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Abstract

We show that the Neumann realization for the Schrédinger operator with a constant magnetic field in a sector has at least
one eigenvalue below the essential spectrum, when the angle is sufficiently small. We establish the complete asymptotics of the
lowest eigenvalue as the angle tends to 0. This study is applied to the analysis of the bottom of the spectrum in the semi-classica
case for domains with edgemo cite thisarticle: V. Bonnaillie, C. R. Acad. Sci. Paris, Ser. | 336 (2003).

O 2003 Académie des sciences/Editions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé

Nous démontrons que la réalisation de Neumann de I'opérateur de Schrddinger avec un champ magnétique constant st
un secteur2, C R? dangle « € 10, 7] admet au moins une valeur propre, en dessous du spectre essentiel, quand I'angle
est suffisamment petit. Nous établissons un développement limité de la plus petite valeur propreppmaire de 0. Cette
étude permet de donner des estimations du bas du spectre dans le cas semi-classique pour des domaiues &iteoinet
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Version francaise abr égée

Le résultat principal de cette Note est d’établir un développement limité du bas du spectre(agtde la
réalisation de Neumann de I'opérateur de Schrédinger, Agiéavec un champ magnétique constant égal a 1, sur
un secteur angulaire d’anglepoura prés de 0. L'expression de ce développement est donnée au Théoréme 3.1. La
construction de chaque terme du développement est explicite et permet aussi de donner des conditions suffisant
simples sur I'angle pour que le bas du spectre soit une valeur propre.
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Pour justifier cette construction, nous effectuons des changements de variables et de jauge pour transformer |
forme sesquilinéaire associée a I'opérateur de Schrédinger sur un domaine dépendant diee nouvelle forme
dépendant de mais sur un domaine fixe. Cette nouvelle formag, donnée en (1), utilise deux formes de poids
par rapport ax différents :¢ définie en (2) et la forme associée a la réalisation de Neumann de I’opéreﬁ,éur
Revenant a la forme,, une idée naturelle est de commencer par restreindre la forme aux fonctions indépendantes
de n afin de supprimer la singularit¢/d2. Ceci nous conduit & étudier une nouvelle forff®Y, déduite de la
restriction def aux fonctions indépendantes gleLa définition det™° est donnée en (4) et son étude est précisée
au Lemme 2.1. L'état fondamental de I'opératéllt®y associé donne un quasi-mode et permet de majorer le bas
du spectre de I'opérateur de Schrédinger initial @ay/3.

Nous établissons ensuite un développement limité complet. Pour cela, nous allons chercher uneifonction
sous forme d'une série formelEk>oa2’<uk et une sérigu(a) ~ azk>oa2kmk telles que :Po u ~ p(a)u.

Pour résoudre cette égalité, nous regardons chaque coefficiest @ utilisons les Lemmes 2.1 et 2.2 afin de
déterminer chaque coefficiemt etmy par récurrence.

Cette méthode nous permet d’associer a la série formelle un quasi-mode et conduit donc une majoration dt
bas du spectre. Pour montrer quéx) est effectivement le bon candidat pour étre un développement limité, nous
estimons I'écart entre les deux premiéres valeurs propres comme en (15). Il reste a appliquer le théoréme spectr:
pour montrer que la majoration précédente nous donne en fait un développement limité de la plus petite valeur
propre.

Ce résultat compléte les travaux sur la détermination du bas du spectre dansRé plale demi-plarR x Rt
et permet d'étudier I'opérateur de Schrédinger avec un champ magnétique non constant et un parametre sem
classique dans des domaines avec un nombre fini de coins en reprenant les techniques de Helffer et Morame [6
En effet, les techniques utilisées par ces auteurs sont d'utiliser une partition de l'unité afin de se ramener aux
modélesR? et R x R*. Or, si nous souhaitons obtenir des informations sur le bas du spectre dans des domaines
a coin, l'utilisation de ces mémes techniques conduit naturellement a I'étude de I'opérateur de Schrédinger dans
un secteur angulaire. L'étude menée précédemment permet donc d’obtenir I'estimation donnée au Théoréme 4.1
Signalons enfin que cette étude constitue une étape dans I'analyse de I'apparition de la supraconductivité (cf. le
travaux de Bernoff et Sternberg [2], Del Pino, Felmer et Sternberg [10]).

1. Introduction

Let £2, ¢ R? be an angular sector with anglee 10, 7], v the unit outer normal of the boundarfy = 952,
when it is well defined. Our goal is to determine the bottom of the spectrum of the Neumann realization of the
operatorPg, defined by:Pg, = —qu, with V4 =V —iAd andA: = %(jx) on the domain:

DN(Pg,) = {u € L*(24) | Vau € L3 (24), Viu € L3(24), v-Vau),. =0}.

We denote by, the sesquilinear form associated to the oper&tgy, which is defined orH}l(Qa) ={u e
L%(24) | Vqu € L%(£24)} and by () the bottom of the spectrum dto,. The Persson’s lemma [9] may be
generalized for unbounded domainsR# and Neumann realizations. Its application gives that the bottom of the
essential spectrum etqu is equal to®q := u (), which corresponds to the bottom of the spectrum relative to
the half plane. After a change of variables, a scaling and a gauge transformation, we get a new 8pevhici

is now defined on a constant domain:= Rt x ]—%, %[ (instead of a constant operatervfL on ana-dependent

domaing2,). This P, is associated to the sequilinear foag, which is defined on:

vV .= {u e L%(2) ‘ Vi(D; — nu € L3(R2), %Dnu € LZ(Q)},
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by:

I, 1 _
ag(u,v) = /<2t(Dt —nu(D; — n)v + MD,;L!D,,U) drdn, Vu,veVV. Q)

Notice that the bottom of the spectrum Bf, A(«), satisfies the relation (o) = aA(a).

Remark 1. From the expression of the form,, we immediately see that — ou(«) is increasing and: —
u(a)/a is decreasing. It would be interesting to show that 1« («) is monotonous fromoO, 7] onto]0, Og].

2. Analysis of thetwo key-operators

In the expression of,, in (1), two forms (and two associated operators) appear. The first ah@nigh asso-
ciated L) which will be defined just below and the second is associated to the Neumann realiza&i{ﬂf’; of

in 1—3, +3[. We define the sesquilinear fortnon VY := {u € L2(2) | V1(D, — n)u € L?(£2)}, by:

Z(u,v):/Zt((D, —r))u)(D,—n)vdtdr], Vu,veVéV. (2)
Q

Let P ® $(R+) be the space of polynomial functionsijrwhose coefficients are B(RT). We define the operator
L:=2(D; —n)(t(D; — n)) onP ® S(Rt), and verify:

VuePRS(RT), Yoe V), £, v)=(Lu,v)2q). (3)
The forma, contains a term in Ax?, so when trying to minimize the associated quadratic form, it is quite
natural to begin with studying the restriction of the form to functions which are independentdd define the

form £M% which appears naturally when we restricto functions independent of. Then the sesquilinear form
£MYis defined oWVl == {f € L2R™) | Vi f € LAR"), V/iD, f € L% [R™)}, by:

o0
— 1
LM%Yy, v) = / 2<Dtu D;v+ 1—2uﬁ>tdt, Yu,v e V%Oy. 4)

The associated operator

t
L™ =2( D;tD, + —
(204 35)

is self-adjoint and its domain can be characterized as B8R 1) := {u € HY(R™T) | tu € H2(R™)}. Its spectrum

is discrete and the eigenvalues are simple and give(®by- 1)/+/3, n > 1. Moreover each eigen subspace is
included inS(R*). So, we deduce by standard Fredholm theory and regularity (cf. [3]), the following lemma:

Lemma 2.1. Let (A] ¥, u]'”) the fundamental state df™®. For all f € S(RT) orthogonal tou;', there exists

an uniquex € $(R*) such that
(LMoY — ATOy)M = f, 5)
JoZu(@) u] ™) de = 0.

Furthermore, ifu is given by(5), then for all functions € V%Oy:

€Y, v) — A7 u, V)r2(0) = (fi V) 12(2)- (6)
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An elementary study of the Neumann realizatiomﬁﬁ leads to the following lemma:

Lemma 2.2. Let f be a polynomial irmlvith coefficients ir§(R+) such that for allr € R+, f_lﬁz f(t,m)dn=0.
Then there exists an uniques P ® S(R*) such that

—02i = 2uf,
8?7L~’|n=—1/2,1/2 =0, (7)
1/2

~1/2 u(t,m) dn=0.

Then, for allv € VV, we have

00 1/2 0o 1/2
1 1
5// ;Bnuanﬁdndtzf / fudnde. (8)
0-1/2 0 —1/2
3. Asymptotics

Theorem 3.1. There exists a real sequenge ;) jen, With mg = 1/+/3 such that, as tends ta0:

/L(oz)Naijazj. 9)

j=0

Let us emphasize that the proof gives an explicit algorithm for determining the coeffigigrsts we shall see
now. Let us give the main lines for the proof of this theorem.

3.1. Upper bound

We look for two sequencesiy)ien € (P @ S(RT)N and (my)ren € RY such that for alk € N*, if we define
U™ =371_oa®u andu®™ (a) = 3}_ga®my, then, moduld), («?'*2), we have:

aa(U("), v) = u(”)(a)<U(”), v) Vv e VV.

L2(_Q)s

We expand the equation in powers @fand express that the coefficientsa¥ (k > —1) should cancel. The
cancellation of the coefficient of/&? gives:

1
/ ~ 00y drdp=0, VYveVV. (10)
2

The unique condition coming from this relation is thatdepends only on.
The vanishing of the coefficient o, for k > 0, gives:

k
1
L(ug, v) + / Zanuk+18nt_}dt dn= / (ijuk_j)l_)dt dy, VveVV. (12)

2 2 \Jj=0
This determineg; andmy recursively. Let us give some details for the treatment of the first term:

e Restrict the relation (11) for = 0 to functions only depending an
o Determineug andmg by solving the spectral probled™%ug = moug and choosing the fundamental state
T, uT.
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e Return to the initial relation (11) with = 0 and obtain informations about thanks to Lemma 2.2.
e Determinex1 andm1 by looking at the relation (11) with =1 and Lemma 2.1.

This method can be applied to the other coefficients and leads to the following proposition:

Proposition 3.2. For all n > 1, we can findn, andu, = u® + i, withu® € S(R+), satisfying the relations

My = (ﬁ”’ L”T0y>L2(_Q)’ (12)
n—1
—83&,, = 2’(Zmn—l—kuk - Lun—l) s
k=0
12 (13)
Qofin,_1p1p =0, / fi, dn = 0.
-1/2
1/2 \
(Lmoy — ATOy)uS =— / Li, dn + kaug_k,
~1/2 k=1
N / (14)
/ ul(t) uy () dr = 0.
0

By construction,U™ and 1" («) are such that the Rayleigh quotient Gf" is less thamu™ («) + Ca®'*2.
A change of variables gives exactly the upper bound for Theorem 3.1. The spectral theorem shows that there is a
least one eigenvalue with the asymptotic expansion (9).

3.2. Lower bound

One proves that (9) is actually an asymptotic expansion. The proof uses a priori estimates on the decay of the
first eigenfunction [1], a lower bound @f(«) with an error less tham? and a lower bound of the splitting between
the two smallest eigenvalues. This last lower bound is established by using new operators. Indeed, by studying the
behavior of the first eigenvector @,, we show that the eigenvalueg) andi® («), are exponentially closed,
wherex R (@) is the first eigenvalue for the operatey on the domai2g r := 10, R[ x 1—1/2, 1/2[ with a Dirichlet
condition on the boundany= R. After that, we compare the new opera®f with the operato?®-# which is
the self-adjoint extension coming from the quadratic forf’ (1) = fQO X (2t|(D; — nu|?+ ,0|D,]u|2) dz dn, with

p =1/(22?R). These comparisons and the behavior of the eigenfunctions give a lower bound of the gap between
the two first eigenvalues eﬁqu:

Proposition 3.3. Let u1(a) and uz(a) the two smallest eigenvalues 8, . Denoting bya]'” and 15, the

smallest eigenvalues fdr™m%, then there existsg such that forx € 10, ag]:

Ha(@) — (@) o moy_;moyy _ cy12 (15)
o

This estimate shows that there is at most one eigenvalue with the asymptotic expansion (9) and achieve the proo
of Theorem 3.1.
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4. Estimatein the semi-classical case

As in [6], we can give a lower bound and a upper bound for the fundamental state of the Schrédinger operator
with a nonconstant magnetic field and a non smooth domain.

We considerAd a magnetic potential with a nonconstant and positive figjcand 2 c R? a bounded open
locally C* except at verte¥, ..., Sy with corresponding angles, . .., ay. For each vertes;, the boundary is
locally Cl—diffeomorphic to a sectaf2,, . We defineb = inf, _5 B(x) andb’ =inf,cs B(x).

Theorem 4.1. Under these assumptions, there exiggs> 0 and two positive constants and C’ such that, for
h < ho:

—Ch¥* < ju(h, B, 2) —h inf(b, oo/, _inf Nu,(ozj)B(Sj)) <C'h32.
j=1...

To prove this last theorem, we use the same technics as Helffer and Morame [6]. A partition of unity permits to treat
independently the contribution of every vertex and the size of the partition’s support is ofiérdeith y = 3/8

for the lower bound angt = 1/2 for the upper bound. If the support is &, we compare with the mod&?, if

the support meets the boundary, we make a change of variables in order to compare either with tiiexnRdel

either with the sector’'s mode?,, .

5. Conclusion

The relation (9) gives an expansion at any order and goes far beyond the works of Brosens, Devreese, Fomir
and Moshchalkov (cf. [5]) who mention only the first tear/3 and a paper of Schweigert and Peeters (cf. [11])
who propose on the basis of numerical computations a two-terms formula. As usual in the physical literature, the
best one can hope through their technics is an upper boundegfbecause they propose only quasi-modes. An
open problem is to prove the monotony @fx). Computations by physicists (cf. [11]) seem indeed to suggest
that () is increasing withy. Jadallah [7] and Pan [8] give contributions for the study.¢&) in the particular
casex = /2 and we tend to a more systematic analysis for all angles [4].
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