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Abstract

We propose an approach for deriving in a rigorous but formal way a family of models of mass and heat transfer in reactive
porous media. At a microscopic level we set a model coupling the Boltzmann equation in the gas phase, the heat equation or
the solid phase and appropriate interface condititons. An asymptotic expansion leads to a system of coupled diffusion equation:
where the effective diffusion tensors are defined from the microscopic geometry of the material through auxiliary problems.
The ellipticity of the diffusion operator is addressé&d.citethisarticle: P. Charrier, B. Dubroca, C. R. Acad. Sci. Paris, Ser. |
336 (2003).

O 2003 Académie des sciences/Editions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé

Nous proposons une méthode pour établir des modéles de transfert de masse et de chaleur en milieux poreux réactifs. A
niveau microscopique le modeéle couple I'équation de Boltzmann pour le gaz, I'’équation de la chaleur dans le solide et des
conditions d’interface. Un développement asymptotique conduit a un systeme d’équation de diffusion dont les coefficients
effectifs sont définis a partir de la géométrie microscopique grace a des problémes auxiliaires. On étudie I'ellipticité de
I'opérateur de diffusionPour citer cet article: P. Charrier, B. Dubroca, C. R. Acad. Sci. Paris, Ser. | 336 (2003).

O 2003 Académie des sciences/Editions scientifiques et médicales Elsevier SAS. Tous droits réservés.

Version frangaise abrégée

Nous noterons?, le domaine dék® occupé par le matériau poreur, C 2 le domaine de2 occupé par la
phase solides2 s le domaine occupé par la gaz Btl'interface entre2; et £2,. Par la suiten =n(x), x € X,
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représentera la normale unitaire extérieure a la frontie¥ede §2; au pointx. La phase solide est caractérisée

par sa densitg,, sa chaleur spécifiqu€,, sa conductivité thermiqug; et son champ de températuréx, t)

défini surg2,. Le fluide, un gaz monoatomique est décrit au niveau microscopique par sa fonction de distribution
f = f(x,t,v) des particules. Nous prendrons pour hypothése qu’une réaction d’absorption désorption existe sur
l'interface X entre le solide et le fluide (1). La masse par unité de surface des molécules de gaz collées sur
l'interface est noté&V = N (x, ). La cinétique chimique de la réaction (1) est caractérisée par les coefficjents
etk,. La variation d’énergie due a la réaction sur la paroi est ngtéee, (T). Finalement, nous supposerons aussi

que la distribution des atomes de gaz quittant la surfagar désorption ou réflexion est une demi Maxwellienne

de températuré.

En écrivant le systeme sous forme adimensionnée, en supposant que les nombres de Mach et de Knudsen sc
petits et que le temps caractéristique de la réaction (1) est comparable au temps de diffusion on obtient le systém
(2)-(6) oUM (T) = 1/(2(RT)?) exp(—|v|2/2)RT, r = O si A, et la conductivité thermique du gaiz,, sont du
méme ordre de grandeuriet= 1 SiA; > A,.

La géométrie du milieu est supposée periodique’agst la cellule élémentaird;; C Y est la partie de cette
cellule occupée par le ga¥, est la partie occupée par le solideyefinterface entre les deux. On supposera que
les fonctionsT et f ont une dépendance spatiale de la foffne T'(x, y), f = f(x, y), oUx € £2 est la variable
lente ety € Y est la variable rapide. On supposera de plus que les foncfigtsf sont périodiques emn. Dans
le modele (2)—(6) on recherche aldf$ et f* comme une série en puissancesdel ® (x, y)|y=x/s = To(x, y) +
eT1(x, y) + 82T2(x, y) + -+ y=x/e FE(6, Y, Vly=x/e = f§ (6, 7, 0) + 6ff (0, y,0) + 62 f5 (X, 3, 0) + - |y=x/e-

Quande — 0 nous obtenons qué& est indépendant de, fo est une Maxwellienne de vitesse nulle,
indépendante dg, avec la températur, et Ng est indépendant dg (voir Proposition 2.1). Puisqué, fo peut
étre écrit comme une combinaison linéaire\dy et V, pg, Nous pouvons récrirg et 71 sous la forme suivante
fi=—fole-ViTo+p - Vipo), Tr=y - VxTo+ - Vipo, Ol =a(y,v) eR3 B=B(y,v) eR3, y=y(y) €
R3, w = w(y) € R® sontsolutions des problémes auxiliaires élémentaires (7)-«(12)(et ausspB, w) sont définis
par un systéme couplé d’équations elliptique et de Boltzmann linéarisée. Finalement, le modéle asymptotique de
transport est décrit par les Egs. (13)—(20). Cette fermeture conduit & un systéme asymptotique de diffusion qui es
non linéaire dans les variables et Tp.

Nous pouvons prouver que poue= 0 que I'opérateur de diffusion dans le modéle de diffusion asymptotique
est elliptique. De plus, nous pouvons donner les conditions suffisantes et nécessaires de dégénérescence de
opérateur que nous pouvons relier a la constitution morphologique du milieu (voir Proposition 3.2).

Ce modele a été construit sous I'hypothése que le gaz dans les pores est régi par un régime transitionnel ou le
collisions avec le solide et les collisions binaires ont des fréquences comparables. Le modéle peut étre étendue sa
difficultés au régime raréfié dans les pores ou n’existent plus de collisions binaires. Cependant, ce régime (conn
comme ladiffusion de Knudsénnécessite un horizon fini et la preuve de la Proposition 2.1 est différente (voir
[1,7]) mais le modéle asymptotique (7)—(12) reste le méme (&gt /) = 0). L'extension au cas dense requiert
plus de travail. Par exemple, considérons le cas simpliiél et O(f, f) = (1/t)(Mf — f). Nous rescalons le
probléme auxiliaire (11)—(12) et faisons tendreers zéro. En recherchant une solution de (11)—(12) sous la forme

Bk = ,B,E_l)/r + ,B,EO) + ﬂ,gl)r + ---, NnOus avons,

Proposition 1. ﬂ,g_l) =aox + poRToary - v+ ag,k|v|2 oUaz  est définit par
—Ayay+ Vym(y) = ek, divy a1 =0, arkp, = 0,

—_¢tD ) i ité 4 L1 i
etu =—<7Vyp, olp est la viscosité eD est donné par®;; = 7,1 fyf ay dy.

La relation entre: et Vp n’est autre que la loi de Darcy et (21) est la probléme auxiliaire classique que I'on
rencontre quand on dérive la loi de Darcy a partir de I'équation de Stokes par homogénéisation.
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1. Microscopic model with adsorption—desorption

We denote by2, the open set ifk3 occupied by the porous materi&, C £2 the open subset g? occupied by
the solid phase2 ; the open subset occupied by the gas anthe interface betweef? s et £2;. In the following
n=n(x), x € X, denotes the outer unit normal to the boundanof £2; at pointx.

The solid phase is characterised by its dengityits specific heat at constant volur@g, its thermal conductivity
As and the temperature fielfl(x, ) defined ong2;. The fluid phase, a single component mono-atomic gas, is
described on a kinetic level by the distribution functir= f(x, ¢, v). We assume that an adsorption—desorption
reaction occurs on the interfa¢e between the solide phase and the gas,

X + FREE-SITE= OCCUPIED-SITE, (1)

and we denot&vV = N(x, t) the mass per surface unit of gas molecules sticked on the interface. The kinetic of
the absorption-desorption reaction is characterized by the coeffigignémd k, ande, = e,(T) denotes the
energy variation due to the adsorption or desorption of a gas molecule. Finally we assume that the distribution of
gas molecule leaving the interfage by desorption or reflexion is a half absolute Maxwellian at temperdture
Writing the system in dimensionless form, assuming that the Mach and Knudsen numbers are small (that is to say
that collisions with the solid phase and binary collisions have comparable frequencies), and that the characteristic
time of the adsorption—desorption reaction is comparable to the diffusion time leads to the following scaled system

20, +ev-Voft = Q(fF. £, ()
psCu0, T = (divy Ay V, T?), 3)

fE@x V>0, xey = ((1—82kf) / lw-n|f(x, w)dw +82kbN8(x,l)>M(T£), (4)

w-n<0
%Ns(x,t) = (kf / Iv-nlfs(x,v,t)dv—khNS(x,t)>, xey, 5)
v-n<0
e —1+r 1 2 re 1+r d 5
AsViT® n = —¢ §|v| féx,v,Hv-ndv—e¢ EN (x,)ep(T), (6)

whereQ(f, f) is the collision term in the Boltzmann equatiov(T) = 1/(27(RT)?) exp(—|v|2/2)RT, r =0 if
Ay and the thermal conductivity the gas,, are of the same order ang=1 if A; > A,.

2. The asymptotic transport model

We recall that the geometry of the porous medium is periodic. We use the following notaltidssthe
elementary cellYy C Y the part of this cell occupied by the gés, the part of this cell ocupied by the solid
phase ang is the interface. We assume that the unknown functibramd f have a dependence in space of the
following form T = T'(x, y), f = f(x,y), wherex € £2 is the slow variabley € Y is the fast variable, and we
assume thal’ and f are y-periodic functions. In the scaled model we look 6t and f¢ as a power series i
T4 (x, Niy=xse = To(x, y) + eT1(x, y) +<92T2(x7 V) + - y=x/es fex,y, V)|y=x/e = fé(x, y,v)+ ‘9ff(xv y,v) +
82f28(x, ¥, V) + -+ -|y=x/e. Whens — 0 we both change the scale in space by an homogeneization process, and
derive an hydrodynamic limit of the kinetic model chosen for the fluid. So, the method used here is the classical
homogeneization technics introduced in [3] for the solid phase, and for the gas phase is inspired from [1]. The main
difficulty, here comes from the coupling of this two different technics. We have the following result

Proposition 2.1. Ty is independent of, fo is an absolute Maxwellian distribution, independentygfwith
temperaturely and Ng is independent of.
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SinceV, fp can be written as a linear combinationgf7p and Vv, pg, we can seekf; and Ty in the following
form f1 = — fola - VxTo+ B - Vipo), TL = ¥ - Vo To + - Vi po, Wherea = a(y,v) € RS, B =f(y,v) eR3, y =
y(») € R, w =w(y) € R3 are solutions of the following problems calleell auxiliary problems

1
—divy(A;V,y;) =0 inYj, KsVnywn:(l—r)/§|v|2v-nfoajdv—()»sn),k ony, (7
—L(foa;)+v-V, foa;= fov; ﬁ_i (8)
0% B SOt = TN SRrT2 T 210 )
w2 2
(3. V) yey. vmn0 = / -l M T ) & — (s = 7 )7 ©)
(w-n)<0
1
—divy (A, Vyw;) =0 inY;, AVywj-n:(l—r)/§|v|2v-nfo,3jdv ony, (10)
1
_L(fO,Bj)‘FU'Vny,Bj:Uij%, (11)
w2 2
Bi (¥, V)|yey, vn>0= / |lw - n|B;(w)M(To)(w) dw — (1 —r) 2RT02_?0 w;(y). (12)
(w-n)<0

WhereL is the linearized collision term defined dy(g) = O(fo, 2) + Q(g, fo). We remark thatr andy (and
also B andw) are defined by a coupled system of linear elliptic equations and of linearized stationary Boltzmann
equations. Finally, the asymptotic transport model (ATM) takes the following form

. o Iyl RTp\Y?
3:8/)0—lex(Dpro)—dIVx(DVxTo)=—m kg po > —kpNo |, (13)
d RTo\Y?
—No—kyrpol =22 kyNo = O 14
or 0 f100<2n_> + kpNo R (14)
3 Eo — div, (K V, To) — divy (K Vi po) =0, (15)
where
3
Eo= Eo(po, To) = (1 —&)psCyTo+ (1 —7) SEPORTO +(1- r)%Noep(To), (16)
D = D(po. To) = lyi|<fov ® / B(y,v) dy>, (17)
f v,
D = D(To. po) = lyi|<fov ® / a(y, v) dy>, (18)
f v,
1 |v]?
K=K (To.p0) = - /(x+wyy>dy+<1—r> f07v®/a<y,v>dy , (19)
Y, Yy
~ o~ 1—r v|?
R =R(To.p0) = =7 /Wywdy+ fo7v®/ﬁ(y,v>dy . (20)
s Yf

This closure yields an asymptotic diffusion system which is non-linear in the vagtaed 7o sinceEo, D, D,
K andK are functions ofpg andTp. This system contains crossed diffusion terms modeling a phenomenon similar
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to the Soret effect and called thermal mass diffusion or thermal transpiratior{ {4 7o)) and a phenomenon
similar to the Dufour effect (diMK V, pp)). We emphasize on the fact that these crossed diffusion coefficients
are generally very difficult to measure and that, except in few cases, their accurate magnitude are not available
(see [8,9]). One of the main interest of the proposed ATM model is that it gives a systematic procedure to compute
them by solving the cell auxiliary problems.

3. Ellipticity and degeneracy conditions of the diffusion operator

We now prove that for = 0 the diffusion operator of the asymptotic transport model is elliptic. For this
purpose it is convenient to write the system in the entropic varigbles(u.1, u2) (see for instance [6] or [2]),

defined from the underlying Maxwellian distribution function of the modelfbyw) = (zzzepw exp(— 2‘};‘;0) =

exp(u1 + %Mz). Then, dropping the right-hand side of the mass diffusion equation and the differential equation
on Ny, the asymptotic transport system may be writdd8, i1 — div, AV, 1 =0, and we can state the following
result [4,5]

Theorem 3.1.The asymptotic transport model_fer= 0 is elliptic in the following sensev(po, 7o), V§ =
(61, £2) € R®, we have(A(po, To) + AT (0. To))€ - £ > 0.

In addition we are able to give necessary and sufficient conditions of degeneracy of this operator. For this, we
introduce the oriented graghi(V, E) (V is the set of vertices anfl C V x V is the set of edges)

Definition 1. The graphG = (V, E) is defined in the following way

- V={1,23,...,ncc} (i.e., we associate a vertex to each connected componé&n of
— (i1,i2) € E if and only if there exists € {1,2,3}, y! e Y}’l) nay, y’e Y}’Z) N aY such thaty® =
y@ + Ay €, and we assign the indéxon the edgéiy, i2).

The geometric interpretation of this definition is that the componE}‘i’c)sandY}iZ) are linked together through

the periodic boundary condition (the orientation has been chosen so that onéXrdssm Y}il) to Y}iZ), in the
sens of the basis vector orthogonal to the face).

Proposition 3.2.(&, n) is a degeneracy direction if and only:jf= 0 and there exists a cycle in the graghsuch
that Zle pr A& = 0, where py is the algebraic number of edges in the cycle with inflethe edges being
counted+1 if their orientation inG is in the sense of the cycle, and countetlotherwise.

4. Rarefied and dense limit regimes

The ATM has been derived under the assumption that the gas in the pore is in a transition regime where collisions
with the solid phase and binary collisions have comparable frequencies. The model can be extended without
significant difficulties to rarefied flow in the pore with, in the limit, no more binary collisions. However, in this
regime (known a¥nudsen diffusio)) a bounded horizon assumption is needed and the proof of Proposition 2.1
is different (see [1,7]) but the asymptotic model is unchanged and the effective transport coefficients are given by
the auxiliary problems (7)—(12) (wit@(f, /) = 0). The extension to dense flow in the pore requires some more
work. Let us consider the simplified case where- 1 and Q(f, f) = %(Mf — f). We perform a rescaling in
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the auxiliary problem (11), (12) and maketends to zero. Then, looking for a solution of (11), (12) in the form
Br = ,B,E_l)/r + ,B,EO) + ﬂ,gl)r + -+, we have the following result

Proposition 4.1.80 " = ag x + poRToa1x - v + az |v|? whereay 4 is defined by
—Ayarp+ Vyr(y) =¥, divyar =0, apxy =0, (21)
andu = —%pr, wherey is the viscosity and is given byD;; = V1 fyf ay dy.

The relation between and Vp is the well known Darcy law and (21) is the usual cell auxiliary problems
encountered when deriving the Darcy law by homogeneization of the Stokes equation.
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