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Abstract We consider a smooth counting function of the scaled zeros of the Riemann zeta function,
around height 7. We show that the first few moments tend to the Gaussian moments, with
the exact number depending on the statistic considered. To cite this article: C.P. Hughes,
Z. Rudnick, C. R. Acad. Sci. Paris, Ser. | 335 (2002) 667—670.

O 2002 Académie des sciences/Editions scientifiques et médicales Elsevier SAS

Statisiqueslinéaires pour les zéros dela fonction zéta de Riemann

Résumé Nous considérons une fonction de comptage lisse des zéros de lafonction zéta de Riemann,
normalisés au voisinage de la hauteur 7. Nous montrons que les premiers moments sont
Gaussiens, le nombre exact de tels moments dépendant de la moyenne choisie et de la
fonction de comptage des zéros. Pour citer cet article: C.P. Hughes, Z. Rudnick, C. R.
Acad. Sci. Paris, Ser. | 335 (2002) 667-670.
O 2002 Académie des sciences/Editions scientifiques et médicales Elsevier SAS

1. Introduction

In this paper we will examinelinear statistics of zeros of the Riemann zeta function. Denote its nontrivial
zerosby 1/2 +iy;, j =+1,£2,... with y_; = —y; and Re(y1) <NRe(y2) <---. Let N(T) denote the
number of zerosin the strip 0 < Re(y) < T, then N(T) = N(T) + S(T) where

N1 =1+ 2amlog(7 720 (24 Lir) ) = Diog 4 Ly o 2
=L mioa\ T 273" ) ) =27 9T 8 T)

Selberg [3] investigated the remainder term S(¢) and showed that it has a Gaussian value distribution, in the
sensethat if 79 < H < T with1/2 <a < 1,thenfor k > 1l aninteger,as T — oo,

T Sw |, @)
7

V/(loglogt) /272
Fujii [1] has similar results for the remainder term in counting the number of zerosin intervalsof sizeh <t
around ¢, showing that so long as zlogt — oo they have Gaussian moments too.
Rather than study S(¢) itself, instead we will investigate the distribution of a smooth version of the
counting function in intervals of size comparable to the mean spacing, 2/logT. In particular, for areal-
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valued even function f, and real numberst and T > 1, set

logT
Np():= > f(%(yj—f))

j=£1,+2,...

If f isthe characteristic function of an interval [—1, 1] and if all the y; are real, then N (z) counts the
number of zerosin theinterva [t — 27 /logT, T + 2 /log T]. However, we will take f so that its Fourier
transform, f(u) := [ f(x)e 2" dx, is smooth and of compact support (that is f € C°(R)), and will
not assume the Riemann hypothesis.

AsT — oo, weconsider thefluctuationsof N (t) ast variesnear T inaninterval of sizeabout H = T¢,
where 0 < a < 1. More precisely, given aweight function w > 0, with ffooo w(x)dx =1, and w compactly
supported, we define an averaging operator

T\ dr
)i

W7 :=/ W(r)w(r

We will show that for fe C(R) thefirst few moments (N 7)™ )7, m of Ny are Gaussian:

THEOREM 1.1.— Let H = T* with 0 < a < 1, and let f € C®(R) be such that suppf C
(—2a/m,2a/m) with m > 1 an integer. Then the first m moments of Ny converge as T — oo to those
of a Gaussian random variable with expectation f_ f(x) dx and variance

o= /OO min(lul, 1) £ (u)? du. (1)

A similar result holds in random matrix theory [2]: if U isann x n unitary matrix with eigenvalues €/,
one can define a version of Ny for the scaled angles n6;/2n and show that the first m moments
of N r converge to those of a Gaussian with mean f f(x)dx and variance given by (1), provided

supp f C [—2/m, 2/m]. However, the higher moments are not Gaussian. Such mock-Gaussian behaviour
isalso found for linear statistics of low-lying zeros of Dirichlet L-functions[2].

2. Proofs

Set Q(r) = 3w + Lir) + 1w} - Lir) - logr, where W(s) = L (s) isthe polygammafunction. We
need a smooth version of Rlemann sepr|C|t formula

LEMMA 2.1.— Let g € C2°(R) have compact support, and let 4(r) = ffooo g(u) € du. Then

i 1 [*® (n)
> hy)=h (——) (E)Jrg/_ooh(r)fz(r)dr—z N (g(logn) +g(~logn)),  (2)

n=1

where A (n) isthe von Mangoldt function.

Setting

ogT ety
21 (r_r))’ g(u)_long<IogT)’

where f e CX(R), wehave Ns(t) = Ny (t) + Sf(r) Where

R I 4 | | |
Nf(z)zgf_ f(‘;iT(r_z))Q(r)errf(O?TT(E—z»Jrf(ozinT(—lz—r)) 3)
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and

Z A(n) (:23;) (eirlogn + e—irlogn)_ (4)

LEMMA 2.2.— For all feCOO(IR{)

1
(Ny) TH—/ f(x)dx—i—(’)(l gT) T — oo.

Proof. — Since fe C*(R) we have that f(x) decreases faster than any power of 1/|x|, as x — %oo.
Furthermore, in the bulk of the integral, when r is closeto 7,

2 x 1 x|
Q — | =Q
( +Iog ) (T)+O(1+|t|logT>’

and since Stirling’sformulayields Q(r) = log(1 + |r|) + O(1) for all r € R an asymptotic analysis gives

o logT dr  Q(r) 1 1 log(1+ |z])
/_oof< 2r 7 ))Q(F)E_IogT/ Jeod +O<1+|r|<logr>2)+0< (logT)A > ©
forany A > 1. Therefore,

1 [ logT
<Z~/—oof< o= (r—r))Q(r)dr> / f(x)dx+(’)<logT)

The averages of the polar terms £ ('R7(5 — 1)) + £ (‘2L (~L — 1)) are bounded by O(
by Parseval

o0 IogT o t—T d_‘E_ © 27 A_27Ty ,~ _27iTy
Lo G (5 )i = Lo (gr ) meme™me

and since w has compact support, theintegral isover |y| « 1/H and isbounded by O(1/H logT). O

HIogT) ance

PROPOSITION 2.3.— For f with fe C*(R), if H— oo then the mean value of N is given by
o 1
N = d — T . 6
(NF)T.H /_oof(x) x+0<logT>’ — 00 (6)

Proof. — Inview of Lemma 2.2, it suffices to show that the mean value of Sy iszeroas H — oo. Indeed,
we have

An) ~flogn\ [/ ([ H _itlogn , ~( _H iT logn
(Srir,m = IogTZ (IogT) (w<glogn>e +w —glogn e .

Since w has compact support, and the prime powersn are at least 2, the summandsvanishonce H > 1. O

Proof of Theorem 1.1. — Assume suppfg [—p, p], with p < 2a/m. From (5) and Proposition 2.3 it
follows that

((Np=NAYrH)" ) = (ST ) (” O(IoéT))

and so it is sufficient to show that the m-th moment of S is the same as that of a centered normal random
var|abIeW|th variance given by (1), that isthe mth moment vanishesfor m odd and if m = 2k isevenequals

(2";’;), o Using Eq. (4), multiplying out (S)™ and integrating we find
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. 1 \"™ A(n ) ~/logn
<(Sf) >T,H:<_W> Z Z H - <I097f)

wem=FElng,...ny j=1
H —iT > " &jlogn;
w|l=—) eilogn;|e j=17 S
<271.§:1 j1oan;
]:

Since w has compact support, in order to get a nonzero contribution we need

m
Zejlognj

<
j=1 "

Set M =][;,—yanj and N =[], __yn;. If M # N then assume w.l.o.g. that M > N, say M =N +u
withu > 1. Thusforanon Zero contrlbutlon we need
1>>I0 =lo 1+u >>1
H 9N =% N N
and hence T = H < N < +/MN < T"/2 since n; < T* by assumption on the support of f. Since

p < 2a/m,thisisacontradiction. Therefore M = N, and > ¢;logn; = 0.
Thusfor 7 > 1, wefind (taking into account that @ (0) = [°0, w(x) dx = 1)

1 m A(nj) ~ Iogn]
(™) =<——) 2 2 H ( '
e lOgT e1,.em=%1 ny,...nm=22 j=1 lOgT
2’"=1€, logn ;=0

A standard argument in this subject (given in detail in [2]) now shows that the only terms which do not
vanishas T — oo arethose wherem = 2k iseven, and thereisapartition {1, ..., 2k} = SU S’ into digoint
subsets and abijection o : § — §’ such that n; = n,(j) and ¢; = —¢, (. There are k! (%) such terms, and

SO
wo @01 1 Am? - logn \ %\ 1
((Sp) >T,H_ k! (|092Tzn: n f(logT)> +O(|09T)'

We note that by the Prime Number Theorem, as T — oo
1 A(n)2 ~/ logn \? / 1
(IogT)Zzn: n f(logT 0 ufw?du+0 logT

Since supp f C (—1, 1), theintegral coincides with 0%/2in(1) asrequired. O
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