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Abstract From a previous work and an application of predictive polynomials we obtain two types
of results. In a first part exact entries of the Toeplitz matrix are computed in the case
where the symbol is |P|2f and where f is a non negative regular function and P a
polynomia with al its zeros on T. In a second part we give an asymptotic expansion for
symbols (1 — cos#)P f when f is always a nonnegative regular function. These formulas
use Green kernels associated to differential operators of order 2p. Finally, we propose some
applications to the computation of traces and determinants. To citethisarticle: P. Rambour,
A. Seghier, C. R. Acad. Sci. Paris, Ser. | 335 (2002) 705-710.
O 2002 Académie des sciences/Editions scientifiques et médicales Elsevier SAS

I nver ses exacts et asymptotiques des matrices de Toeplitz a symbole
singulier polynomial

Résumé A partir de travaux antérieurs et d' une application des polyndmes prédi cteurs nous obtenons
deux types de résultats. Dans une premiére partie nous proposons une méthode pour obtenir
un dével oppement exact des coefficients de matrices de Toeplitz ayant un symbole du type
[P|2f ol f est unefonction réguliére positive et P un polyndme ayant ses zéros sur letore.
Dans une deuxiéme partie nous obtenons des formules asymptotiques pour les coefficients
deI"inverse des matrices de Toeplitz dont le symbole est e produit de (1 — cosf)? par une
fonction strictement positive. Ces développements utilisent des noyaux de Green associés
a des opérateurs différentiels d’ ordre 2p. Enfin nous proposons quel ques applications aux
calculs des traces et des déterminants. Pour citer cet article: P. Rambour, A. Seghier, C. R.
Acad. Sci. Paris, Ser. | 335 (2002) 705-710.
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Version francaise abrégée

Un probleme important de I’ étude des matrices de Toeplitz (voir le texte anglais pour une définition
précise) est |’ obtention de I’ inverse lorsque le symbole est du type :

r
2ap
LT 1x = xal? 1.
n=1

ol y =6 y,=¢€%, 6,eR, a, eC, Ra,, > —1/2 et f une fonction réguliére. Cette Note répond de
deux maniéres différentesa ce probléme quand les o, sont des entierspositifset f unefonction strictement
positive dans L1(T). Le premier résultat est une méthode récursive pour calculer exactement ces inverses.
Dans un premier temps, en affinant les méthodes dével oppées dans un précédent travail [5], nous obtenons
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I'inverseexact de Ty 1,2/, py .42 OU Pn+1 st un polyndme de degré N + 1, les coefficients de cette ma-
trice ne dépendant que de ceux de Py 1 (alors que dansle travail cité plus haut intervenaient également les
coefficients du dével oppement de Fourier de Py.1/Py+1). Nous utilisons ensuite | e résultat fondamental
de lathéorie des polyndmes prédicteurs (voir [4] et le texte anglais pour une définition) a savoir :

1
W(S)Zg(s), -M<s< M, (1)

s Py estlepolyndme prédicteur d' ordre M de g. Lefait queles coefficients du polyndme prédicteur d’ une
fonction g sont donnés par la premiére colonne de lamatrice inverse de T , nous permet alors de calculer

les coefficients de 7y}, en fonction de ceux de T, ol esttelleque i = |x — x,|1%h enremplagant i par

1/|Py+1|2 ol Py 1 est le polynéme prédicteur d’ ordre N de i et en utilisant laformule (1).
Dans une deuxiéme partie nous obtenons notre principal résultat qui est une extension importante d’ un
résultat d( & Spitzer et Stone [6] que nous rappelonsici :

_1 2
(Tw 1 x26) thatet, Ny 1e1 = 2N R(x, )+ 0o(N),

oU R est I’opposée de la fonction de Green correspondant & I’ opérateur différentiel 92/9x2 associé aux
conditionsinitiales h(0) = k(1) = 0 et f unefonction définie sur le tore par les conditions::

f=1-0, o()=> ad’,

keZ

> a=1 c=cu. VkeZ, >0, pgedik; k>0ete,>0p=1
keZ

etol: 02 =", k% < +oo. En utilisant les techniques établies dansla premiére partie de |’ article nous
obtenons|e théoreme suivant :
THEOREME PRINCIPAL. —S f1 € CL(T) et f1 € A(T) nousavons:

1

- 2 2p—1 2p—1
(Tn.1x2r ) vaten, vyg 1 = CDP NP6 p(x, 3) + O(N70).

o2
Avec, s a/(E) désigne le k-iéme coefficient de Fourier delafonction & :

A(T) = {& eLYM Y Jah)| < oo}
keZ
et ol G, est le noyau de Green correspondant a I’ opérateur différentiel 82P /3x2P associé aux conditions
initiales:

Q0 =---=rP0=0  fOn=---=rPO)=0

1. Recursiveformula

1.1. Toeplitz matrix and polynomial prediction

Let 4 be a nonnegative function, belonging to L1(T). We recall that for 2 € LY(T) (T c C the unit
circle), the Toeplitz operator Ty ;, acts on the space Py c L2(T) of polynomial of degreeless or equal to N
andisdefined by (Tn » P, Q) (i.e., T » P isthe orthogonal projection of 2P on Py). If h isanonnegative
function, Ty 5, is>> 0 henceinvertible. The N-th predictor polynomial of  isdefined as Py = (TN,h)—l(l).
Itisknown [4] that & and ® = Py (0)| Py |2 have the same Fourier coefficients of order less than or equal
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to N that givesthe equality: T, = Tn.o. Hence to compute (TN,;,)_l we begin to compute the inverse of
Ty 11— 512/ Py4112 Where Py 1 isthe N + 1-th predictor polynomial of 4.

1.2. Exactinverseof Ty 11_y2/;py 12

In apreviouswork we obtained formulas giving exact entries of (TN,\l—x\z/\Plz)_l with P apolynomial
without zeros outside the unit closed disk [5] and having degree m with: m < N + 1.

If P(x) => y—oBux™and P(x)/P(x) =>,<_n rux" thenthe expression of (TN,ll_Xlz/lp‘zl)k‘jlyHl
obtained depends on the 8,’s and y,,'s. The method is based on a parametrisation |1 — r x| with» — 1 and
the well known inversion formula.

A more precise calculation allows us to get an expression depending only on 8, for a polynomial Py 1
with degree N + 1.

Putting Py+1(x) = th\’jol Bux" we obtain the following theorem.

THEOREM 1 (inversionformula). —For 0 < k <1 < N we have:

L 1 _
(T 121 P2) g1 = Okl F ol = N1t A(Pyay) NAANL @)

where:
ko1

N 3 1 ~, —_ ~ ~
ai=»_ Y BsB-yminis+1s+1), rny= ~5 (03— 05, (1)02:(1) — Q2x(1) 05, (1)),

s=0s'=0
1 - ~ - _ -
ANk = E(Qll,k(l) + 05, (D) — Py (D Py11(1) — Py (D (01, (D + 05, (D)),

A(Py+1) = =20 (Py 1 (D Py11(D) /| Prsr D 2,

and with:
N+1—k N+1
Qui(ry= Y BT, Qi)=Y Bur” NV
u=0 u=N+2—k
k N+1
Q1x(r) =Y Bur' "2, Q)= > Bur"™,
u=0 u=k+1
N+1 N+1 _ P
Os= > Y BuBllutk—u —1l, dy() =N,
Pni1
u=N+2—k u'=N+2—k

To computethisinversewith asymbol | xo — x1%/| Pn+1(x)|?, where xo € T we use the same cal culation
with the additional remark that | xo — r x| = |1 — r xo *x 2. Then we obtain another formula:
COROLLARY 1 (shifted formula). —For 0 < k <! < N we have:

-1 1 = (1—k)
T L 12/1p2 = Akl yo T ¥kl xo — = ANk, xoAN.I, )X )
( N,Ixo—x /1P| )k+1,l+1 (( X0 X0 N+1+ A(Pyi1) X0 xo | Xo

Pr1(x) = SN 5 x Bu and ag 1,y 7.1, 500 ACPN+1), A k. 4o @€ the same constants asin the previous
theorem but computed with the polynomia Py 1.

1.3. Corollary: recursiveprinciple

If f=1|x0— x|%h,h>0andh eLYT), thenif Py,1 isthe predictor polynomia of (|xo — x|%h) as
defined in a previous paragraph it isknown that for all k, I, 0<k, [ <N,

-1 -1
(TNw‘XO—X|2/|PN+1‘2)k+1,l+l = (TN,\Xo—XI4h)k+1,l+1'
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Our recursive principleis based on this last result.

1.4. Recursivetheorems
We can now easily prove the two following theorems:

THEOREM 2 (first recursive formula). — Let 4 be a nonnegative function, such that 4 € L1(T). Then:
VpeNVN eNVyxgeT3Pyy1,, suchthat:

—

P, P (Ixo— x2h(s)).  —(N +1) <5< (N +1),

THEOREM 3 (second recursive formula). — With the same hypotheses as in the previous theorem we
have: Vp e NVN e NVyo € T 3Py41,, suchthat:

-1 -1
k1 OSSN, (T jo-y2/1Pysn,p2)

k11417 (TN,lxo—x\2P+2h)k+1,1+1-

It is now important to observe that the two last theorems allow us to obtain exact entries of matrices
(TNs\XO—X\ZI’h)_l foral p e N.

2. Asymptoticsresults

2.1. Inverse of Toeplitz matriceswith symbol |1 — x|??

Using previousideas, the result of Section 1.1 and Euler—Mac-Laurin formula we can get two families
of functions. The first family is a polynomial one, it gives an asymptotic expansion of the coefficients
of the polynomials Py41 which appear in the recursive method. Hence the knowledge of this family
gives an asymptotic order of the first column of the inverse Toeplitz matrix. The second family gives an
asymptotic expansion for central entries of these inverses. These functions are Green kernels different from
R@ introduced by Spitzer and Stone [6].

THEOREM 4 (asymptotics of predictor polynomial). —For all nonnegative integer p there exists a real
polynomial G, with degree p such that:

-1 ~ _ _
(T 1-xr) ivyrena = Gp ) N7 L4o(NrTt)
with y € [0, 1] where [¢] is the biggest integer smaller than 7.

By using Euler—Mac-Laurin and the expansion given in the first paragraph we obtain the recursive
relation between Gp 1 and G . Thisrelationis:

~ X ~ ~ X ~
Gp(x) :/O Gp-1(t) dt — (2p — 1)/l Gp_1(t)(t +x —1)dt — (2p — 1)/0 Gp-1(t)(t — x) dr.
—X
For p an integer let us now define G, (x, y) the Green kernel associated to the differential operator
92 /9x2P associated to the initial conditions:
OO =...= rFP©0) =0, O =...=fP@Q)=0

This kernel is different from those introduced by Spitzer and Stone [6]: the initial conditions are different.
Then we can write:

THEOREM 5 (Green kernels). —Vp € N Vx € [0, 1] Vy € [0, 1] we have the asymptotic equality:
1
(TN 11— x\zf’)[Nx]+1 [Ny]+ = NG p(x,y)+ O(NZP l)
It is aremarkable fact that we can deduce an expr on of the kernel G, using our recursive principle
and the polynomial G ,_1. For instance:
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Go(x,y) = yx?/2 = x?y? = x3/6 = x®y%/3+4 x2y% 124 2322, if x <y,
Ga(x,y) :xy2/2— y2x2 — y3/6— y3x3/3+ y2x3/2+ y3x2/2, if y<x.
We can compute G ,(x, y) using ép_l with the following formula:
X t - X Yy
Gp(x,y) :/o Gp-1(x — t)/o 1'Gp_1(y —t")drdr’ +/0 Gp-1(x — t)t/t Gp-1(y —t")drd’
—@2p-1 (/l Gp1()(t +x —1ydr + /O Gp1(D(x —1) dt)

1—x

1 Yo
X (/1 Gp_l(t)(t+y—1)dr+/o Gp_l(t)(y—t)dt)

=Y

X - y -
_ (/ G,,_l(t+1—x)t/ Gp-1(t' +1—y)drdt’
1 x
X - y -
+/ G,,_l(t+1—x)/ Gp_l(t’+1—y)t’dtdt’>.
1 X

2.2. Asymptotic expansion of (T |12 s,)
Let A(T) bethe algebra of functions defined by:
A(T) = {a LYY |tk < oo}.

keZ
We can now state our main result:

THEOREM 6 (main theorem). —If f1 € C}(T) and f1 € A(T) we have:

-1
(TN,Il—xlzf’fl) [Nx]+1 [Ny]+1 =

where 2/02 = | N5 Bul?, and Bu = (T, 1)y 1-

2
;NzP—le(x, y) +o(N?P7h),

3. Applications

Applicationsto probability theory and statistics are important, we plan to devel op some consequencesin
aforthcoming paper. Here we give only few consequences to trace and determinant computations.

3.1. Traceasymptotic expansion

THEOREM 7 (trace theorem). — With the main theorem'’s hypothesiswe can write:
1
-1 2
Tr(TNV‘l_X‘prl) :NZPF\/O Gp(x,x)dx+0<N2p).

3.2. Determinant asymptotic expansion

The Hartwig—Fisher conjecture (see[3,2,1]) which has been confirmed for integers exponents by Widom
[8] givesthefirst order of the asymptotic expansion of Toeplitz matrix determinant with symbol:

R
FGO=h00 [T /xfr) exp(=iB, 7)1 xr — x 17,
r=1
where i isaregular function on T such Ind(k) = 0 and R, > —1/2.
If we note Dy (f) this determinant the conjectureis

Dn(f) =GIhIN"E + o(G[hIN"E),
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where G[h] is a constant depending only of 2 and E another constant depending of «, 8, and 4, with the
Barnes function [7]. Moreover:

R
r=> o?—p2
r=1
By using the fundamental remark Dy_1/Dy = (Ty, s); 1 and the equality

(TN,|1_X|2/|PN+1|2)1_,1 =|Pn+1(0) |2(1 —1/(N +2+ A(Pn11)),

where A(Py11) = —=2R(Py 1 (D) Py+1(1) /| Pn41(D) |2, we obtain an infinite product which gives us, for
smooth function classes, an asymptotic expansion of larger order than Hartwig—Fisher. Putting: P(x) =
oo Bux™, P without zeroin: {z/|z| < 1} we can precise some examples.

e If f1(x) = (11— x|%/|P|?) weobtainthat Dy isthe product of aconstant by: (Hyzm |Bol2(1—1/(j +

2— A(P))) " and, lastly:
Dy(f)=1Bol* E(N +4— A(P) +0(D)),
where E isthe constant given by the Hartwig—Fisher conjecturefor fi.

o Let fo(x) be |1 — x|*/|P|? and put P, .1 be the predictor polynomial of order N + 1 of
|1 — x|2/|P|2. Then the determinant is the product of a constant by: ]'[?’:0 1Bol2(1—1/(j + C)(1—
1/(j +2— A(P2,))).

If A(P2,N+1) = —%N + B+ 0(1) isan asymptotic expansion of A(P2, y+1) We have:

Dy (f) = 1Bol™N E(N* + (98 + 17— 2A(P)) N° + o(N?)),

where E isthe constant given by the Hartwig—Fisher conjecturefor f2.
o If 3=(1—x|*/|11+ax|?, acR, |a| <1, then

. 4 27a — 31 3 3
DN(f)_E<N +<71+a )N +0(N )),

where E isthe constant given by the Hartwig—Fisher conjecturefor f3.
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