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Abstract We consider equations of the forBy = g, whereB is a Galois connection between lattices
of functions. This includes the case whetés the Fenchel transform, or more generally a
Moreau conjugacy. We characterize the existence and uniqueness of a sglittigmms of
generalized subdifferentials, which extends K. Zimmermann'’s covering theorem for max-
plus linear equationgo citethisarticle: M. Akian et al., C. R. Acad. Sci. Paris, Ser. | 335
(2002) 883-888.
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Inversibilité des cor respondances de Galois fonctionnelles

Résumé On considere des équations de la forBie = g, ou B est une correspondance de Galois
entre des treillis de fonctions, ce qui inclut le caskBast la transformation de Fenchel, ou
plus généralement une conjugaison de Moreau. Nous caractérisons I'existence et 'unicité
d’'une solutionf, en termes de sous-différentiels généralisés, et étendons ainsi le théoreme
de couverture de K. Zimmermann pour les équations linéaires maxfpius.citer cet
article: M. Akian et al., C. R. Acad. Sci. Paris, Ser. | 335 (2002) 883-888.
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Version francaise abrégée

Soient(F, <) et (G, <g) deux ensembles partiellement ordonnég e — G, C : § — F. On dit que
(B, C) est une correspondance de Galois si la propriété (7b) ci-dessous est satisfaite. L'applicgtion
est unique, est notéR°. On dit aussi queB et C sont des correspondances de Galois. On s’intéresse au
cas ol = sci(Y, R) est 'ensemble des fonctions semi-continues inférieurement d’un espace topologique
sépard dansR, et ouG = R¥X, pour un espace topologique sép&réOn montre en particulier que et B°
s'écrivent sous la forme (8), diietb° sont des application¥ x ¥ x R — R, et ol pourtout € X, ye Y,
(b(x,y,-),b°(x,y,-)) est une correspondance de Galois. Qua@d y, A) = b°(x, y,A) = b(x,y) — A,
pour une applicatioh : X x Y — R (avec la conventiofi—oo) + (+00) = (+00) + (—o0) = —o0), on
retrouve la conjuguaison de Moreau (6), dont la transformée de Fenchel est un cas spécial. Etant donné un
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sous-ensembl&’ c X et une applicatiog € G, on considére le probléme
(P'): Trouver f € T tel queBf < g, Bf (x) =g(x), Vx e X'.

On supposera qu’il existe un ensemBle X x Y tel que : (A1)S, ={y €Y | (x,y) € 8} # @, pour tout
x€eX;(A2) 8 ={xe X |(x,y) €8} #0, pourtouty € Y; (A3) b(x, y, -) est une bijection décroissante
R — R, pour tout(x, y) € §; et (A4)b(x, y,-) = —oo, pour(x, y) € X x Y \ 8. Pour toute applicatiog
d’un espace topologiqué dansR, on utilise les notations (9). On définit aussi les sous-différentiels (10),
pour f € F etg € G. On dit queb est coercive si pour towt € X eta € R, b(x, -, @) est semi-continue
supérieurement, et si pour taute X, pour tout voisinagé’ dex dansX, et pour toutr € R, la fonction
bt y de (11) est telle que tous les ensembles de sous-niyealy | b% () < B}, avecp € R, sont
relativement compacts. Lorsqueest une application dg dans I'ensembl@(X) des parties dé&, on dit
que{F(y)}ycy estunrecouvrementd€ C X silJ,.y F(y) D X'. Ce recouvrementest dit algébriquement
minimal si pourtout € Y, UyEY\{z} Fy) X' est dit topologiguement minimal si pour tout ouvert non
videU CY, Uer\U F(y) 7 X'. SiG estune application d& dansP(Y), on noteG ! I'application deY

dansP(X), donnée pat~1(y) = {x € X | y € G(x)}. Nous énoncons maintenant les résultats principaux
de cette note, en suivant la numérotation de la version anglaise.

THEOREME 2. — SoitX’ C X, etg € G, et considérons les assertions suivantes

Le problemg?P’) a une solution, (1)
{(3°9)7* (1)}, .y estun recouvrement d¢/, )
{(8°g)‘1(y)}y€|dom30g) est un recouvrement d& N udom(g). (3)

Alors, (3)<(2)=(1). En outre, I'implication(1)=(3) a lieu dans les cas suivantsi) si Y est fini, ou(ii) si
X’ cidom(g), b est coercive, et & est discret ou bieB°g(y) > —oo pour touty € Y.

On dit qu’une application : X — Y est quasi-continue si pour tout ouvertde ¥, 'ensembler—1(G)
est semi-ouvert, ce qui signifie qie(G) est inclus dans la cloture de son interieur. Toute application
S.C.i. convexe propre slR” est quasi-continue sur son domaine dgm On définit dondd°g) = {x € X |

9°8(x) # 0} = U, ey (3°0) ().
THEOREME 3. — SoitX’ C X, etg € G, et considérons les assertions suivantes
Le problemg?P’) a une unigue solution, (4)
o \—1 . ..
{(8 g) (y)}yeldon‘(B"g) est un recouvrement topologiguement minimakde udom(g). (5)

L'équivalencg4)< (5) a lieu lorsqueY est fini et est muni de la topologie discréte. Supposons en outre que
b est coercive et quB°g(y) > —oo pour touty € Y. Alors, I'implication (5)=(4) a lieu si X’ C idom(g)
et B°g est quasi-continu sur son domaine. L'implicati@g)=>(5) a lieu si X’ ¢ dom(8°g) N dom(g).

Le Théoréme 3 fournit en particulier une condition suffisante pour l'unicité def tel queBf = g.

Une fonction convexe s.c.i. propgesur R” est dite essentiellement réguliere si idgn#£ @, si g est
différentiable dans ido(g), et si la norme de la différentielle deau pointx tend vers l'infini, lorsquer
s’approche de la frontiére de dom).

COROLLAIRE 5. — Soitg une fonction convexe essentiellement réguligre.i. proprg sur R". Si f
est une fonction s.c.i. propre telle gye < g et f*(x) = g(x) pour toutx € idom(g), alors f = g*. En
particulier, g a une unique préimage par la transformation de Fenchel.

La condition suffisante du Corollaire 5 n’est pas nécessaire.
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1. Introduction

We call functional Galois connectioa (dual) Galois connection between a sublatticef RY and
a sublatticeG of RX, where X, Y are two sets an®R = R U {00}, see Section 2 for definitions. An
important example of functional Galois connection is the Fenchel transform, and more generally, the
Moreau conjugacy associated to a keielk x ¥ — R,

B:RY - RX, Bf (x)=sup{b(x,y)— f(y) |y €Y}, (6)

with the convention(—oo) + (4+00) = (+00) + (—00) = —oo. Moreau conjugacies are instrumental in
nonconvex duality, see [16, Chapter 11, 8E], [17]. They are equivalent to max-plus linear operators with
kernel. Such operators, which are of the foyin> B(—f), arise in deterministic optimal control and
asymptotics, and have been widely studied, see in particular [7,12,3,11,1,9]. Given a en@@and a
functional Galois connectiof : ¥ — G, we consider the problem:

(P): Find f € ¥ such thatBf = g.

In particular, we look for effective conditions o for the solution f to exist and be unique. This
problem arises in large deviations: as shown in [2], the classical Gartner—Ellis theorem (see, e.g., [8,
Theorem 2.3.6(c)]) is essentially a uniqueness result for the preimage of the Fenchel transform, and the
results of this Note yield a new proof, as well as generalizations, of this theorem. Pr@Bleis also
intimately related to the Monge—Kantorovitch mass transfer problem (see, e.g., [14, §3.3]).XVHen

are finite setsF = RY and§ = R¥X, whenB is as in (6) withb(x, y) € R, the existence and uniqueness

of the solutions of P) was characterized by Zimmermann [19] (see [5]), who gave conditions involving
coverings ofX by sets. In this Note, we extend Zimmermann’s theorem to the case of functional Galois
connections: the existence and uniqueness of the solutiaf®) @fre characterized in terms of generalized
subdifferentials of.

2. Representation of functional Galois connections

Let (3, <g) and(G, <g) be two partially ordered sets, and Bt ¥ — G andC : § — J. We say thaBB
is antitoneif f <s f'= Bf’' <g Bf. The pair(B, C) is adual Galois connectiofsee, e.g., [4, Chapter
V, Section 8]) betweeff andg if it satisfies one of the following equivalent conditions:

I >3 CB, Ig>gBC, and B, C are antitone maps (7a)
(§2gBf <= [f>25Cg VfeT, gel, (7b)
Cg=miny{f|g>g Bf} Vge§, (7c)
Bf =ming{g| f 25 Cg} VfeT, (7d)

where minr and mirng denote the minimal elements for the ordefs and <g, respectively, and where
1, denotes the identity on a sét. Since there is at most one méapsuch that(B, C) is a dual Galois
connection, we shall denote thisby B°, and callB or B° a dual Galois connection.

Ordinary (nondual§salois connectionare defined by reversing the ordei®andg in (7). In the sequel,
we shall only consider dual Galois connections and omit the term “dual”.

We callllattice of functionsa sublatticeF of S¥, where(S, <) is a lattice,Y is a set, and” is equipped
with the product ordering. Whefihas a maximum elemerits, we define thd®irac functionat pointy € Y
with values € S: 8} € ¥, 83(y") = if y' =y, ands} (y") = T otherwise.

THEOREM 1. — Let S, T be two lattices that have a maximum elementXleY be arbitrary nonempty
sets and letF c S¥ (resp.§ c TX) be a lattice of functions containing all the Dirac functions $f
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(resp.T%). Then,(B, B°) is a Galois connection betweéhand § if, and only if, there exists two maps
b:XxYxS—Tandb®: X xY xT — S such that: for all(x,y) e X x Y, (b(x,y,-),b°(x,y,))

is a Galois connection betweehand T'; for all (x,t) e X x T, b°(x,-,t) € F; forall (y,s) €Y x S,
b(-,y,s)e€G; and

Bf =sups{b(-,y, f(»)) |yeY}, Vfed, (8a)
B°g:sup;{b°(x, -,g(x)) | x € X}, Vg eg§. (8b)

WhenY is a Ty topological space and has a maximum element, Theorem 1 can be applied to the set
F =Isc(Y, S) of lower semicontinuous maps— S (we say thatamayp : Y — S islower semicontinuoys
orl.s.c., if for alls € S, the sublevel sety € Y | f(y) < s} is closed). In this case, syp= sup since the

sup of l.s.c. mapsiis |.s.c.

Kolokoltsov already proved [10] (see also [11, Theorem 1.4]) a “Riesz representation theorem” similar
to Theorem 1, for a continuous madpbetween (non-complete) lattices afntinuougunctionsd andg,
assuming thaB preserves finite sups. Singer [17, Theorem 7.1] also proved a theorem similar to Theorem 1
whenF = AY andA is a complete lattice included .

3. Existence and uniqueness of solutionsof Bf =g

In this section, we také§ = T = R, we assume that andY are Hausdorff topological spaces, and take
F =Isc(Y,R), § = R¥, together withB, B°, b, b° as in Theorem 1. The case whgn=RY andX, Y
are arbitrary sets can be obtained by taking discrete topologieésamd Y. The property thab(x, y, -),
or b°(x, y,-), is a Galois connection can be made explicit by noting that a mag — R is a Galois
connection if, and only ifk is nonincreasing, right-continuous, ah@too) = —oo.

We shall assume that there is a sulfet X x Y such that the following properties hold: (A%) =
{yeY|(x,y)e8}#0,forallx e X; (A2) 8" ={xe X |(x,y)e8}#0, forall yeY; (A3) b(x,y,")
is a bijectionR — R for all (x,y) € 8; and (A4)b(x,y,-) = —oo, for (x,y) € X x Y \ §. WhenB is
the Moreau conjugacy given by (8)(x, y,A) = b°(x, y, A) = b(x, y) — A, Assumptions (A3), (A4) are
satisfied wherb(x, y) e RU {—o0}, for all x € X, y € Y, and Assumptions (A1), (A2) are satisfied when
forallx € X,y €Y, b(x, ) andb(-, y) are not identically—oco.

Rather than ProblertP), we will consider the more general problem:

(P): Find f e FsuchthatBf < g, Bf(x)=g(x) Vx € X',

whereg € G andX’ C X are given. B
To state our results, we need some definitions. First, for anygrfegm a topological spac& to R, we
define the lower domain, upper domain, domain, and inner domain:

ldom(g) = {z €e”Z|gkz) < +oo}, udom(g) = {z €Z|g(z)> —oo},

9)
dom(g) = Idom(g) Nudon(g),  idom(g) = {z e dom(g) | limsupg(z) < +oo}.
Next, givenf € F, y € Y, g € G andx € X, we define the subdifferentials:
M ={xeX| &y €8, b(x,y, f)) <b(x,y, f(») VY €Y}, (10a)
°gx)={yeY|(x,y) €8, b°(x",y, g(x")) <b°(x,y,8(x)) Vx' € X }. (10hb)

We say thab is coerciveif for all x € X anda € R, b(x, -, &) is upper semicontinuous (u.s.c.) and if for all
x € X, all neighborhood¥ of x in X, and alle € R, the function

y €Y > b$y(y) =supb(z,y,b°(x,y,a)), (11)

zeV
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has relatively compact finite sublevel sets, which meangthaty | b7 |, (y) < B} is relatively compact for
all 8 € R. The latest property holds trivially, and independently of the topology¥ pwhenY is compact
(and in particular whery is finite). If X =Y =R" andb(x, y, @) = (x, y) — « then for any neighborhood
V of x, anda € R, bY y () Zelyll + a, for somee > 0, so thatb is coercive. Similarly, ifb(x, y, a) =
allx — y|?> — «, wherea € R \ {0} and|| - || is the Euclidean norm, thehf () > elly — x|l — 1 +«, for
somee > 0, so thaw is coercive.

When F is a map fromY to the setP(X) of all subsets ofX, we say tha{F(y)},cy is acoveringof
X' c X if Uyey F(y) D X'. This covering isalgebraically minimaif forall z € Y, Uycy\,) F(O) 2 X' It
is topologically minimalf for all non-empty open set&§ C Y, Uer\U F(y) 7 X’. Algebraic minimality
implies topological minimality. Both notions coincide ¥f is a discrete topological space.df is a map
from X to P(Y), we denote byG 1 the map fromy' to P(X) given byG1(y) ={x € X | y € G(x)}.

THEOREM 2. — Let X’ C X, andg € G. Consider the following statements

Problem(P’) has a solution, (12)

0°g)"L(y)} _ is acovering ofY’, (13)
yeY

{(8°g)‘1(y)}y€|dom30g) is a covering ofY’ Nudontg). (14)

Then,(14)<(13)=(12). Moreover, the implicatiotf12)=(14) holds in the following casegi) whenY is
finite, or (i) whenX’ c idom(g), b is coercive and eitheY is discrete orB°g(y) > —oco forall y € Y.

To give an uniqueness result, we need some additional definitions. We say thatka Map Y is quasi-
continuousf for all open sets; of Y, the seti~1(G) is semi-openwhich means that—1(G) is included in
the closure of its interior (see for instance [13] for definitions and properties of quasi-continuous functions
and multi-applications). If: : X — R is |.s.c., ther is quasi-continuous if, and only if, = Isc(usah)),
where Isc (resp. usc) means the I.s.c. (resp. u.s.c.) hull. We sag thatgularif forall f € F, Bf isl.s.c.
on X and quasi-continuous on its domain, which means that the restricti®if @b its domain is quasi-
continuous for the induced topology. The notion of regularity#éris defined in the symmetric way. When
X is endowed with the discrete topology,is always regular. Whef = X x Y and{b(-,y, @)} ey, acr
is an equicontinuous family of functions, theé®y is continuous onX for any f € F, so B is regular.
WhenX =Y =R", the Fenchel transform is regular because any l.s.c. proper convex fuifcigoguasi-
continuous on its domain dayi). We define dort®°g) = {x € X | 3°g(x) # 0} = Uyey(aog)_l(y).

THEOREM 3.— Let X’ C X, andg € G. Consider the following statements

Problem(P’) has a unique solutian (15)
{(308)_1(Y)}ye|dom(30g) is a topologically minimal covering of’ N udom(g). (16)

The equivalencél5)<-(16) holds whenY is finite (with the discrete topology Moreover, assume that
is coercive andB°g(y) > —oo for all y € Y. Then, the implicatio§16)=(15) holds if X" c idom(g) and
B°g is quasi-continuous on its domain. The implicat{@®)=(16) holds if X’ ¢ dom(3°g) N dom(g).

Since (15) implies that ProbleiiP) has at most one solution, Theorem 3 yields a sufficient uniqueness
condition for the solution of Problert?). However, for ProbleniP), the necessary uniqueness condition
implied by Theorem 3 only holds when is finite, or when dor®°g) N dom(g) = X. To give a more
specific uniqueness result, we shall use the following condition:

there exists a basiB of neighborhoods such that

©):
YU €B, 3¢ >0, Vx € X, sup  (b(x,y,a) —b(x,y,a+¢)) < +o0.
yeUNS8,, aeR
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Condition(C) is satisfied in particular when for alle X, {b(x, y, -)}, <y is a family ofa-Holder continuous
functions (for O< o < 1), uniformly iny € U, for all small enough open sets, or if {b(x, y, )}xex, yeu
is an equicontinuous family, for all small enough open $étén particular, conditior{C) is satisfied when
b(x,y,a) =b(x,y) —a orwhenb(x, y,a)=—(|{x, y)| + Da.

THEOREM 4. — Let g € §. Assume thabk is coercive, and thaB°g(y) > —oo for all y € Y. Then, the
uniqueness of the solution of Problé&f) implies(16), when any of the following assumptions holds
(1) X’ =dom(3°g) Ndom(g), andY is locally compact.
(2) X’ =idom(g), B is regular,dom(g) is included in the closure dtlom(g), and eitherY is locally
compact or conditioriC) holds.

The topological minimality in (16) is a relaxation of algebraic minimality, which is a generalized
differentiability condition. Indeed, if(3°g)_l(y)}ye|dom(30g) is a covering ofX” N udom(g), this covering
is algebraically minimal if, and only if, for alh € ldom(B°g), there is amx € X’ N udom(g) such that
0°g(x) = {y}. When B is the Fenchel transform, the following classical notion is intermediate between
algebraic and topological minimality: a I.s.c. proper convex funcgoon R” is essentially smootlf
idom(g) # @ (the interior of its domain is nonemptyy, is differentiable in idonjg), and the norm of
the differential ofg atx tends to infinity, wherx goes to the boundary of da@), see [15, §26].

COROLLARY 5. — Letg be an essentially smooths.c. propey convex function ofR”. If f isal.s.c.
proper function such that* < g and f*(x) = g(x) for all x € idom(g), then f = g*. In particular, g has
a unique preimage by the Fenchel transform.

The following functiong satisfies (16) butis not essentially smooth: consier Y = R?, g = Bf = f*
wheref : R? — R U {+o0}, with £(y) = y?(y3 + 3) if |y2| < 1 andf(y) = +oo elsewhere.
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