG = Gg,).

Corollary 3. Each Z analytically orbitally equivalent toXg is analytically conjugated to sonép ¢ = HLPGXO

with G € G and P(x) = A + --- 4+ axx* with A % 0. This form is unique up to linear change of coordinates
(x,y) — (ax, cy) withoX =1 andc # 0.

In [6] similar normal forms are found for vector fields associated to normalizable resonant saddle foliations,
whose formal invariants are/g = 1, k = 1 andu = 0. The method we introduce, together with the computations
of [5], can provide normal forms for all parametéys/q, k, u) € Q_ x N* x C.
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