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Abstract A new approach to the classical Lagrange problem about the form of the strongest clamped
column of fixed volume and height is proposed. The existence of the optimal column is
proved and a method to find its design is given. To cite this article: Yu.V. Egorov, C. R.
Acad. Sci. Paris, Ser. | 335 (2002) 997-1002.
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Sur le probléme de L agrange de la forme optimale d’ une colonne

Résumé On propose une nouvelle approche au probléme classique de Lagrange de la forme d’ une
colonne encastrée la plus solide avolume et hauteur fixés. On montre |’ existence d’ unetelle
colonne et on donne un agorithme pour la calculer. Pour citer cet article: Yu.V. Egorov,
C. R. Acad. Sci. Paris, Ser. | 335 (2002) 997-1002.
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Version francaise abrégée
On considérele problémeclassique de L agrange qui consiste achercher laforme d’ une colonne encastrée
laplussolide avolumeet hauteur fixés. On montrel’ existence d’ unetelle colonne et on donneun algorithme

pour la calculer. Le probléme considéré est ramené au probléme suivant : trouver une fonction positive
0(x) € C[0, 1] telle que

1
/0 0(0)¥2dr =1 1)

et pour laguelle lavaleur minimale A de lafonctionnelle

_ Jo 0wy (x)?dx

Li[Q,y]= 2
Jo Y2 dx
danslaclasse des fonctions y € C1(0, 1), satisfaisant les conditions
1
yO=0, y(1)=0, /0 y(x) de =0, 3
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est maximale. Notre résultat principal est e théoréme suivant :

THEOREME 1. — Il existe une solution du probléme de Lagrange. La fonction optindale@st donnée
par la relation:

-2
Qo(x) = (' (x)*+v'(x)%) ",
olu(x), v(x) sont des solutions linéairement indépendantes des équations

m ((u’(x);fv)/(xﬂ)z) fu=0, w0 =ul)=0, @
v/(x) / _ B B 1 B
m((u/(x)2+v/(x)2)2) +U_C’ U(O)—U(l) —0, /0 'U(X) dX—O, (5)

u(x)=-u(l-1x), v(x) =v(l—x).
La fonctionQq est symétrique, i.620(x) = Qo(1 — x), et peut étre définie aussi par

Qo(x) =r?(x)/9m?,
our est la solution du probléme de Cauchy suivant
4()c)r ()c)2 12m [clr(x)3 — r()c)4 — c2(3m) ] r(0) =
gui n’est constante sur aucun intervalle, ou
c1=4m + (32mk/9), c2 = (512mk/81)%(3/4—k?), k=1'(0).

Donc, Qg est bien déterminée si les deux constaktetsn sont connues. Pour les trouver on peut résoudre
numériquement le systéme suivant

Am 2d ro 2d
r r 4 r r _ ;—3m’

) VPO PO
4m

/ «/P(r dr "2 JP(r) _3m«/_(1 27_[\/_)
r1 c1L—r 4m C1—F

3

oU P(r) =c1r3 — r* — ¢2(3m)3, etry, rp sontles racines réelles d@, 0 < r1 < 4m < rp < c1.

1. Introduction

The problem of design of the strongest elastic column of fixed volume with pinned ends was stated by
Lagrange in 1773 on the base of some works by Euler and Bernoulli (see [6]). The recent interest to this
problem was initiated by the articles of Keller [4] and Keller, Tadjbakhsh [5]. In spite of many efforts and
publications (see [1-3,5,7-10] and the bibliography in [1,2,10]) the existence of the optimal column with
clamped ends has not been proved. Actually the optimal form has been found numerically in [8] by Olhoff
and Rasmussen. Their calculations were verified later by Seyranian and Mazur.

Let h bethe height of the column, V beitsvolume, E its Young’'smodule. If z(x) isthelateral deflection
of the column at apoint x, 0 < x < &, then the potential energy is:

h h
T = / EI(x)7"(x)%dx — k/ 7/ (x)%dx,
0 0
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where I (x) isthe second moment of area of the column’s cross section, and A is the magnitude of the axial
load. Since z(0) =0, 7/(0) =0, z(1) =0, 7/(1) = 0, the potential energy is positive for small values of
A for al z # 0. The buckling load of the column X is the supremum of the values A such that 7 > O for
any z. The problem considered isto find the form of the column, i.e., the function 7 (x), for which the value

Lo is maximal and foh I(x)Y?dx = V. After rescaling and the passage from z to y = z’ the mathematical
problem takes the following form:

ProBLEM L. —To find a positive function Q(x) € C[0, 1] such that

1
/ Q) M2dr =1 Y
0
and for which the minimal value A of the functiona

— J3 @)y (x)dx

Li[Q,y]= (2
Jo y2(x) dx
in the class of functions y € C1(0, 1), satisfying the conditions
1
0 =0 ym=0. [ywdr=0 ®

ismaximal.

We propose here a new approach based on two-dimensional variation of the functional L1 and on the
study of the nonlinear functional

1 1
F[u,v]z/ [u/(x)2+v/(x)2]‘ldx/ [1(¥)? + v(x)?] dx,
0 0

alowing to prove the existence of the solution and to find the optimal form of the column. We are giving
aso an agorithm alowing to find the shape of the optimal column.

DEFINITION 1.—Let A be the set of positive continuous functions Q satisfying (1); S is the set of
functions y of the class C1(0, 1) satisfying (3); So is the set of the pairs of functions u, v of the class §
such that the function 6 (x) = arctan(v’(x)/u’(x)) is monotone decreasing with (0) — 6(1) < 37 and the
function r (x) = u’(x)? + v'(x)? hasin 0, 1[ not more than three points of extremum and is monotone on
the intervals between these points and the pointsx =0 and x = 1.

The principal ideaof our methodisto find apair (u, v) givingthe minimal value of thefunctional Flu, v]
in some subclass of § x S and to show that the optimal functionsu, v define the optimal shape of the most
solid column as Q(x) = (u/(x)%2 4 v'(x)?)~2. The functional F has actually an infinite set of the points of
local minimum (ux, vg) in the space S x S on the unit spherein H1(0, 1) and Fluy, vx] — 0 ask — oo.
The most interesting for us here is the first point (11, v1) such that Flu1, v1] = max Flug, vi]. However,
the other points are also important for the Lagrange problem (see [7]). These points are characterized by
the number of rotation of the vector (u} (x), v, (x)) when x is moving from 0 to 1. In particular, the pair
(u1, v1) belongsto Sp and the other points (uy, vr) do not.

THEOREM 1.-—There exists a solution of the Probldm The optimal functionDo can be found from
the relation Qo(x) = (u'(x)% + v/'(x)?)~2, whereu(x), v(x) are linearly independent solutions to the
equations
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m ((u’(x);fv)/(xﬂ)z) fu=0, w0 =ul)=0, @
Vv (x) ’ B - - 1 -
m((u/(x)2+v/(x)2)2) +U_C’ U(O)—U(l) —0, /0 'U(X) dX—O, (5)

u(x)=-u(l-1x), v(x) =v(l—x).
The functionQg is symmetricQo(x) = Qo(1 — x), and can be found also a@o(x) = r?(x)/9m?, where
r is the solution to the Cauchy problem
r4Or' ()2 = 12m[err ()2 — r(0)* — c23m)®],  r(0) =
which is not constant on any subinterval, and
c1=4m + (32mk/9)?, ¢ = (512mk/81)%(3/4— k%), k=1'(0).
Therefore,Qg is defined if the two constantsandm are known. In order to find them it suffices to solve
numerically the following system
am 24y 2 y2dy
2 =+/3m,
n ~P(@) + P@r) "
/4’" \/Wdr 2 J/P(r) —3m /—(

) c1—r am C1—T

1-27/c2),

whereP(r) = c1r® — r* — c2(3m)3, andry, r» are the real roots of?, 0 < r1 < 4m < ra < c1.

Our calculation using Matlab shows that m = 0.019100, 0.01234 < Q(t) < 0.07643. The critical load
M =1/m =52.3562 is close to the value found in [8] by N. Olhoff and S.N. Rasmussen, but calculations
are much simpler than theirs. The optimal column with circular sectionsis formed by rotation of the curve

y=R(x) = Qo(x)Y4/ /7 = /2 Wehave R(0) = R(1) = 0.65147, the minimal value of R is0.26811

3rm

and isattained at x = 0.2466 and at x = 0.7534, the maximal value of R is0.651962.

Remark 1. — Our method alows also to find the column for which the k-th eigenvalue A, is maximal.
Such the problem was considered by N. Olhoff in [7].

Remark2. — Actually similar equations were found by A.P. Seyranian and N.M. Gura in [5] and by
E.F. Masur, but meaning of these equations hereis very different, they came from the solving an auxiliary
problem of minimizing of a nonlinear functional. S.J. Cox and M.L. Overton proved in [2] the existence
theorem under the supplementary condition 0 < a < Q(x) < b < oo. It does not imply the existence
theorem for the Lagrange problem.

2. Auxiliary constructions

We start with the study of the functional:

1 1
Felu,v]= / [u()c)2 +v(x)%+ z-:(u’(x)2 + v’(x)z)] dx/ [L/()c)2 + v’(x)z] L
0 0

where ¢ is apositive number.

LEMMA 1.-—There exist two functions., v, € So such that

me = inf Flu, v] = Felug, ve].
u,veSy
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Analyzing the obtained solution we show that m, > w, where i > 0 does not depend on ¢ and that u., v,
satisfy the Euler—Lagrange eguations:

d d
msa(Qs(x)Mfo) + Ug =Cls, msa(Qg(x)v;) +U8=C23, (6)
where C1,, C2, are constants, and

0c(x) = —e/ms + (u, ()2 + v, (1)?) 2.
Multiplying thefirst equationin (6) by u/, and the second one by v/, adding and integrating, we obtain that

3m,

m + (ug — Cls)z + (ve — C28)2 = Cge, (7)

—8(14;:()6)2 A (x)z) +

with a constant Cs.. If we multiply the first equation in (6) by v, — C2., the second one by u, — C1, and
subtract, we obtain, integrating, that

Qe () [, (x) (ve (x) — C2e) — v2(x) (ue (x) — C1e) | = Cae €)
with some constant Cy, .

LEMMA 2.—The functionQ, is symmetric, i.e.Q.(x) = Q.(1—x). Moreoveru. is odd andv, is even.

LEMMA 3.-—The functional
1 1 1
Flu,v] :/ [u(x)z—i— v(x)z} dx/ [u’(x)2 + v’(x)z]_ dx
0 0

takes its minimal value: in the classSp at the pointu, v, which is the limit inC1(7) of some sequence
ug,, vg, Of solutions of the points of minimum of the functiofg) with & — 0. The functionst, v are
linearly independent, they belong @ (0, 1), are analytic on this interval and satisfy Eq&l), (5).
Moreoveru is odd andv is even.

LEMMA 4.—Let Q be a continuous positive function defined[( 1/2], Q(0) > 1. Consider the
following Sturm-—Liouville problem

(Q)y) +ay=0 0n[0,1/2], 20(0)y'(0)=1y(0). y'(1/2)=0.
Its spectrum is discrete,; — oo as j — 00, Ao =0< 11 < ---. The eigenvalues are simple. For positive
J the number of zeroes of the eigenfunciigncorresponding td.;, is exactlyj and the number of zeroes
of ¢} in [0, 1/2[ is alsoj.

LEMMA 5.—Letu, v be the functions found in Lemn3aLetk = v'(0), c1 = 4m + (32mk/9)?, co =
(512mk /81)2(3/4 — k?). Putr(x) = c1 — u(x)? — (v(x) + C)?, whereC = 32mk/9. Then

¥ (x)%r(x)* = 12m [clr(x)3 —r)*- cz(3m)3].

The functionr cannot take a constant value on any nonempty subinterval.
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3. Proof of Theorem 1
Set

Je 0@ ()2 + v/ (1) dx
fol[u(x)2 +u()2]dx

L[O,u,v]

Let up = u, vo = v be the functions found in Lemma 3 such that fol([%(x)z + vp(x)?]7%dx = 1. Put
Qo(x) = [ug(x)? + vy(x)?1~2. We know that Qg € C*[0, 1] and that Qo(x) = Qo(1 — x). We show that
forany Q € A,

M

3|,
ll

inf L[Q,u,v]< inf L[Q,u,v]<
ueS,ves u,veSo

and that
inf L1[Qo,yl= inf L[Qo,u,v]= inf L[Qo,u,v]=M.
yes ues, ves u,veSp

Acknowledgements. The author thanks A.P. Seyranian for useful consultations. He has been partially supported by
the INTAS project INTAS-00-015.

References

[1] S.J. Cox, The shape of theideal column, Math. Intelligencer 14 (1) (1992) 16-24.

[2] S.J. Cox, M.L. Overton, On the optimal design of columns against buckling, SIAM J. Math. Anal. 23 (2) (1992)
287-325.

[3] Yu.V. Egorov, V.A. Kondratiev, On the Spectral Theory of Elliptic Operators, in: Operator Theory, Vol. 89, Basel,
Birkh&user, 1996.

[4] J.B. Keller, The shape of the strongest column, Arch. Rational Mech. Anal. 4 (1960) 275-285.

[5] J.B. Keller, . Tadjbakhsh, Strongest columns and isoperemetric inequalities for eigenvalues, Trans. ASME J.
Appl. Mech. 29 (1) (1962) 159-164.

[6] J-L. Lagrange, Sur la figure des colonnes, in: Oeuvres de Lagrange (Publ. de M.J.-A. Serret), Vol. 2, Gauthier-
Villars, Paris, 1868, pp. 125-170.

[7] N. Olhoff, Maximizing higher order eigen — frequencies of beams with constraints on the design geometry,
J. Struct. Mech. 5 (2) (1977) 107-134.

[8] N. Olhoff, S.H. Rasmussen, On single and bimodal optimum buckling loads of clamped columns, Internat. J.
Solids Structures 13 (7) (1977) 605-614.

[9] A.P. Seyranian, On a solution of the Lagrange problem, Dokl. Akad. Nauk USSR 271 (2) (1983) 337—340.

[10] A.P. Seyranian, The Lagrange problem on the optimal column design, Preprint of The Institute of Mechanics of

MSU, Moscow, 60-2000, pp. 1-63.

1002



