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Abstract

This Note presents a formula for the enumerative invariants of arbitrary genus in toric surfaces. The formula computes the
number of curves of a given genus through a collection of generic points in the surface. The answer is given in terms of certain
lattice paths in the relevant Newton polygon. If the toric surfa@®isr P! x P1 then the invariants under consideration coincide
with the Gromov-Witten invariants. The formula gives a new count even in these cases, where other computational techniques
are availableTo citethisarticle: G. Mikhalkin, C. R. Acad. Sci. Paris, Ser. | 336 (2003).

O 2003 Académie des sciences/Editions scientifiques et médicales Elsevier SAS. All rights reserved.
Résumé

Cette Note présente une formule pour les invariants énumeératifs de genre arbitraire en surfaces toriques. La formule calcule
le nombre des courbes de genre donné qui passent par une collection de points génériques sur la surface. Le résultat est dor
en fonction de certains chemins dans le polygone de Newton relevant. Si la surface torkfuelsgt x P1 nos invariants sont
les invariants de Gromov—Witten. La formule est nouvelle méme dans ces cas, ou d’autres techniques de calcul sont disponibles
Pour citer cet article: G. Mikhalkin, C. R. Acad. Sci. Paris, Ser. | 336 (2003).

0 2003 Académie des sciences/Editions scientifiques et médicales Elsevier SAS. Tous droits réservés.

Version francaise abr égée

Rappellons qu’on peut associer & chaque polygone condexéR? & sommets entiers une surface compacte
toriqueCT, D (C*)2 et un systéme linéaire de courbes holomorphes dans cette surface. Par exemple, pour obtenit
CP? et les courbes de degeg on peut prendre un triangle de sommeéis0), (0,d) et (0, 0). Pour obtenir
CP! x CP! et les courbes de bi-degfé s) on peut prendret = [0, r] x [0, s]. On voit le polygoneA comme un
analogue du degré éiT,. La dimension d&@L estm = #(A N Z2) — 1. Une courbe générique du systéRie est
lisse de genré= #(Int A N Z2). Cette Note concerne les courbesitdedont le genre est inférieur/a
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Pour un entiers > 0 on consideére la parti€y C PL formée par les courbe€ de genre géométrique
g(C) =1 — ¢ t.q. chaque composante irreductible intersg€te)2. Le genre géométrique(C) est défini comme
2- X(C))/Z ouC — C est la normalisation. Remarquons qu€) peut étre négatif ST est non-irreductible.

La dimension deX° estm — §. On définitY¥; comme I'adhérance dEy. On définitN 4% comme le degré de
Y5 Cc PL. Le nombreN4-% est un nombre d&everi-typeC’est le nombre de courbes datig, de degréA et
de genré — § sans composantes en dehorg@&)?, qui passent par une collection de poigts. .., zu—s € CTx
dans une position générale. 87, estCP? ou CP! x CP?!, alorsN4-% coincide avec le nombre de Gromov—
Witten de genré — § correspondant. En générsil 4 différe du nombre de Gromov—Witten correspondant par la
contribution de courbes dont les composantes sont contenues dans le diviseur exceptionnel ou les points singulie
(isolés) deCT,.

Notre résultat principal consiste en le calculdé-? & I'aide de chemins de réseau dansRappellons qu’un
chemin de réseay :[0,n] — A est un chemin t.q. pour chaqée=1, ..., n la restrictiony |x—1 est affine-
linéaire aveq (k — 1), y (k) € Z2. On définit dans le Section 2 la multiplicité d’un chemin qui relie deux sommets
etqg de A. Pour calculetv4-? on fixe une application linéaire auxiliaike: R> — R qui est injective Suz?. Soient
p etq le minimum et le maximum dg| 4. On dit qu’un chemiry eti-croissant sk o y est une fonction croissante.

Théoréme 1. Le nombreN4-® est égal au nombrécalculé avec multiplicitdsde chemins de réseaucroissants
[0,m — 8] — Areliant p etgq.

On considere aussi le probléme de calculRuOn fixe une famille de points réels, ..., z;,—s € RT4 dans
une position générale et on demande combien parmVi&$ courbes relevantes passants par.. ., z,_s sont
réelles. Dans la Section 4 on définit la multiplicité réelle d’'un chemitD, n] - A.

Théoréme 2. Pour chaque choix de il existe une configuration de — § points génériques dan®*)? t.q. le
nombre de courbes réelles parmi I¥%-% courbes complexes relevantes est égal au nombre de chemins de réseau
A-croissant§0, m — 8] — A reliant p etqg calculés avec multiplicités réelles.

1. Introduction: the numbers N4

Let A c R? be a convex polygon with integer vertices. It defines a finite-dimensional linear systerhcurves
in (C*)2, whereC* = C ~. {0}. These curves are the zero loci(i@i*)? of the (Laurent) polynomials

flz,w)= Z ajkz!w

(j,k)eANZ?2

ajr € C. The polynomialsf themselves form the vector spafe Recall thatthe Newton polygomf f is
Convexhul{(j, k) | ajx # 0}. ThusL contains polynomials whose Newton polygon is containediirClearly
PL is a complex projective space of dimensian= #(A N Z2) — 1. Curves with the Newton polygon form an
open dense sét C PL. A generic curve it is a smooth curve of genuis= #(Int A N Z?).

Let C € PL be a curve. Even i€ is not irreducible we can define its geometric gepus) € Z. Consider the
decompositiorC = C1 U ... U C, into the irreducible components;. We defineg(C) = Z?:lg(cj‘) +1-—n
whereEJ- — C; is the normalization. Note that(C) can be negative (cf. [1]). I€ is singular then its genus is
strictly smaller thar.

By the Riemann—Roch formula the curves of gehuss and with the Newton polygom form a subvariety
X9 C U of dimensionm — §. Let X5 C L be the projective closure ofy. We defineN4- to be the degree of
the (m — §)-dimensional subvarietys in L. The degree is the intersection number with a projective subspace of
codimensionn — §. Curves fromC passing through a poiate (C*)? form a hyperplane.
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The numberN4-% has the following enumerative interpretation. lzet. .., z,,—s € (C*)? be generic points.
The numbev4-? equals to the number of algebraic curves of Newton polyg@nd genus — § passing through
21, ..., Zm—s. Note thatN2-0 = 1 for any A. These numbers get more interesting whenO.

Remark 1. Another way to look at the same problem is to consider the compactification of the @ifs Recalll
that the polygomA defines a compact toric surfa€d'4, see, e.g., [2]. (Some readers may be more familiar with
the definition of toric surfaces by fans, in our case the fan is formed by the dual cones at the verfice$oé
surfaceCT, may have isolated singularities that correspond to some verticas of

In addition to a complex structure (which depends only on the dual fan) the polygtafines a holomorphic
line bundleXH overCT,. We have a canonical identificatidn(H) = L, wherel’ (H) is the space of the sections
of . The projective spacBL can be also considered as the space of effective 1-cyclég inPoincaré dual to
c1(H). The numbe 4+ is the number of holomorphic curv€sc CT, such thaty, ..., z,, € C, the homology
class[C] is dual toc1(H), the Euler characteristic of the normalization®fis 2 — 2(/ — §) and no irreducible
component ofC is contained ifCT, ~ (C*)2.

Remark 2. Note that in the set-up of Remark 1 the numbet-? appears related to the Gromov—Witten invariant
of CT, (see [3]) corresponding toi (H). The difference is that the corresponding Gromov-Witten invariant
also has a contribution from the curves of gehuss which have components contained@T, ~. (C*)2. This
contribution is zero (by the dimension reasonsJ#, is smooth and does not have exceptional divisors. Thus if
A = Ay = ConvexHul[(0, 0), (d, 0), (0,d)} or A = [0, r] x [0, s] then the numbeN4-? is the multicomponent
Gromov-Witten invariant of genug — §) and degree in CP? or of bidegredr, s) in CP! x CP?.

Special case. SupposeA = A, so thatCT, = CP2. We havem = 44 and/ = . The number
NAS — N, q is the number of genug, degreed (not necessarily irreducible) curves passing through-3 + g
generic points irCP?, g = @=1(d=2 _

The formula N24-1 = 3(d — 1)? is well-known as the degree of the discriminant (cf. [2]). An elegant
recursive formula for the number of irreducible rational curves (the one-component pégi;pfwvas found by
Kontsevich [3]. An algorithm for computing/, » for arbitrary g is due to Caporaso and Harris [1]. See [7] for
computations for some other rational surfaces, in particular, the Hirzebruch surfaces (this corresponds to the cas
whenA is a trapezoid).

(d-=1)(d-2)
2

2. Lattice pathsand their multiplicities

A pathy :[0,n] — R?, n €N, is called alattice pathif vlj-1j1, j=1,...,n,is an affine-linear map and
v(j)€Z?, jeO0,..., n. Clearly, a lattice path is determined by its values at the integer points. Let us choose an
auxiliary linear map. : R? — R that s irrational, i.e., such that, is injective. Letp, ¢ € A be the vertices where
a| 4 reaches its minimum and maximum respectively. A lattice path is caliedreasingif A o y is increasing.

The pointsp andg divide the boundar§ A into two increasing lattice patls”:[0,n.] — dA anda™:[0,n_] —
0A. We have; (0) =a—_(0) = p, a+(ny) =a_(n-) =¢q, n +n_ =m — 1 + 3. To fix a convention we assume
thata; goes clockwise arounglA wile «_ goes counterclockwise.

Lety :[0,n] — A C R? be an increasing lattice path such tha0) = p andy (n) = g. The pathy divides A
into two closed regionsa . enclosed by anda andA_ enclosed by anda—. Note that the interiors oft
andA_ do not have to be connected.

We define the positive (resp. negative) multiplicjty- () of the pathy inductively. We sefu4 (e4) = 1. If
y # oy then we take K k£ <n — 1 to be the smallest number such thak) is a vertex ofA 1 with the angle less
thanz (so thatA is locally convex ai (k)).

If suchk does not exist we set. (y) = 0. If k exist we consider two other increasing lattice paths connegting
andg y':[0,n — 1] — A andy” : [0,n] — R2. We definey’ by y'(j) = y(j) if j <k andy’(j) =y(j + 1)
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Fig. 1. A pathy with u4 (y) =1andu—_(y) =2.
Fig. 1. Un chemiry avecu(y)=1etu_(y)=2.

e

Fig. 2. ComputingNA'l =5 in two different ways.
Fig. 2. Calcul dev4-1 =5 dans deux facons différentes.

if j > k. We definey” by y"(j) = y(j) if j #k andy” (k) = y(k — 1) + y(k + 1) — y (k) € Z2. We set
u+(y) =2AredT)u+(y") + n+(y”), whereT is the triangle with the verticeg(k — 1), y (k) andy (k + 1).
The multiplicity is always integer since the area of a lattice triangle is half-integer.

Note that it may happen that’ (k) ¢ A. In such case we use a conventipn(y”) = 0. We may assume that
u+(y") andu+(y”) is already defined since the areasf is smaller for the new paths. Note that = O if
n < n4 as the pathg’ andy” are not longer tham.

We definethe multiplicity of the pathy as the producitt(y)u—(y). Note that the multiplicity of a path
connecting two vertices ol does not depend on We only need. to determine whether a path is increasing.

Example 1. Consider the path : [0, 8] — A3 depicted on the extreme left of Fig. 1. This path is increasing with
respect tov(x, y) = x — ey, wheree > 0 is very small.

Let us computee (). We havek = 2 asy (2) = (0, 1) is a locally convex vertex ofA . We havey”(2) =
(1,3) ¢ Az and thusu,(y) = u+(y’), since Aredl’) = % Proceeding further we get (y) = u+(y)=--- =
Mt (ay) =1.

Let us compute._(y). We havet = 3 asy (3) = (1, 2) is alocally convex vertex ofi_. We havey”(3) = (0, 0)
andu_(y”) = 1. To compute:._(y") = 1 we note thate_ ((y’)") = 0 andu_ ((y")”) = 1. Thus the full multiplicity
of y is 2.

3. Theformula

In the previous section we fixed an auxiliary linear functiarR? — R which determines the extremal vertices
p,q of A.

Theorem 1. The numbev4-® is equal to the numbefcounted with multiplicities of A-increasing lattice paths
[0,m — 8] — A connectingp andg.

This theorem is proved in [5] (to appear). The proof is based on the application of the soicabiedl
algebraic geometrysee, e.g., Chapter 9 of [6]). The relation between the classical enumerative problem and the
corresponding tropical problem is provided by passing to the “large complex limit” as suggested by Kontsevich
(see [4] for these ideas in a more general setting).

Note that an immediate corollary of Theorem 1 is that the sum of the multiplicities of-thereasing lattice
paths of a fixed length does not depend on the choide of

Example 2. Let us computeN4-1 = 5 for the polygonA depicted on Fig. 2 in two different ways. Using
Ax,y) = —x + ey for a smalle > 0 we get the left two paths depicted on Fig. 2. Usi(g, y) = x + ¢y we
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Fig. 3. ComputingVp 3 = 12.
Fig. 3. Calcul deVg 3 = 12.
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Fig. 4. ComputingVq 4 = 225.
Fig. 4. Calcul devy 4 = 225.

get the three right paths. The corresponding multiplicities are shown under the path. Allétfeeeasing paths
have zero multiplicity.

In the next two examples we uséx, y) = x — ey as the auxiliary linear function.

Example 3. Fig. 3 shows a computation of the well-known numbgt3: = Ny 3. This is the number of rational
cubic curves through 8 generic pointsGiP2.

Example 4. Fig. 4 shows a computation of a less well-known numiiée-2 = Ny 4. This is the number of genus
1 quartic curves through 12 generic pointgii2.

4. Real aspects of the count

Suppose thaty, ..., zu—s € (R*)? C (C*)? are generic real points. We may ask how many offie? relevant
complex curves are real, i.e., defined oRemMNote that this number depends on the configuration of real points.
Theorem 1 can be modified to give the relevant count of real curves. In order to do this we need to define the real
multiplicity of a lattice pathy : [0, n] — A connecting the vertices andq. We introduce the sequence of the pairs
of signsoy, ..., 0, € Z ® Z» (this sequence will record the quadrants of the paints (R*)?). The signo; is
prescribed to the edgd j — 1, j]. We make a convention thaj anda]’. are equivalentié; — a]’. =y(j)—y(-1)
(mod 2. We set

HEW) =aMuE o)+ uE o). (1)
The definition of the new pathg’, y” and the triangldl" is the same as in Section 2. The sign sequencgfas
oj/.’ =0j, j#k,k+1, of =041, 0,4 = or. The sign sequence for is oj/. =o0j, j <k, aj’. =0j41,j > k. We
define the sigw;, and the functior (T') as follows.

e If all sides of T are odd we set(T) = 1 and define the siga, (up to the equivalence) by the condition that
the three equivalence classespfoi 1 ando, do not share a common element.

o If all sides of T are even we sei(T) = 0 if ox_1 # ox. In this case we can ignore’ (and its sequence of
signs). We seti(T) = 4 if oy = ox+1. In this case we defin@,g = 0% = O}+1.
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e Otherwise we set(T) = 0 if the equivalence classes @f andoy1 do not have a common element. We set
a(T) = 2 if they do. In the latter case we define the equivalence clas$ loy the condition thady, ox+1 and
o, have a common element. There is one exception to this rule. If the even side-is1) — y (k — 1) then
there are two choices fer, satisfying the above condition. In this case we replra(dé)uﬁ(y/) in (1) by the
sum of the two multiplicities of” equipped with the two allowable choices fgf (note that this agrees with
a(T) =2 in this case).

Similar to Section 2 we defing% (ax) = 1 andpu®(y) = 1B (»)u®(y). As beforer:R? — R is a linear map
injective onZ?2 andp andg are the extrema of| 5.

Theorem 2. For any choice ok ando;, j=1,...,m —§, there exists a configuration ef — § of generic points
in the respective quadrants such that the number of real curves amomé/tiaelevant complex curves is equal
to the number of.-increasing lattice pathg : [0, m — §] — A connectingp andg counted with multiplicities.X.

Example 5. Here we use the choieg; = (+, +) so all the pointg; are in the positive quadratiR- )% C (R*)2.

The first count ofV4-1 from Example 2 gives a configuration of 3 real points with 5 real curves. The second count
gives a configuration with 3 real curves as the real multiplicity of the last path is 1. Note also that the second path
on Fig. 2 changes its real multiplicity if we reverse its direction.

Example 3 gives a configuration of 9 generic pointsR2 with all 12 nodal cubics through them real.
Example 4 gives a configuration of 12 generic point®iF¥ with 217 out of the 225 quartics of genus 1 real. The
path in the middle of Fig. 4 has multiplicity 9 but real multiplicity 1. A similar computation shows that there exists
a configuration of 11 generic points RiP2 such that 564 out of the 620 irreducible quartic through them are real.

Remark 3. Real nodal curves have three types of nodes: hyperbolic, elliptic and imaginary. Theorem 2 can be
refined to count curves with different types of nodes separately. In accordance with [8] let us prescrilie-4ign

to a real nodal curve, wheeeis the number of its elliptic nodes. To compute the corresponding algebraic number
of curves we introduce the multiplicity® by replacing (1) with} (y) = b(T)v§ (y') + v§(y”). Here we define

b(T) = 0 if at least one side of is even and(T) = (—1)#INTNZ% otherwise. It can be shown with the help of

this formula and a combinatorial observation made by Itenberg, Kharlamov and Shustin (to appear) that in the case
A = A, the algebraic number dfreducible curves counted by® is positive for any genus @ g < {<=14=2 f
Alx,y)=y —ex.

Note that unlikex® the multiplicity v® does not depend on the quadrant choiegsFurthermore, in [8]
Welschinger announced that in the cgse 0 this algebraic number of curves is independent of the configuration of
generic real points. Corollary 1.2 of [8] combined with Remark 3 implies the following statement (which answers
a question asked, e.g., by Rokhlin and Kharlam&w).any configuration of generigd — 1 points inRP? there
exists a real rational curve of degrekepassing through this configuration.
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