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Abstract In Beirlant and Guillou [1] an exponential regression model was introduced on the basis
of scaled log-spacing between subsequent extreme order statistics from a Pareto-type
distribution in the presence of censoring. From this representation, they derived an estimator
for the Pareto index. In this note, we revisit this adaptation of the popular Hill [5] estimator
for heavy-tailed distributions, generalizing the almost sure convergence of this estimator
under very general conditions &%, the number of non-censored observatidiwscite this
article: E. Delafosse, A. Guillou, C. R. Acad. Sci. Paris, Ser. | 335 (2002) 375-380.
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Convergence presque siire d’un index de queue en présence de
censure

Résumé Dans Beirlant et Guillou [1] un modéle de régression exponentiel basé sur I'écart du
logarithme de statistiques d'ordres consécutives d'un échantillon issu d’'une loi de type
Pareto a été introduit en présence de censure. De cette représentation, ils obtiennent
un estimateur de l'index de Pareto. Dans cette note, nous revisitons cette adaptation de
I'estimateur de Hill [5] en établissant en particulier sa convergence presque sdre sous
des conditions tres générales sur le nomlirede données non censuré®sur citer cet
article: E. Delafosse, A. Guillou, C. R. Acad. Sci. Paris, Ser. | 335 (2002) 375-380.
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Version francaise abrégée

Nous considérons un échantilléf, .. ., X,, de variables aléatoires positives de laiNous supposons
F de type Pareto et nous nous intéressons a I'estimation de l'index de gué&les précisément, nous
étudions, en présence de censure, la convergence presque slre d’'un estimatdéfinigpar Beirlant et
Guillou [1] de la fagon suivante :

k
~ 1 2 Xn—j+ln XN< n
. E— log 221 4 (h — N,)log =D L
Ve ky _n+Nr{ ._Z g Xn—kn,n ( ) an—knJl
j=n—N,+1
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ou X;, désigne laje™me statistique d'ordre de I'échantillon initial &, =n — N, + 1,...,n — 1. Cet
estimateur est fonction deé. données non censurées et coincide avec I'estimateur de Hill [5] dans le cas
d’absence de censure. Nous établissons les conditiorng.seircaractérisons les suités telles que notre
estimateur soit consistent presque srement. La condition principale sur la cens@re-est)/k, —

C €[0,1) p.s. Elle est par conséquent moins restrictive que celle de Beirlant et Guillou [1] correspondant
au cas particulier o’ = 0. De plus les conditions su,, similaires a celles imposées par Deheuvels et

al. [4], sont également moins fortes que celles faites dans Beirlant et Guillou [1]. Les preuves s’appuient
essentiellement sur des théorémes généraux de processus empiriques.

1. Introduction

Let X1,..., X,,... be a sequence of positive independent and identically (i.i.d.) distributed random
variables from a distribution functioR'. We suppose thak is of Pareto-type, that is, that there exists a
positive constany for which

1— F(x)=x"Y"0p(x), 1)
wherelr(x) is a so-called slowly varying function at infinity satisfying

LF(Ax)

— 1, asx— ooforallx>0.
Lp(x)

The present model is well-known to be equivalent to the following model
Ux)=x"Ly(x),

whereU (x) =inf{y : F(y) > 1—1/x}, x > 1, and with{y (x) again a slowly varying function.

Unfortunately no estimation method for exists which provides a prescribed rate of convergence for
members of this model in its full generality. Therefore, in general, a condition on the slowly varying
functions?¢y must be imposed and the classical one is the following:

ASSUMPTION (Rg, ). — There exists a real constapt< 0 and a positive rate functioh satisfying
b(x) — 0 asx — oo, such thatforalh > 1, asx — oo,

Ly (Ax)
0g o) b(x)kp (1)

with k, (1) = [; v/~ Ldv.

Since (1) involves only the upper tail of the distributién it is reasonable to construct estimators/of
based on the top extreme values of the sample . ., X, of sizen > 1. The most commonly used estimator
of this kind was proposed by Hill [5] and is given as follows:

k
1
Hk,n = E ;logxn—j—kl,n - |09 Xn—k,m

whereX; ,, j=1,...,n, denotes the order statistics based on the firsbservations. In this note, we
examine the a.s. behaviour of a tail index estimator in the context of censored data. Let us illustrate this
situation with a concrete example from the insurance field. Suppose that contract stipulate an upper limit
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to the amount to be paid out. If the data are expressed in claim ratio percentage (i.e., claim size over sum
insured) then some data will be censored at 100%, while the actuarial statistician will be interested in the

real claim ratio. One then observes a random numbesf claims to their full extent, while the remaining

n — N, observations are equal to the upper limit. In such cases, the estimation of the Pareto index for the
real loss process should proceed differently. Since we have observdd th@imsXq , <--- < Xy, p, all

smaller than the maximum valud, the Pareto quantile plot will then end with a set of points situated at

the same height lody. When estimating (of the real loss process) one should of course put less weight

on these data values. In such settings, Beirlant and Guillou [1] proposed the following adaptation of the

popular Hill [5] estimator

k
~ 1 Xn—j+ln XNpon
kon = —————— log————+®m — N,)lo 5,
Vien k—n+Nr{ ._Z g Xn—kn ( ) an—k,n
j=n—N,+1

fork=n—N,+1,...,n—1 Inthe absence of censoring, this estimator reduces to the Hill estimator. They
derived in particular the basic asymptotic propertiegf under the assumption thét — N,)/k — O

in probability or a.s. and proposed an optimal choicek diased on a MSE criterion. In this note, we
revisit this adaptation of the Hill estimator, generalizing the almost sure convergengg ainder the
following general conditions oW, : (n — N,)/k — C € [0, 1) a.s. Note that the convergence to 1 has
no practical interest since it means that asymptotically the number of observations retgireeedual

to the number of censored data. Moreover the conditions imposé&daoa less stringent than those in
Beirlant and Guillou [1], but similar to those imposed by Deheuvels et al. [4]. The case of the absence
of censoring V, = n) has been excluded in our result given below since we have imposed the condition
(n — N;)/(loglogn) — oo a.s. ast — oo, but this situation has already been studied in detail in Deheuvels
etal. [4].

THEOREM. —Under Assumption (Ry,), if (1) holds, whenever £ — 0, Iog{(ogn — 00,22 — Ce[0,1)
n—N,

a.s. and W — o0 a.s. asn — 0o, we have

lim y.,=y as
n—oQ

The proof of this theorem requires several lemmas which will be postponed in the next section. Note
also that the weak convergence and the asymptotic normalif¢ pfunder this more general condition
on N, is only a direct adaptation of the same result in the ¢ase0 and it can be found in Matthys et
al. [6]. Under this general condition, Matthys et al. [6] proposed also two estimators of extreme quantiles
for censored observations and they established some asymptotic results. Then, they compared their small
sample properties in a simulation study and they discussed the optimal chéieéheh using the extreme
quantile which is the analogue of Weissman'’s [8] estimator in the censoring case.

2. Proof of thealmost sure convergence of yi

Let Uy, Us, ... be a sequence of independent and uniformly distributed random variab{@sXrwith
U; . the order statistics based on the fiisbbservations. Als@, denotes the right continuous empirical
distribution function based otiy, ..., U, and Q(s) = log(inf{y : F(y) > s}).

It is clear that our estimator can be rewritten as

n UNr.n

Pin = pEra (1= Gnls)) dQ(s).
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Set

n Ny/n
e /1_k/n( )dQ ()

We can establish that, n, converges a.s. tp under the assumption thét — N,)/k — C €[0,1) a.s.
using Lemma 3.2 in Csdégand Mason [3]. Therefore it is sufficient to study the differefice — wn. n, to
conclude. Now, we consider a decomposition of this last quantity as follows.

7}k,n — Mn,N, =: Tl,n + TZ,n + TS,ns

where
Tin = ity Jivi ) (0= Gr () dQ(w),
Ton = — = Jieh (1= Gu(w)) dQ ),
Tan = =i i (1= Gu()) dQ ().

We split nowTy , into two parts:

D . 1—(loglogn)
{ len k— n+N, fl k/ng gn)/n (M — Gn(u)) dQ(u),
( ) Ny
Iy = =nrw, n+N, L (Igglogn)/n (” - Gn(”)) dQ(u)

and in the two following lemmas, we study each term separately.

LEMMA 1.-Under Assumption (Ry,,), if (1) holds, Whenever — 0,
[0,1) a.s.asn — oo, We have

Ioglogn — oo and —"_ka —-Ce

T(l) —0 as asn— 0o.

Proof. — It is clear that

12 12 .1
7] < ('Oglﬂ> (5> / (1-w2dow)
k n 1—k/n

sup VnlGu(s) = sl k
0<s<l (loglogn)/n v/Toglogn/1—s k —n + N,

Lemma 1 follows now from Lemma 3.2 in Cs@rgnd Mason [3] and Theorem 3.2 in Csaki [2]0

LEMMA 2.—-Under Assumption (Ry,,), if (1) holds, Whenever — 0,
[0,1) a.s. asn — oo, We have

n—N,
|0glogn —ooand 4~ — C €

Tl(zn) —0 as.asn— oo.
Proof. — Note that

1

1
| ‘ —n+ Ny ( /1_“09'09")/”( W aew 1—(|Og|0gn)/n( (M)) Q)

Using again Lemma 3.2 in Csdgand Mason [3], combining with the a.s. convergence to zero of the
quantitynk 1 fll—(loglogn)/n(l_ G, (u))dQ(u) established in Deheuvels et al. [4], Lemma 2 follows

Now, we study the second term in the decomposition.
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LEMMA 3. —-Under Assumption (Ry,, ), if (1) holds, whenever — 0,
[0,1) a.s.asn — oo, We have

Ioglogn — oo and —"_ka —Ce

T2, — 0 as asn— oo.

Proof. — We can rewritel’ , as follows:

k 1 Un—k.n d
Toy=—————nk™ 1-G, .
20 =~k /1_k/n (1= Gu(w) dO@)

Using the convergence @i — N,)/k to C € [0, 1) a.s. and Lemma 7 in Deheuvels et al. [4], the proof of
Lemma 3 is achieved.O

Under an additional assumption, which(is— N,)/(loglogn) — oo a.s. ast — oo, we establish in the
following lemma the a.s. convergence to zero of the last term in the decomposition.

LEMMA 4. —Under Assumption (Ry,,), if (1) holds, whenever £ — 0, |0gf‘ogn — 00,25 — Ce[0,1)

n—N,
a.s. and Iogloén — 00 a.s.asn — 0o, we have

T3, — 0 as asn— oo.

Proof. — Using the fact thaG, (-) is an increasing function, we have
N, N, N,
a=o()| w5l
n n—Ny| n n
The assumptions of Lemma 4 and Theorem 3.2 in Cséki [2] give the a.s. convergence to zero of the quantity

o))

Therefore, it is sufficient to study the a.s. behaviour|@(Uy, ») — Q(N,/n)|. Using the Karamata
representation

T, < ——
3,n\k +N

n
n— N,

01 —ys)= —ylogs+|oga(s)+/ f(u) i,

wherea(s) — ag € (0, 00) and f (s) — 0 ass — 0, combining with the fact that + Uy, , — 0 a.s., we
only have to prove thatlog 2= Nf —log(1 — Uy, )| tends to zero a.s. First, we note thatlog(1l — U;),

>1=2{y;, i>1) whereY are i.i.d. random variables from an exponential distribution with parameter
1. Therefore, settingi the distribution function o1, ..., ¥, andH, the empirical distribution function
associated, the quantity of interest can be rewritten as

wt(5) ()=l (e () - ()

"\ n n "\ n n

’G;%Nr/n) — N;/n
1-N,/n

|Vn(Nr/I’l)| Nr/n
S V(N /n)(L=N,/n) \/;(1—{- o(1)),

whereV, (-) denotes the empirical uniform quantile process.

(1+o(1))’
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Then, using Theorem 1 in Shorack and Wellner [7] (p. 616) combining with the assumptia¥is, on
Lemma 4 follows. O

Combining the four lemmas, the proof of Theorem 2 is achievedl.
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