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Abstract

We present some properties of the distributions of the fére } ; (§p; — 8,;), with > d(p;, n;) < oo, which arise in the
3-d Ginzburg-Landau problem studied by Bourgain, Brezis and Mironescu (C. R. Acad. Sci. Paris, Ser. | 331 (2000) 119-124).
We show that there always exists an irreducible representatidh \dfe also extend a result of Smets (C. R. Acad. Sci. Paris,
Ser. | 334 (2002) 371-374) which says tffais a measure iffr can be written as a finite sum of dipold® cite this article:
A.C. Ponce, C. R. Acad. Sci. Paris, Ser. | 336 (2003).
0 2003 Académie des sciences/Editions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé

On présente quelques propriétés sur les distributiods la forme)_"; (8, — 8y;), avecy_; d(p;, n;) < oo, qui interviennent
dans le probleme de Ginzburg-Landau en 3-d étudié par Bourgain, Brezis et Mironescu (C. R. Acad. Sci. Paris, Ser. | 331 (2000)
119-124). Méme dans un cadre plus général, ces formes linéaires ont toujours une représentation irréductible. Notre approch
permet aussi de montrer qieest une mesure si et seulement gieut étre écrite comme une somme finie de masses de Dirac,
ce qui généralise un résultat de Smets (C. R. Acad. Sci. Paris, Ser. | 334 (2002) 37Pe@r4)ter cet article: A.C. Ponce,
C. R. Acad. Sci. Paris, Ser. | 336 (2003).
O 2003 Académie des sciences/Editions scientifiques et médicales Elsevier SAS. Tous droits réservés.

Version francaise abrégée

Soit (X,d) un espace métrique complet. Etant donpés; € X, i € N, tels qued_; d(pi,n;) < oo, on
considere la forme linéaire

T=>Y (p —on) (1)
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agissant sur I'espace de fonctions lipschitziennegXjpOn définit la norme :

ITl:= sup (T.¢)= sup > [¢(pi)—¢(ni)], 2
¢elip (X) ¢eLip(X)
\§|Lip<l \§|Lip§1

ou on dénote paK |Lijp la meilleure constante de Lipschitz de
On sait que (voir [2, Lemme 1P

1T = (j)ngﬂ ){Zd(ﬁi, i: T=Y (85 —8) dans[Lip(X)]’}, (3)
pi),(nj . .
l l
ce qui justifie 'appellation de longueur de la connexion minimale gauy.
Alors que le supremum dans la définition (2) est toujours atteint, cela n’est pas nécessairement le cas pou
I'infimum dans I'expression (3) (voir Exemple 1). En revanche, on prouve le résultat suivant :

Théoréme 0.1. Si | J; {pi} U, {n;} est dénombrable, alors I'infimum dans I'expressi@) est atteint. Plus

généralement, la méme conclusion reste valable si I'on supjbd?‘ggji {pitulY; {ni}) =0, ou H! désigne la
1-mesure de Hausdorff.

La démonstration de ce théoréme repose sur I'existence de représentations irréductibleSrdebserve
d’abord queT peut étre écrite de plusieurs fagons comme une somme infinie de masses de Dirac. Alors, on dit
que la représentation deé en (1) n'estpasirréductible si et seulement si 'une des deux conditions suivantes
est satisfaite : (a) il existg j > 1 tel quep; =n; ; (b) il existe un ensemble infifil C N etr, g € X tels que
Y icit 8p; — 8n;) =8, — 84 dans[Lip(X)]'.

On a le théoréme suivant :

Théoreme 0.2.T admet toujours une représentation irréductible.

Enfin, on considére le cas dli est une mesure, i.e. on suppose qu'il existe 0 tel que|(T, ¢)| < C|I¢ o
V¢ € BLip(X), I'espace des fonctions lipschitziennes bornées. En utilisant le Théoréme 0.2, on démontre le

Théoréme 0.3.T est une mesure si et seulement si il existe. ., a; € X etdy, ..., dx € Z, avec) ; d; =0, tels
queT = Y"*_, d;5,, dans|Lip(X)]'.

Ce résultat avait été établi par Smets [7] pour des espaces métriques complets et localement compacts.
Les démonstrations détaillées sont présentées dans [6].

1. Introduction

Given a complete metric spadeX, d), we consider the distributiong of the form ), (§,, — 8,,), with
Y id(pi,n;) < oo, given by (7). Roughly speaking; describes the location and the topological degree of classes
of mapsu defined onX. Here are two examples of application:

(@) X =R3 andu € H1(R3; 5§2), which arises in the study of liquid crystals (see [4]);

(b) X =52 andu € HY?(52; s1), which is related to the Ginzburg—Landau problenBinc R? (see [1,2]); here
we considers? equipped with the Euclidean metric induced Ry, although the geodesic distancedf is
also of interest.
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In this paper, we present some propertie oOur proofs rely on the existence of irreducible representatiofs of
a notion which we introduce in Section 4.

2. Minimal connections

Let X be a complete metric space. Given a finite number of points (not necessarily digtinct), px,
ni,...,ng in X, the length of the minimal connection between these points is given by (see [5])

k

L:= 2@:2“%"“0% 4
1=

wheresS; denotes the group of permutations{df. . ., k}. It can be shown that the numbgrsatisfies (see [5]; see

also [3] for an elementary proof)

k
L= sup Y [¢(p)—¢m)]. (5)
IZlip<l; 24
where|¢ | ip denotes the best Lipschitz constantoMoreover, the supremum in (5) is achieved.
More generally, consider two sequendgs), (n;) C X such that)_; d(p;,n;) < co. We now introduce the
following linear form acting on LipX) (the vector space of Lipschitz functionsif

T:=Y (8p —bn) (6)
given by
(T.¢)=Y_[t(pi) —¢(mi)] V¢ elip(X). (7

1

Note thatT is well-defined and continuous in LiK). In other words[ € [Lip(X)]'.
Motivated by (5), we define the length of the minimal connection between these points as (see [2])

ITI:= sup (T,¢)= supIZ[api)—;(n,-)]. (8)

[¢lLp<L [Slip <1

We point out that the supremum is still achieved in this case. In [6] we compare this humber with other possible
definitions.

Let
2:={T e [Lip(X)]/: T has the form (6) for somép; ), (n;) C X such thafy"; d(p;, n;) < co}. 9)
Note that ifT € Z then—T € Z, andTy + T» € Z whenevelT, T» € Z. Moreover,| - || induces a metric ifx.

There are infinitely many possible representationsTof Z as a sum of the form (6). Moreover, such
representations need not be equivalent modulo a permutation of points. In fégt) iE a sequence rapidly
converging top in X (in the sense tha}"; d(gi, gi+1) < o0), then we can writé, — 8, = Y 721 (84,1 — ¢,)
in [Lip(X)Y, wheren := g3.

The next proposition extends (4) to our more general setting (see [2, Lenifha 12

Proposition 2.1.For any T € Z we have

Di)

IT| = (_in:‘ﬁv) {Zd(ﬁi, i T=Y (85 — &) in [Lip(X)]’}. (10)

1
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Fig. 1. Dipoless,, — 8, in Example 1.

Fig. 1. Dipoless,, — &, de 'Exemple 1.

3. On the existence of minimal connections
We first introduce the notion of support Bf

Definition 3.1. Let (w;);c; be the family of open subsets af such that, for each € 7, the following holds: if
¢ e Lip(X) and¢ =0 onX\w;, then(T, ¢) = 0. We set supff := X\ U,;c; i-

Clearly, supd@ C |, {pi} U, {n:}, although the strict inequality can actually occur (see, however, Theo-
rem 4.5 below).

In contrast with the case of a finite number of points, the infimum in (10) may not be achieved in general (see
Example 1). Here is a case where it is still attained:

Theorem 3.2.1f H1(suppl’) = 0, then the infimum if10)is attained. In other words, there exigt;), (ii;) in X
suchthat|T || =>_;d(pi,n;) andT =), (65, — 85,)-

Above, H! denotes the 1-dimensional Hausdorff measure. In particula, {fp;} U |, {ni} is countable, then
Theorem 3.2 holds.

In general, it is still possible to decompoBen terms of simpler functionals, taking into account the length of
its minimal connection. But let us first make another definition:

Definition 3.3.T € Z isregularif there exist(p;), (;) C X suchthal =}, (85, — 8z,) and|| T || =), d(pi, ii;).
T € Z is singularif wheneverT =Ty + T, || T || = || T1]| + || T2|| andTy is regular, therfy = 0.

Here is an example df € Z which is singular:

Example 1.Let X = [0, 1] andC, C [0, 1] be a Cantor-type set with Lebesgue measue(0, 1). We denote by
(Jok=1, Jx = (nk, pr), the sequence of disjoint open intervals which are removed fbdl in the construction
of Cy. We then takepo = 0 andng = 1. It can be shown (see [6]) thdt =} ;- (8, — dx,) is singular and
IT| = «. Note that the length of the minimal connection®fis actually carried by the se&t, = suppl’. For

descriptive purposes we can think of representing each digple §,, as an arrow fromm; to p;. In Fig. 1 we

represenf’ geometrically according to this convention.

We have the following (the geometric meaning of Theorem 3.4 is explained in [6])

Theorem 3.4.ForanyT e Z there existleg, Tsing € Z such thatTieq is regular, Tsing is singular,
T =Treg+ Tsing and ||T|| = || Tregll + Il Tsingll- (11)
Moreover, there existél,) C Z such that

Tsng= Y Ti. [Tsingl =Y ITill and ||Ti] = (suppli) Vk. (12)
k k
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EachsuppT} is homeomorphic to the Cantor setlin

The decomposition dof in terms of a regular and a singular part, as in (11), need not be unique (see [6]).

We point out that Theorem 3.2 is a special case of the above. In fact, it follows from the proof of Theorem 3.4
that sup’ = supplregU supplsing and|_J;, supplx C supplsing Therefore, ifH1(suppl’) = 0, then|| 7} || = O for
eachk. We conclude thal' = Treg is regular.

4. Irreducible representations
A natural question regardirif € Z is whether it has a “simplest” representation in the following sense:

Definition 4.1. The representatiol_; (§,, — 8,;) is reducibleif there existN; € N> C N, cardN; < cardN», and
pointsr;, g; € X, i € N1, such that

D Gp =)= G —8) in[Lipx)]. (13)

ieNy ieNy

> i (85, — 8,,) will be calledirreducibleif it is not reducible.
The next result states that one can always find an irreducible representaltion of

Theorem 4.2 Any linear formT € Z has an irreducible representation. More precisely, there exist sequéfiges
(7;) in X such that) ; d(p;, ni) < oo,

T=Y (55 —8, in[Lipx)]. (14)
i
and this representation is irreducible.

Our proof of Theorem 4.2 relies on the notion of maximal paths. This approach requires the following lemma
which is interesting in its own:

Lemma 4.3.If
D @G = 8u) = (8ry — 8g0) + (8, — 8gp)  In[Lip(X)]' (15)

for somery, g1, 72, g2 € X, then there existS ¢ N such that
Z (8p; —8n) equals (8, —84) Or (8, —384,) in[Lip(X)]. (16)
ieN

A simple consequence of this lemma is the corollary below which makes our notion of irreducible
representations much easier to handle:

Corollary 4.4. 3", (8, — 8,) is reducible if, and only if, one of the following conditions holds

(@) pi =n; forsomei, j > 1;
(b) there exists an infinite s& ¢ N andr, ¢ € X such that

D @ =) =8—8, in[Lipx)]" 17)
ieN
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If T can be written as a finite sum of dipoles of the fopn— §,,, then the irreducible representation Bf
is unique (modulo a permutation of the points). This may not be the case in general. Assume, for example, that
X =10, 1], and let(p;), (n;) be two sequences converging to 0 such fhat n; > p;+1 for everyi > 1. Then

o (0.¢] (0.¢]
D Gy =) Gy =800+ Y Bpipy = 8n)s (Bpy —80) + (Bpp —80) + D Bpyip — Sny)s -
i=1 i=1 i=1
are all irreducible representations of the same operatdiir([0, 1])]'.
However, we have the following

Theorem 4.5.Assumg14)is an irreducible representation df. Then
supp? = {pi} v J A} (18)
i i

In particular, if ¢ € Lip(X) and¢ = 0 onsuppT, then(T, ¢) = 0.

5. Characterizations of T as a measure
A simple consequence of Theorem 4.2 is the corollary below:

Corollary 5.1. LetT € Z. If suppT is finite, then there exist finitely many poifis . .., pk,, 711, .. ., fix, € X such
that T = Y40, (85, — 83,) in [Lip(X)]'.

Another result in this direction is the theorem below which completely solves an open problem raised by
H. Brezis. Here, we denote by BL(f) the subspace of bounded Lipschitz functions:

Theorem 5.2.LetT € Z. Assume tha(T, ¢)| < C||¢]leo Y¢ € BLip(X) for someC > 0. Then there exist finitely
many pointsuy, ..., ax and integersiy, ..., dx, ) ; di =0, such thatl’' = Zf:ldiaai in [Lip(X)7'.

We point out that the conclusion of both results is the same (Sineé = 0). Our proof of Theorem 5.2 makes
use of the existence of irreducible representatiors.dtheorem 5.2 has been proved by Smets [7] (using the Riesz
Representation Theorem) under the additional assumptioXtisaltocally compact.
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