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Abstract The velocity fields corresponding to an incompressible fluid of Oldroyd-B type subject to
a linear flow within an infinite edge are determined for all values of the relaxation and
retardation times. The well known solution for a Navier—Stokes fluid, as well as those
corresponding to a Maxwell fluid and a second grade one, appears as a limiting case of
our solutions. To cite this article: C. Fetecau, C. R. Acad. Sci. Paris, Ser. | 335 (2002)
979-984.
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Le probleme Rayleigh—Stokes pour un diedre dans un fluide
Oldroyd-B

Résumé Les champs de vitesses correspondant a un fluide de type Oldroyd-B qui exécute un
mouvement linéaire dans un diedre infini sont déterminés pour toutes les valeurs des temps
de relaxation et de retard. La solution bien connue pour le fluide de Navier-Stokes, les
solutions correspondant a un fluide de Maxwell et a un fluide de grade deux apparaissent
comme un cas limite de nos solutions. Pour citer cet article: C. Fetecau, C. R. Acad. Sci.
Paris, Ser. | 335 (2002) 979-984.
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Version francaise abrégée

L es équations congtitutives (1) et (2), représentant la version Jeffreys du modél e Oldroyd, définissent un
fluide de type Oldroyd-B. Elles contiennent, en guise de cas particuliers, lefluide de Maxwell (pour A, = 0)
et le fluide visqueux linéaire ou de Navier—Stokes (pour A = A, = 0).

En 1979, Zierep [10] a déterminé le champ de vitesses correspondant a probléme de Rayleigh—Stokes
pour un fluide de Navier—Stokes. Récemment, sa solution a été étendue aux fluides de grade deux [1] et aux
fluides de type Maxwell [2].

Dans cette Note le méme probléme est résolu pour un fluide de type Oldroyd-B. Des calculs directs
montrent que v(y, z, t), donnée par les relations (16), (17) et (18), correspondant aux A, > A, A, = A €t
Ar < A, satisfait al’ équation avec dérivées partielles (6) et atoutesles conditionsinitiales et sur lafrontiere
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imposées. De plus, les relations similaires correspondant aux fluides de Maxwell, de grade deux et de
Navier—Stokes apparaissent comme un cas limite de nos solutions.

Aing, en faisant A — 0 dans (16) nous obtenons le champ de vitesses (24) correspondant a un fluide de
gradedeux ([1], larelation (3-4)), pour « et donc A, — 0 dans(18) on obtient lasolution (25) correspondant
aun fluide de Maxwell [2]. Aussi pour ¢« — 0 dans (24) ou » — 0 dans (17) ou (25) on obtient e champ
de vitesses (26) correspondant au probléme de Rayleigh—Stokes dans un diédre pour un fluide de Navier—
Stokes[10].

1. Introduction

The mechanical behavior of non-Newtonian fluids has been modelled by several congtitutive equa-
tions[4]. Here, we shall consider the Jeffrey’sversion of the Oldroyd model [5] whose constitutive equation
appends an additional term to Maxwell’s equation. The Cauchy stress T in such amodel is given by

8S SA
T=-pl+S S+AEZM<A+M§), @

where A is the relaxation time, u the dynamic viscosity, A, the retardation time, —pl denotes the
indeterminate spherical stress, A =L + LT where L is the velocity gradient and % represents the upper-
convected time derivative defined through

B .
— =B-LB-BLT, 2
8t

the superposed dot indicating the material time derivative.

The model characterized by the congtitutive equation (1) is usualy referred to as the Oldroyd-B fluid.
This model includes as special cases the Maxwell model and the linearly viscous fluid model. Recently,
it has received specia attention from both the theoreticians and experimentalists in rheology. Existence
results for the flow of such a fluid have been established in [3] and a special flow was considered in [5].

Our purpose in this Note is to determine the velocity field and the associated tangential tensions
corresponding to the Rayleigh—Stokes problem for a fluid of Oldroyd-B type. For A, or A tending to zero
our solutions reduce to those corresponding to a Maxwell or a second grade fluid, respectively [1,2]. If
both 2, and A tend to zero they end up to the well-known solution for a Navier—Stokes fluid [10].

2. Formulation of the problem
Let us suppose that an incompressible fluid of Oldroyd-B type, at rest, occupies the space of the first
dial of arectangular edge (—oo < x < oo; v,z > 0). At the moment ¢+ = 0™ the infinitely extended edge

isimpulsively brought to the constant velocity V in the x direction. By the influence of shear the fluid is
gradually moved. Its velocity field will be of the form

v=uv(y,z, i, 3

wherei isthe unit vector along the x-coordinate direction.
Substituting (3) in (2) and (1) we get for the tangential tensions S, and S, the differential equations

Sey 4 20 Sy = (L4 A0)0yv  and  Sy; + Ad;Sye = (L4 A9, v. 4
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From the balance of linear momentum, in the absence of a pressure gradient in the x-direction, we also
have

dySxy + 0:8xz = porv, )
where p isthe constant density of the fluid.
Eliminating S,, and S, between Egs. (4) and (5) we attain to the linear partial differential equation

v(y, 2.1) + A0Fv(y 2. 1) = v(L+ 4,9) (85 + 82)v(y, 2. 1);  y.z.1>0, (6)

where v = i/ p isthe kinematic viscosity of the fluid.
Since the fluid has been at rest for al r < 0 and the edge is maintained at the constant speed V for al
t > 0 we have

v(y,z,00=0;, y,z>0, @

and
v(0,z,t) =v(y,0,1)=V; t>0. (8)

Eq. (6) being of higher order than its corresponding for Navier—Stokes fluids, we have need of additional
initial and boundary conditions. The appropriate boundary conditions[6,7]

U()Uz,t)a ayv()’7z’t)a azv(y,27t)_>0 asy2+Z2_)oo7 (9)

are conseguences of the fact that the fluid is at rest at infinity and there is no shear in the free stream.
Moreover, we assume that (cf. [9])

ov(y,z,t) >0 as r—0. (10)

3. Solution of the problem

Multiplying both sides of Eq. (6) by (2/7) sin(§y) sin(nz), integrating with respect to y and z from 0
to oo and having in mind the boundary conditions (8) and (9) we find that

2 2, 2 2, 2 2 E24n?
Afvs(E 1) + [14+a (6% +n7)]dvs(E.n. 1) +v(E +n)vs(§,n,t)=;VV e (11)

where o = v, and v, (&, 1, t) is the double Fourier sine transform of v(y, z, t). In view of (7) and (10)
vs (&, n, t) hasto satisfy theinitial conditions

vs(§,17,0)=0,v5(8,17,00=0; &,n>0. (12)

The solution of the ordinary differential equation (11) with the initial conditions (12) has one of the
following forms

s (&, m,1) = ;% [1— rleXp(rzii - Z UG UN T (13)
2V 2+ P exp(—t/1) — expl—v(E2 + D]
wE 0= [1— il )ex'zg(;z/ﬁnz)efpi VETEINN a4
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or

4 {1 _ riexp(rat) — r2€xp(rt)
&n rL—r2
1% 14+ a(E2+n?)

B\  l+a@E®+n® . (Bt
X {cos(z)) + 5 sin N on Do,
if &, < A.In(13)—(15) the following notations have been used

[+ a@E+ )1+ V1 +aE2+9)]2 — drEZ+9?)
o 2 ’

] on Dy,

2
g
2
vS(E? TI,I)Z ;

B= /4 (62 +7) = [L+a(e+ 7))
912{(5,7)); £, n>0 0<§2+T)2<a2}U{(§,n); En>0; §2+n2>b2} and
Do={(&, n); & n>0; a® <% +n? <b?}

where
1 1

N = v S T OV SV ey

Inverting the above results by means of Fourier’s sine formulawe find that

(.2, t)—V—— Sm(yé)/ Sm(zn) rleXp(rzii::zexp(rlt) dnds if A, > A (16)
2 2 2 2
U(y“)_v__ sn@&)/ sn(zn)a(s M)eXF;f(stz/fnZ)— R e
(17)
if A, =A, and
vz )=V - 4_‘; // riexplrat) — rzexp(ran) SnGE) SnG) o - (18)
Dy rL—r & n
1+aE+n9 Bt\  1+a@E*+n? . (Bt\]snyé) sin(zn)
- e (B T ()| T T
if A, <A.

By making t — oo in anyone of the above expressions, we obtain the steady state flow.
The tangential tensions S, and S, ;, corresponding to these velocity fields, are solutions of the ordinary
differential equations (4) with theinitial conditions

Sxy(ys ZVO):SXZ(ya Z,O):O. (19)
One of them, for instance, will be given by
wo [’ T—
Sxy(y,z,t)zx/ exp( . )(1—%—)» 9:)9yv(y, z, T) dr, (20)
0
from which, in view of (16), (17) and (18), it results

982



Pour citer cet article : C. Fetecau, C. R. Acad. Sci. Paris, Ser. | 335 (2002) 979-984

Sey(y,2,1) = —il; /0 cos(y S)/ Sm(zn) A+ ;1)(i+>» rr2) eXp(FzZ _zp(rlt) dyde. (21)
AV sm(zn) exp[—v (&% + n?)t] — exp(—1/1)
Sz =" /O cos(yt) /0 . P din c, (22)

or

4MV A+ r1)(1+)\ r2) eXp(rat) — exp(rit) cos(y&) sin(zn)
Sey(y,z2,8) = //93 d¢ dn
1

- rg—r1

2 2 i
BMV// ( ) p<_1+a(§ +n )t) CosE) SNEM 4 g (23)
D, B 2\ n

if A, > A, A, = A, respectively, A, < A.

4. Limiting cases

1. Taking the limit of Eq. (16) asA — 0, we obtain

B sin(y&) sm(zn) v(EZ+1?)
oz =V {1_P/0 / ex'o{_lw(szﬂz)t] d”dg}’ (24)

which coincides with the relation (3 - 4) of [1] and gives the velocity field corresponding to the Rayleigh—
Stokes problem for an edge in a second grade fluid.
2. In the special case when « and then A, — 0, corresponding to a Maxwell fluid, our solution (18)
reducesto that obtainedin [2], i.e.,
4v rs €Xp(ret) — re €Xp(rst) sin(yé) sin(zn)
v(y,z,t) =V — )
Dy rs —re &

1 sin(y§) sin(zn)
_712 (m)//@j‘m(m)*_ (5)] e, L (29)

dé dn

where
—14+/1—4vA(E2 42 —1—/1—4r(E2+ 12
re = + Z)LV (%‘ +77 )’ re = 2}\'\) (é: +77 )7 y = 4_\))\’(52_+_7,]2)_:|_7

Da={( n: £.1>0; 0<&2+7°<1/(2vvn)} and

Da={En; &n>0 E+n*>1/Vv)}.

3. By letting now o — 0in (24) or A — 0in (17) or (25) and taking into account the entry 6 of Table 5
of [8] we attain to the solution of the Rayleigh—Stokes problem for a Navier—Stokes fluid [10]

—vl1- A L
e =vfi-e (2o ()] -

where Erf (-) isthe error function of Gauss.
The tangential tensions corresponding to (24), (25) and (26) can be aso obtained as limiting cases of
(21), (22) and (23). Thus, making A and then « to tend at zero in (22), it results (cf. [8], Tables 4 and 5)

. uv Z y2
Sey(y,2,1) = WErf(2ﬁ>exp< 4vt), 27)

which isthetangential tension corresponding to the velocity field (26). Finaly, by letting t — oo in anyone
of the above expressions, we get the corresponding solutions for the steady state flow.
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