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Abstract

We use Green’s canonical syzygy conjecture for generic curves to prove that the Green—Lazarsfeld gonality conjecture holds

for generic curves of genyg and gonalityd, if g/3 < d < [g/2] + 2. To cite thisarticle: M. Aprodu, C. Voisin, C. R. Acad.
Sci. Paris, Ser. | 336 (2003).

0 2003 Académie des sciences/Editions scientifiques et médicales Elsevier SAS. All rights reserved.
Résumé
Nous utilisons la conjecture de Green sur les syzygies canoniques des courbes génériques pour démontrer la conjecture de
gonalité de Green—Lazarsfeld pour les courbes génériques degengonalitéd, avecg/3 < d < [g/2] + 2. Pour citer cet
article: M. Aprodu, C. Voisin, C. R. Acad. Sci. Paris, Ser. | 336 (2003).
O 2003 Académie des sciences/Editions scientifiques et médicales Elsevier SAS. Tous droits réservés.

Version francaise abr égée
Un théoreme de Green et Lazarsfeld (voir I'appendice de [5]) a pour conséquence le résultat suivant :

Théoréme 0.1. Soit L un fibré en droites de degré suffisamment grand au-dessus d’une aBuibeonalitéd.
Alors,

Kjo(1)-4-11(C, L) #0.
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La conjecture de la gonalité prédit que ceci est optimal, c’est a dire :

Conjecture 0.2 (Green et Lazarsfeld, [7]Pour toute courbe” de gonalitéd et pour tout fibré en droitd. de
degre suffisamment grand s@y on ako.;,_41(C, L) =0.

Le but de cette Note est de combiner les résultats principaux de [1,9] et [10] afin de vérifier la conjecture de
Green-Lazarsfeld pour les courbes génériques de gonalité assez grande, fixée. Nous démontrons tout d’abord
résultat suivant :

Théoreme 0.3. Soientg etd deux entiers positifs tels que3+ 1 < d < [(g + 3)/2]. Alors, la conjecture de la
gonalité est vraie pour les courbes génériques de gereede gonalitél.

Nous remarquons que la gonalité d’'une courbe générique de gesteégale &(g + 3)/2], donc ce théoréme
couvre toutes les gonalités assez grandes, sauf la gonalité maximale.
Notre deuxiéme résultat est le suivant :

Théoréme 0.4. La conjecture de la gonalité est vraie pour les courbes génériques de genre pair.

Pour démontrer les Théorémes 0.3 et 0.4 on se sert des courbes nodales sur des8rfaoasme pour
la conjecture de Green générique, voir [9,10]. Un ingrédient nouveau, qui nous permet d’obtenir 'annulation
souhaitée, est le fait que le morphisme de normalisation d’'une courbe nodale induit une inclusion entre les groupe:
de cohomologie de Koszul :

Lemme 0.5. SoientX une courbe nodale; la normalisée deX et p etg deux points d& qui se projettent tous
les deux sur le méme noewdle X. Alors, pour toutz > 1, on a une inclusion naturelle d&,, 1(C, Kc(p + q))
dansk, 1(X, Kx).

1. Introduction

Denoting byK , , (X, L) the Koszul cohomology with value in a line bundlesee [5]), Green and Lazarsfeld
proved the following (cf. Appendix to [5]):

Theorem 1.1. Let X be a complex manifold,1, and L> be two line bundles oX such that1 := oLy —1>1,
andrp ;= h%(Ly) — 1> 1. Thenk, 4,,-1.1(X, L1 ® L) #0.
Let nowC be a smooth complex smooth projective curve of gonality
d :=min{deg L), h°(L) > 2}.

Green-Lazarsfeld’s theorem, appliedto= O¢ (D), where degD) = d, h°(C, Oc (D)) =2,andL, = L — D
with deg L) sufficiently large, implies

Kjo(1)-4-1,1(C, L) #0.

The gonality conjecture predicts that this is optimal, namely:

Conjecture 1.2 (Green and Lazarsfeld, [7]jor C a curve of gonality/, and for any line bundld. of sufficiently
large degree, we havkjo,_4 1(C, L) =0.
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In spite of the evidence brought by th&; ; Theorem” of [5], which solves the hyperelliptic case (among
other things), after having formulated the gonality conjecture, Green and Lazarsfeld shown their mistrust of the
statement they had just made. Since then, the conjecture has been almost forgotten, and it took a while untill som
new evidence was discovered (see [3,1]). This delay is probably due to the fact that the conjecture did not count
among the mathematical highlights of the last years, as almost all the attention in the theory of syzygies of curves
was focused on the more famous Green conjecture.

The aim of this short note is to mix together the main results of [1] on the one hand, and of [9], and [10] on the
other hand, in order to verify the Green—Lazarsfeld conjecture for generic curves of large given gonality. The first
result we prove is the following:

Theorem 1.3. For any positive integerg andd such thatg/3+ 1 <d < [(g + 3)/2], the gonality conjecture is
valid for generic curves of genysand gonalityd.

Note that for generic curves of gengishe gonality equalf(g + 3)/2], and thus Theorem 1.3 covers all possible,
not too small, gonalities, except for the generic gonality.
Our second resultis:

Theorem 1.4. The gonality conjecture is valid for generic curves of even genus.

In the statements above, the wgehericshould be read in the usual sense. The complex curves of fixed genus
and gonalityd, are parametrised by an irreducible subvariety of the moduli spdgeand ageneric curves a
curve corresponding to a generic point of this variety. Irreducibility follows from the well-known fact that the
closure of this subvariety is actually the closure of the imag&fin of a Hurwitz scheme and then apply [4].

Finally, we mention that all the notation we use in the sequel is standard, and we refer to [5] for basic facts about
Koszul cohomology.

2. Proofsof main results
First of all, we recall the following result from [1]:

Theorem 2.1.If L is a nonspecial line bundle on a cur@ which satisfiex, 1(C, L) = 0, for a positive integen,
then, for any effective divisdt of degreee, we havek, ., 1(C,L + E) =0.

Inparticular, ifK0.,,_,4 1(C, L) = 0 for anonspecial line bundle, with hO(L)—d > 0, thenk 01y _4.1(C, L")
= 0 for any L’ of sufficiently large degree. By means of the Zariski semi-continuity of graded Betti numbers (see,
for example, [2]), for both Theorem 1.3, and Theorem 1.4, it suffices to exhibit/ egenal curveC of genusg
(whered = g/2+ 1 for Theorem 1.4), and one nonspecial line buridien C satisfyingK o ,_4 1(C, L) = 0.

Proof of Theorem 1.3. Stepl. Construction of” andL.
A suitable choice of such a cunégis provided by the proof of Corollary 1 of [9]. We start withk&3 surfaceS
whose Picard group is cyclic, generated by a line burfdté self-intersectionC? = 4k — 2, wherek = g —d + 1.
We denote = g — 24 +2 > 1. Under these assumptions,as k/2, we know that there exists an irreducible curve
X € |L£], having exactly simple nodes as singular points, and no other singularities, and such that its normalization
C is of gonalityd =k + 1 — v, see [9].
We setL = Kc(p + ¢q), wherep, andg are two distinct points of that lie over a node of X.
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Step2. Recall the main result of [9].
Theorem 2.2. The K 3 surfaceS being as above, we hav& 1(S, £) =0.

It follows directly from this result, from the adjunction formula, and from the hyperplane section theorem for
Koszul cohomology (see [5]) th&f 1(X, Kx) = 0. Sincek = hO(C, L) —d, the proof of our theorem is concluded
by the following lemma.

Lemma 2.3. Let X be a nodal curveC 1, X be the normalization oX, and p, g € C be two distinct points
lying over the same node of X. Then, for any: > 1, we have a natural injective mafs, 1(C, Kc(p + q)) C
Ky 1(X, Kx).

Proof of Lemma 2.3. Firstly, we remark that there is a natural inclusion of spaces of sedi8a8, K¢ (p+4q)) C
HO(X, Kx). Indeed, the two spaces are both contained in the space of meromorphic different@@lsTons
HO(X, Kx) identifies to the meromorphic differentials éhhaving poles of multiplicity one over the nodes, and
regular outside these points, and whose sums of residues over the nodes vanish. The inclusion above is then a dire
consequence of the Residue Theorem.

This inclusion yields the following injection between the Koszul complexdsefp + ¢) andK x

n+1 n
0~ AHC.Kc(p+o) = \H(C.Kc(p+9) @ H(C.Kc(p+q)) — -
} ¥
n+1 n
0> AH'XKky) - J\HO(X, Kx) ® HO(X, Kx) —

To conclude that this induces an injection on the degree 1 cohomology groups, we use the existence of the
retraction-homotopy (up to a coefficient @f + 1)!) given by the wedge product :

n n+1
N\H(C.Kc(p+9)® HY(C. Kc(p+9)) - /\ HY(C. Kc(p +9).

Proof of Theorem 1.4. Stepl. Construction of” andL.

We make use of the same curves as those used in [10§. hetaK 3 surface whose Picard group is generated by
an ample line bundI€ of self-intersectionC? = 4k, whereg = 2k, and by a rational curva such thatC - A = 2.
We choose&X an irreducible nodal curve in the linear systefih, having exactly one node as singularity. The curve
X has arithmetic genust2- 1. We denote by the normalization of(, p andg the two distinct points o€ lying
over the node ok, andL = K¢ (p + ¢g). ThusC has genus’

Step2. Recall the following result from [10]:
Theorem 2.4. With the notation above, we ha¥g 1(S, £) =0.

Applying the hyperplane section theorem we conclude fat(X, Kx) = 0. By means of Lemma 2.3, we
obtain K 1(C, L) = 0. Sincek = hO(L) — (k + 1), it follows that the curveC is of maximal gonalityk + 1, and
that the gonality conjecture is valid far.
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3. Final remarks

Remark 1. Using Theorem 2.1 one can see that for any of the cuéveensidered in the proofs of Theorem 1.3,
and Theorem 1.4, the vanishirig,o_, 1(C, L") = 0 predicted by the gonality conjecture holds for any line
bundleL’ of degree at leastg3 The same is true for generitgonal curves of genug, whereg andd satisfy
g/3<d<|[g/2]+2.

Remark 2. The case > (d —1)(d — 2) has already been treated in [1]. Therefore, from the viewpoint of the Green—
Lazarsfeld conjecture for generic curves of fixed gepuand gonalityd, for d > 6, there is a gap remaining for

3d —3< g < (d—-1)(d - 2) that has to be solved differently. The case of maximal gonalityk + 2 in the odd
genus casg = 2k + 1, which seems to be the most difficult, is also left over. Nevertheless, we should point out that
in all these excepted cases, gonality conjectuadrnimst truethat is, any line bundlé of degree at leastg3— 2 on

a generiad-gonal curveC of genusg (for any choice ofg andd) satisfiesK ,0.;)_4.41.1(C, L) = 0. This follows
directly from the main results of [8-10], and from Theorem 3 of [1].

Remark 3. An alternative proof of Lemma 2.3 can be obtained in a more algebraic way, by factoring the

normalization morphism throug@ Lys X, whereg is the smoothing of the node. We analyse the three
morphisms between the structure sheaves, and we obtain an isomomfisinK x) = HO(Y, g*Kx), and an
inclusionH(C, K¢ (p + q)) c HO(Y, g*Kx). Denoting byW = H%(C, K¢ (p + ¢)) inside HO(X, Kx), we have
Kn1(C,Kc(p + q)) C Ky 1(X, Kx, W). Next, we use the embedding, 1(X, Kx, W) C K, 1(X, Kx), which
arises from the spectral sequence of [6], to conclude.

This shows that in Lemma 2.3 the fact of working over the complex numbers is not essential, and the statement
is true for nodal curves over any algebraically closed field.

Remark 4. The use of the results of [9,10] in the proofs of our theorems shades a new light on the relationships
between Green’s conjecture, and the gonality conjecture, the two statements seemed to be (in a somewhe
mysterious way) intimately related to each other (see also [1]). In fact, Lemma 2.3 answers partially to the
conjecture made in [1].
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