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Abstract

Let O be a nilpotent orbit in a semisimple complex Lie algeprdenote byG the simply connected Lie group with Lie
algebrag. For aG-homogeneous coverinlf — O, let X be the normalization o in the function field ofM. In this Note,
we study the existence of symplectic resolutions for such coverind® citethisarticle: B. Fu, C. R. Acad. Sci. Paris, Ser. |
336 (2003).
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Résumé

Soit O une orbite nilpotente dans une algebre de Lie semi-simple compléeit G le groupe de Lie simplement connexe
d'algébre de Ligy. Pour un revétemer@-homogénel — ©, notonsX la normalisation d& dans le corps de fonctions dé.
Dans cette Note, nous étudions les résolutions symplectiques pour de telles &ries citer cet article: B. Fu, C. R.
Acad. Sci. Paris, Ser. | 336 (2003).
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Version francaise abrégée

Soit G un groupe de Lie semi-simple complexe, connexe et simplement connexe d’algébrgyd8dite? une
orbite nilpotente dang. Le groupe fondamental; (O) de O est fini et en général non nul (voir Corollaire 6.1.6 et
Section 8.4 [2]). Soip : M — O un revétemen6G-homogéne. NotonX la normalisation d€ dans le corps de
fonctions deM, qui est appelée urevétementle O. Il a été démontré dans [1] qué contientM comme ouvert
de Zariski et que le morphisme: M — © s’étend en un morphisme fii-équivariantp : X — O. La forme de
Kostant—Kirillov sur© induit une forme symplectique sur M.

Définition 1. Unerésolution symplectiquée X est une résolution des singularitésZ — X telle querr est pro-
jectif et que la 2-former*(w) définie a priori surr ~1(M) s'étend en une 2-forme symplectique gutout entier.
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Dans cette Note, nous montrons le théoréme suivant, qui généralise notre théoréme principal dans [3].

Théoréme 2.Soit G un groupe de Lie semi-simple et simplement connexe d’algébre de Beitp: X — O

un revétement de degré impalr Supposons que : Z — X soit une résolution symplectique. Alors il existe un
sous-groupe paraboliqu® de G tel que Z soit isomorphe &r'*(G/P) et que le morphisme o 7 devienne
T*(G/P)~G x¥ u— g, (g, u) — Ad(g)u, oliu est le nilradical dep = Lie(P).

Un corollaire amusant est le suivant

Corollaire 3. Un revétement de degré impait > 1 d'une orbite nilpotente dans((z, C) n'admet aucune
résolution symplectique.

1. Introduction

Let G be a simply connected semi-simple complex Lie group with Lie alggbtat O be a nilpotent adjoint
orbitin g. The fundamental group; (O) of O is finite and in general non-zero (see Corollary 6.1.6 and Section 8.4
of [2]). Let p: M — © be aG-homogeneous covering of degréeWe denote byX the normalization of? in
the function field ofd, which will be called acoveringof the nilpotent orbit?. Then Proposition 1.2 of [1] says
that X containsM as a Zariski open subset and the mapxtends to a finite surjectivg-equivariant morphism
p:X — O. FurthermoreG has finitely many orbits o& andX — M is of codimension at least 2 iki. Recall that
a regular 2-form on a smooth algebraic varietgysplectidf it is closed and non-degenerate at every point. The
Kostant—Kirillov form on the orbitD gives a symplectic forrm on M.

Definition 1.1. A symplectic resolutiofior X is a projective resolution of singularities: Z — X such that the
2-form 7*(w), defined a priori onr ~1(M), extends to a symplectic for2 on the whole ofZ.

As shown in [3], a resolution is symplectic if and only if it is crepant. The purpose of this Note is to consider the
existence of symplectic resolutions, i.e., for which coverings of a nilpotent adjoint orbit there exists a symplectic
resolution. It turns out that this is a difficult problem. The following proposition gives some examples of symplectic
resolutions.

Proposition 1.2.Let P be a parabolic subgroup af and M the unique opeia-orbit in 7*(G/P). Let O be the
orbit of a Richardson element in the nilradiaabf the Lie algebra o . Then theG-equivariant desingularization
T*(G/P) — X is a symplectic resolution fax.

For the proof, see Proposition 7.4 of [1]. It should be pointed out that there exist some symplectic resolutions for
coverings of nilpotent orbits which are not of the above form. An example is the double covering of the minimal
nilpotent orbit insp (21, C) which is X = C%' — Omin. However this is the only example wheXeis non-singular
(see Theorem 4.6 [1]). The purpose of this note is to prove the converse of this proposition under some additional
hypotheses.

Recall that?® and© are both stable under the scaling actiorCfon g. This induces the Euler action 6f on
O and©. Unfortunately this action does not lift % in general. An example is the double covering of the minimal
nilpotent orbitOmin in sp(2n, C). However we have (see Lemma 1.3 and Proposition 1.4 [1])

Proposition 1.3.For any coveringX of O, there exists &*-action onX which lifts the square of the Euler action
of C* on O, i.e., foranyr € C* andx € X, p(x-x) = A%p(x). Furthermore there exists a unique poing X such
that p(0) = 0. Thiso is the uniqueG-fixed point inX and also the uniqu€*-fixed pointinX.

For this C*-action, we have.*w = 12w for any A € C*, which is different to our situation in [3], where the
C*-action satisfiea*w = Aw. This makes the situation more complicated here. However, under the hypothesis that
the degree of the covering is odd, we can prove the following
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Theorem 1.4.Let g be a semisimple complex Lie algebra akica covering of a nilpotent adjoint orbiD in g.
Suppose that the degreeof the coveringy : X — O is odd. Then for any symplectic resolution Z — X, Z is
isomorphic to7T*(G/P) for some parabolic subgroup of G. Furthermore, under this isomorphism, the map
pom becomed*(G/P)~ G x¥ u— g, (g, u) — Ad(g)u, whereu is the nilradical ofp = Lie(P).

This theorem generalizes our main theorem in [3], where we considered thé €ake

2. Outline of the proof

Lemma 2.1.The Euler action of* on O lifts to X and for this actiom.*» = Lw.

Proof. Let R be the regular functions ring ok. Fork € Z, let R[k] = {p € R | A - ¢ = A*¢p, 1 € C*}.
Proposition 1.4 of [1] implies that if the degree of the coveritig> O is odd, thenR[k] = O for k odd, i.e.,
R = )"3° R[2k]. This gives that the Euler action & (not only its square!) oD lifts to a C*-action onX. For
this action, we have*w = w. O

Lemma 2.2.The action ofc x C* on X liftsto Z such thatr : Z — X andpox : Z — O are G x C*-equivariant.
For the C*-action onZ, we haver*§2 = A£2 for anyi € C*.

Note that the action o (resp.C*) on M lifts to 7 =1(M) c Z. Now the proof goes along the same line
as Proposition 3.1 of [3]. Using the two lemmas, we can apply our analysis in [3] to complete the proof of
Theorem 1.4. For reader’s convenience, we give an outline of our method.

Let ZC" be the fixed points subvariety if.. Sincep o 7 is proper and th€*-action on® extends to &-action,
the valuative criterion of properness shows that there exists an attraction> ZC". As show by Lemma 3.5
[3], the C*-action on the smooth connected compon&ptc Z&" containingq (= ~1(M)) is definite, i.e., for
2€Zo,TYZ = {v e T.Z | Ayv = Av} is zero ifk < 0. Now the equation*s2 = A2 implies a duality between
T¥Z andT}*Z. Thus forz € Zo, we havel.Zo~ T°Z ~ T1Z andT*Z = 0 if k # 0, 1. This shows thaZy is
Lagrangian inZ. By a classical result of Bialynicki—Birula, the attractigpng—1(Zg) — Zo is C*-equivariantly
isomorphic toT*Zo — Zo.

Now we study theG-action onZo, which has an open-dense orbit, namglyr ~1(M)). In fact this orbit is the
whole of Zo. Note thatZo c Z€ < 7 ~1(0) is projective, saZg = G/ P for some parabolic subgroup of G. To
complete the proof, we need to show tiat= 7% . Note thatr ~1(0) is connected, so we need only to show that
Zo is a connected componentof (o) or equivalently a connected component pfo 7) ~1(0), this is proved by
using the explicit formula for the map*(G/P) — O, (g, u) — Ad(g)u.

3. Some corollaries and examples

Corollary 3.1. Let X be a covering of odd degree of a nilpotent orBit If © is not a Richardson orbit, theX
admits no symplectic resolution.

This follows directly from the above theorem and Proposition 2. Consider the nilpotent a#bit22, + A1,
As, Egs(a1), Eg in the exceptional Lie algebra of typEs, here we use notations from Section 8.4 of [2]. All
these nilpotent orbits havg/3 as fundamental group, but none of them is a Richardson orbit. The above corollary
implies that the three-fold covering of any of the above orbits admits no symplectic resolution.

Corollary 3.2. A coveringX of odd degred > 1 of a nilpotent orbitO in sl(n, C) admits no symplectic resolution.

This follows from the above theorem and Theorem 3.3 [4], which says that for any polarizatioh
O c sl(n, C), the morphismI'*(G/P) — O is birational. Recall that every nilpotent orbit #&i(n, C) admits a
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symplectic resolution ([3]), however the above corollary shows that their odd higher degree coverings admit no
symplectic resolution.

As an example, le© be the principal nilpotent orbit ial(3, C), thenw1(O) = Z/3. Let X be the three-fold
covering of©. Then by the above corollarg, does not admit any symplectic resolution. In faktis a so-called
shared orbit in [1], more precisely is nothing but the closure of the minimal nilpoteBi,in in the exceptional
Lie algebragy, which is known to admit no symplectic resolution [3].

In the list of [1], shared orbits do not admit any symplectic resolution except in the following cage:det
the nilpotent orbit insp(2n, C) corresponding to the partitiof?, 2, 1, ..., 1]. Thenz1(O) = Z/2. By results of
[3], the nilpotent orbitD does not admit any symplectic resolution. Débe the double covering @. ThenX is
isomorphic toOmin in sI(2n, C), which admits a symplectic resolution.

As shown by the above examples, there exist some nilpotent orbits which admit some symplectic resolutions,
but not their coverings, and there exist some nilpotent orbits which do not admit any symplectic resolution, while
some of their coverings do admit some symplectic resolutions. This indicates that the problem to determine which
covering admits a symplectic resolution might be difficult and interesting.

4. A conjecture

From now on, we suppose thais a simple complex Lie algebra. Létbe a nilpotent adjoint orbitig andX a
covering ofO. Recall thatR[k] = {¢ € R | A - ¢ = AF¢, 1 € C*}. Letg’ = R[2], which is also a simple Lie algebra
(see Theorem 4.2 of [1]). Let’ be the simply connected Lie group with Lie algelpfawhich is the maximal
connected Lie group of holomorphic symplectic automorphism& d¢éee Corollary 7.3 [1]). By Theorem 3.1
[1], X contains a Zariski open subskt’ such thatM c M’, and there exists a finit6’-coveringM’ — O’ to a
nilpotent orbit®’ in g’. We propose the following conjecture on symplectic resolutionsfor

Conjecture 1. Let 5: X — O be a covering of a nilpotent orbit in a simple Lie algebyasuch thatR[1] = 0.
Suppose that : Z — X is a symplectic resolution. Then there exists some parabolic subgtbopG’ such that
Z is isomorphic tol' *(G’/P’) and the mapr becomes the collapsing of the zero secfitniG’/P') — X.

Remark 1. It is proved in [1] (Theorem 4.6) thak[1] O if and only if X is the double covering 0®min C
sp(2n, C). In this caseX = C?".

Remark 2. By Theorem 7.5 [1],ifl *(G/P) — X is a symplectic resolution fox, then there exists some parabolic
subgroupP’ of G’ such thatG/P =G’/ P’.

Remark 3. If the coveringp : X — O is of odd degree, then by our Theorem 1.4, the conjecture is true.
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