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Abstract We are interested here in the counting function of resonaNgés$ for a perturbation of
a periodic Schrddinger operat#y by decreasing potentidV (hx) (h \( 0). We obtain a
lower bound forN (k) near some singularities of the density of states measure, associated
to the unperturbed HamiltoniaPy. To cite thisarticle: M. Dimassi, M. Mnif, C. R. Acad.
Sci. Paris, Ser. | 335 (2002) 1013-1016.
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Des minorations de la fonction de comptage de résonances pour une
perturbation d’un opérateur de Schrddinger périodique par un
potientiel décroissant

Résumé On s'intéresse ici a la fonction de comptag€:) du nombre de résonances de I'opérateur
de Schrodinger périodiquy perturbé par un potentiel décroissaithx) (h N\, 0). Nous
obtenons une minoration d¥ (k) prés de certaines singularités de la densité d'états
associée a |'opérateur non perturBg Pour citer cet article: M. Dimassi, M. Mnif, C. R.
Acad. Sci. Paris, Ser. | 335 (2002) 1013-1016.
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1. Introduction

The purpose of this paper is to give a lower bound for the counting function of resonances for the
perturbed periodic Schrodinger operator:

P(h)=Po+ W(hx), Po=—-A+V(x)(h\0).

HereV is C, real-valued and'-periodic with respect to a lattice = @}_; Ze; in R”. The potentiaW
is real-valued and satisfies:
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(H1) there exist positive constantandC such thatW extends analytically td'(a) := {z € C"; |J(2)| <
a({N(z))} and

[W(@)| <C{z)™, uniformly onz € T'(a), /i > n, (1)

where(z) = (1 + |z|%)Y2. HereM(z), J(z) denote respectively the real part and the imaginary part
of z.
Fork € R", we define the operatd® on L2(R"/T") by:
Po:=(Dy + 52+ V().

The Floquet eigenvalues are the eigenvalug#) < i2(k) < --- of P, (enumerated according to their
multiplicities). It is well known that [3]:

o(Po) =0cacPo) = J Aj. Aj=2x;(R/T*).

jz1
HereTI'* is the dual lattice corresponding Fo
For f € C°(R), we set
by = [ [F(We) - FO)] . @
(@, f) = Z// (W) + 1K) — f (k)] didx, (3)

j=1
whereE* is a fundamental domain &" /T"*.

ProrPoOsSITION 1. —The functionals operatoks and . are distributions orR of order< 1. Moreover, in
D'(R), we have

w=dp*pu. (4)
Here

_ . 5
)= (2m)" Z/keE A (k)<A} ®)

is the density of states measure associated to the unperturbed Hamiljian

Proof. —Applying Taylor’s formula to the r.h.s. of (2), we obtain

(s £ <sunf’|/\w<x>\ dx,
which together with (1) implies that is a distribution of ordex 1, with
suppu C [inf W (x), supW (x)].

Consequently, dx* u is well defined inD’(R). Using (2), (5) and the definition of the convolution we get
easily (4).

WhenV = 0, it was proved by Sjostrand [4] that if© E e singsupp(u), then the operatoP (k) =
—A + W(hx) has at leasCqoh ™" resonances in any-independent complex neighborho@dof E. Here
singsupp(n) denotes the analytic singular support of the distribugion

Now let I be an open bounded interval. Assume that foial/ the following assumption holds.
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(H2) For allkg € R™/T"* with A; (ko) = A, the eigenvalug; (ko) is simple and g (ko) # 0.

The caseV # 0 was recently studied by Dimassi and Zerzeri [1]. Under the assumption (H2) they
obtained the same lower bound as in [4] ndak singsupp(w) N 1. Surely, in this case is more
complicated and singsupfaw) will depend on both singsuppu) and singsupp(dp).

We recall that, whef¥ =0, p(1) = (27)~"vol(Bgr» (0, 1)) max(x, 0)"/2. This fact permitted to Sjdstrand
to prove that singsupidp * 1) = singsupp(u).

In this Note we will use the simple representatiorwuadiven by Proposition 1 to get a lower bound near
some singularities op(1). More precisely we study resonances generated by analytic singularities of
near the edge of bands or near some singularitigsdafe to the band crossings.

2. Lower bounds of the counting function near the edges of bands

The following result is a consequence of Morse lemma.

LEMMA 2.—Leteg € o(Pp). We assume that
(i) If 1 (k) =eo, theni; (k) is a simple eigenvalue dt;.
(if) There exisip andkg such thai;, (ko) = eg, VA, (ko) =0, iaz)\,»o (ko) > 0and Vi, (k) #0, Vk € E*,
k # ko.
(iii) Forall k € A7 {eo} and alli # ig, V; (k) #O.
Then there exists an open connected neighbortiootkg such that

,o(e):f(e—eo)—i—H(j:(e—eo))gi(./e—eo), Ve € J, (6)

where f and g+ are C* and g+ (0) =0, ...,gil‘_l) 0) =0, gil)(O) # 0. Here, +(—) corresponds to a
local minimum(maximum respectively

Using (4) and Lemma 2, we obtain:

THEOREM 3. —Leteg and J be as above, and lét e (eg + singsupg(w)). We assume that satisfies
(H2) and that(r — supgw)) C J. Then for allz-independent complex neighborhodd®f A, there exist
ho = h(2) > 0 sufficiently small and” = C(£2) > 0 such that for: € 10, hg[,

#{z€Q;zeRe{P(h)} > Caoh™.

Remark4. — The assumptiot. — supfu)) C J, ensures that, in the study opé& o neari, one only
needs the value ¢f in J given by (6). Hence, using (6) and Proposition 1, we showitrasingsupp ().
Therefore, Theorem 3 follows from the result of Dimassi and Zerzeri [1].

3. Lower bounds near singularities due to band crossings

In this subsection we study resonances near singularitipé\9fgenerated by a band crossings. We will
only consider the two dimentional case. With similar assumptions, one can treat thex&se

We assume that; is a double eigenvalues_1 (ko) < A (ko) = eq = Aj11(ko) < A j42(ko) and that for
all k # kg such thaty; (k) = e, A; (k) is simple andv; (k) # 0.

Since P is analytic ink, this implies that folk — kg| < § (with § small enough), the spa¥i(k), of the
eigenvectors oP; corresponding to eigenvaluesin the §et|e —eg| < 6} has abasig; (x, k), ¥j11(x, k),
which is orthonormal and real analytic in The restriction ofP; to V (k) has the matrix

(a(k) %)
bk) Bk )’
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which can be written

a(k) +c(k)  ba(k) —iba(k)
bi(k) +iba(k)  a(k)—c(k) )’

wherea (k) = a(k) + B(k)/2, c(k) = a(k) — B(k)/2, b1(k) andby(k) are real valued. Next, the periodic

potential is assumed to have the symmeéiirge) = V (—x). This symmetry is typical of metals. This

symmetry force$ (k) to be real valued (i.eh2(k) = 0). Consequently, ne&ap we have

(k) = a(k) —\/c2(k) + b?(k), Ajy1(k) = a(k) + v/ c2(k) + b2(k).

We assume thaVb(ke), Vc(ko) are independent. Sinoe= 2, (Vb(ko), Ve(kg)) is a basis inR?. Set
Va (ko) = a1Vb(ko) + a2Vce(kg).
The following result was proved in [2].

LEMMA 5 ([2]). —If «? + & < 1, then there exist an open connected neighborhdad eg and C*
functionsf andg such that

p(e) = f(e) + (H(e —eo) — H(—(e —e0)))g(e), )

with g”(eg) # 0, Ve € J.

THEOREM 6. —LetJ be an open interval in whict¥) is valid. Letk € (ep+ singsupg(n)) be satisfying
(H2). We assume thah — supp)) € J. Then for allz-independent complex neighborhodeisf 1, there
existho = h(2) > 0 sufficiently small and” = C(2) > 0 such that for: € 10, hgl,

#{zeQ;zeReq{P(h))} > Cah™.
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