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Abstract We classify the holonomic systems of (micro) differential equations of multiplicity one
along a singular Lagrangian irreducible variety contained in an involutive submanifold of
maximal codimension. We show that their solutions are relatgdjto, hypergeometric
functions on the Riemann sphefi@ cite thisarticle: O. Neto, P.C. Silva, C. R. Acad. Sci.

Paris, Ser. | 335 (2002) 171-176. O 2002 Académie des sciences/Editions scientifiques et
médicales Elsevier SAS

Systémes holonomes avec solutions ramifiées le long d’un cusp

Résumé On classifie les systemes holonomes d’'équations (micro) differentielles de multiplicité un
dont le support est un espace analytigue complexe Lagrangien, singulier, irréductible et
contenu dans une sous-varieté lisse de codimension maximal. On montre que leur solutions
sont en rapport avec des fonctiop&,_1 hypergeométriques sur la sphére de Riemann.
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Version francaise abrégée

Dans la suitek et n sont des entiers positifs tels que2k < n — 1 et (k,n) = 1. On définity =
xdx + (n/k)ydy. Soientl; la matrice identité d’ordre et N; le bloc de Jordan nilpotent d’ordre

THEOREME 1. — Soit L un C{x}-module libre de dimensiok. SoitV un endomorphism€&-linéaire
delL tel queV(fu) =x(df/dx)u + fVu pour f € C{x}, u € L. Soitp un endomorphism&{x}-linéaire
deL tel que[V, p]l = ((n —k)/k)p et p* = (n/k)kx"*.

Alors il y a des nombres complexks i € Z, et générateurs dé&, u;, i € Z, tels que(1) soit vérifiée,
Ujrk =u;, (ug, ..., ux—1) soitune base dé&, Vu; = Aju; etpu; = (n/k)x%“u;y1,i € Z.

On va noterR la C-algébreC{x, p, 11, ..., tn—2}/(p* — (n/k)*x"%). La dérivationxd, + ((n —
k)/k)pd, deClx, p, 11, ..., tn—2} induit une dérivatiom de R.

THEOREME 2. — Soit L un R-module sans torsion de type fini et rang un. Soitin endomorphisme
C-linéaire deL tel queV(fu) = A(f)u+ fVupour f € R,u e L.
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Silesd;;, 1< j <m — 2, agissent sui. comme des endomorphisniédineaires tels quedy; (fv) =
@f/otj)v+ fo v, 1< j<m—2, fe R,velL,alorsL estC{x,11,..., t,,_2}-libre de rangk. De plus, il
y a des nombres complexgs i € Z, et des générateurs de, v;, i € Z, tels quev; 1 = v;, (vo, ..., Vk—1)
soit une base d@{x, 1, ..., tn,—2}-moduleL et (1), (5) soient verifiées.

Preuve. -Supposons = 2. Puisquel est unR-module de type fini eR est unC{x}-module de type
fini, L est unC{x}-module de type fini. Puisqu€{x} est un domaine d’ideaux principaux Etest un
C{x}-module sans torsionl, est C{x}-libre de dimension finie, disons Soit K le corps des fractions
de R. Puisque les anneauX{x}[x ][ p]/(p* — (n/k)*x"7¥) et C{x}[x 1] ®c(x) R sont isomorphes et
puisquep® — (n/k)*x"k définit un polyndme irréductible sur le corf$x }[x 1], C{x}[x Y ®cp R~ K.
PuisqueR estC{x}-libre de rangk, K est un espace vectorial sG{x}[x~1] de dimensiork. Puisque
Cix}x Y ®cix) L ~ K ®@r L et L est unkR-module de rang unk est un espace vectoriel sOfx} x4
de dimensiori. Ceci entraine I'egalité= k. Par le Théoréme 1 on a le résultat poug= 2. Le cas général
est prouvé par inductionen. 0O

THEOREME 3. — Les systémes holonomes de multiplicité un sont réguliers holonomes.

PROPOSITION 4. — SoitA le germe ey € T*X \ X d'un ensemble analytique Lagrangien, conique et
irreductible. SoitM la fibre au pointgy d’'un £x-module holonome de multiplicité un le long deSoitN le
réseau canonique d& (voir Théoremes.16de[3]). Alors N/N(—1) est unO, ,(0)-module sans torsion
de type fini et rang un.

THEOREME 5. — Soientc, A}, i =0,...,d — 1, des nombres complexes tels que (C \ R)U]0, 1],
AL #0, for all i, et {A; — A’j :0<i,j<d—-1 NN+ (1-c)N) c{0}. Alors il y a une solution,
unique, du probléme microdifferentiel de CaugBy ou Ao = diag(ry, ..., A1), U € Ma(Ex,(0,dy)(0),
etA_1 € My(Ex,0,dy)(—D).

Etant donnés des nombres complexgs € Z, tels que (1) soit vérifié, on noté1;,, (resp.Lg,)) le
Ecm-module (respDcm-module) engendré pag, i € Z, vérifiant les rélations (7).

THEOREME 6. — Etant donné un systéme d’équations microdifferentiel¢sle multiplicité un le long
du conormal de I'hypersurface d&”, y* = x", il y a des nombres complexas i € Z, tels que(1) soit
vérifiée etM g qy) Soit isomorphe &M ;) 0,dy)-

Preuve. -Soit V' le réseau canonique d&f. La fibre au point(0, dy) de O, (0) est égale ak. On
va noterM, N et L les fibres au point0, dy) des faisceaux\, N et N'/N'(-1) respectivement. Par la
Proposition 4L est unR-module sans torsion de type fini et rang un. L'operateagisse suR comme la
dérivationA. De plus,[¢, p] = Hy () (p) = ((n — k)/k) p. En définissanV = ¢, on conclt que_ vérifie
les conditions du Théoréme 2. Soient i € Z, des générateurs podr vérifiant (5). Il existent; € N,

i € Z,tels quev; =u; + N(-1) etu;; =u;, i € Z.Lesu;’s engendrent|€y (o,dy)(0)-moduleN. De plus,
(axay—l)u,- + (n/k)x%u;+1 et (9 — xj)u; € N(=1). Par le Théoréme 5 on peut supposer ¢ue = A;u;.
Par une variation de I'argument de la preuve du Théoréma]y—l)u,» 4+ (n/k)x%u;y+1 € N(-I) pour tous
1> 1.Donc(d,0; Hu; = —(n/k)x*uiy1,i € Z. O

THEOREME 7.— Soit £ le germe a l'origine d’'unDc~-module coherent de varieté caractéristique
I'union du conormal de I'hypersurface = x” avec la section nulle. Alor&€ a multiplicité un le long
du conormal dey* = x” et on a un isomorphisme de espaces vectoriels complgxeso — Lo si et
seulement si il y a des nombres complexes € Z, tels que(l), (11) soient vérifiées ef soit isomorphe
é‘ﬁ()w')'

Le Théoreme 7 c’est une conséquence du Théoréme 6 et du Théoréme 8.6.19 de [2].
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On définit v(x, y, 1) = y*k/"yq(x, y,t). Puisquedv = 0, v est constant le long des fibres de
Iapplication y : (C2\ {(0,0)}) x C"2 — P, définit pary(x, y,t) = (x" : y¥). Alors il existe une
fonction ¢ multivaluée holomorphe s \ {0, 1, oo}, telle queuo(x, v, 1) = y*k/p(yk /x™). De plus,

@ est une solution d'une equation differentielle hypergeométrigjue; .

Let k, n be integers s.t. L k <n —1 and(k,n) = 1. Let X be a complex manifold of dimension
m. Letw : T*X — X be the cotangent bundle &f. Let A be a germ of a conic Lagrangian subvariety
of T*X \ X. By Theorem 8.3 of [7], ifA is singular and irreducible andl is contained in an involutive
submanifold off * X \ X of codimensiom: — 1, there exist a system of local coordinatesy, 1, . . ., f—2)
s.t. A can be identified with the conormal of the hypersurfate= x”. These are the singular Lagrangian
varieties with milder singularities. We can find in [7], Theorem 8.6, the classification of the systems of
microdifferential equations with simple characteristics alangThe purpose of this paper is to classify
the systems of microdifferential equations of multiplicity one alohgAs a consequence we obtain a
classification theorem fdP-modules. For a topological approach to this problem cf. [5].

1. Main result

We denote the identity matrix of ordeby 7, and the nilpotent Jordan block of ordely N;.

LEMMA 1.— Leta € CandY € M, (C{x}[x~1]) s.t.(x(d/dx) —a)Y = YN, —N,Y.lfa ¢ Z,Y =0.
IfaeZ, Y =Cx“ whereC € M, «,(C) s.t.CN, — N,C =0.

THEOREM 2. — Let L be a freeC{x}-module of dimensiok. LetV be aC-linear endomorphism aof
such thatV(fu) = x(df/dx)u + fVu, f € C{x}, u € L. Let p be aC{x}-linear endomorphism aof. s.t.
[V, pl=((n —k)/k)p and p* = (n/k)*x"~*.

There exist complex numbexs i € Z, and a system of generatorsbfu;, i € Z, S.t.

Ntk = i, o ;=X — Ai+1+ (n —k)/k is anonnegative integer (1)
ujrx =u;, (ug, ..., ux—1) isabasis ofL., Vu; = Aju; and pu; = (n/k)x%u;+1,i € Z.

Proof. —If A = (a; ;), B = (b; ;) are respectively the matrices ¥ p w.r.t. a basiguo, ..., ux_1) of L,

d n-—k
(xa— p )B:[B,A]. )

Assume the additional hypothes#sis constant We can assume that is the direct sum of Jordan
blocksA, of sizem, and eigenvalug,, 0<r <1 — 1, where 1< < k. Consider the block decomposition
B=(Bs),0<r,s<Il—1, By € My, xm (C{x}). Let A, = A1, + Ny, be the decomposition of the
Jordan blockA, into semisimple and nilpotent parts. We get a block decompodiioi] = (B, ;As —
A Brs), BrsAy — ArBrs = (As — Ar)Brs + BrsNig, — Nu, Brs. Hence (x(d/dx) + A, — Ay — (n —
k)/k)Bys = By 3Ny, — Nm, Brs. By Lemma 1 there are matriceS.; € My, xm, (C), 0< r,s <1 — 1,
St B,y = Cpyx?~+=0/k HenceB,; =0 oris — A, + (n — k)/k € Z. By the assumptions dnandn,

B,,=0 and B, ,.Br .- sBr, y.n 0= By, =0 fore=2,...,1 -1 (3)

In particular! > 2. Since B¥ = (n/k)*x"* I, there are integers, ...,ix-1, s.t. 0<i; <! —1 and
Big,iyBiy,ir- -+ Biy_1.ig #0. If 0<r <5 <k — 1, i, # i,. Otherwise there would exist a constant matrix
C#O0StB; ;- Bi 4 =xE0"R/kC and(s — r)(n — k)/k € Z. Hencel = k andj > i; defines

a circular permutation of0, ...,k — 1}. We can assums8;; #0if j =i +1 (modk),i =0,...,k — 1.

By (3) Bj,; =01if j#£i+1(modk),i =0,...,k — 1. ThusA is a diagonal matrix with eigenvalues,
0<i <k—1. Moreoverpu; =Ci11;x%u;11, whereo; = A; —Ajy1+(n—k)/k,i € Z, andx; = A; if

j =i (modk). By Lemma 1; € Z. Since(uy, ..., u;+,—1) is a basis of th&{x}-moduleL, «; > 0. Up
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to aC-linear change of basi€;;+1; =n/k for 0<i < k — 1. The reduction of the general case to the case
A is constants a variation on a standard manipulation of shearing transformatians.

It follows from (1) thata; 4 = a, for all i, and> ¥} a; = n — k.
Let R denote theC-algebraC{x, p,t1, ..., tm—2}/(p*¥ — (n/k)*x"~%). The derivationxd, + ((n —
k)/k)pd, of C{x, p,11,..., ty—2} induces a derivation of R.

THEOREM 3. — Let L be a finitely generated torsion-freR-module of rank one. Le¥ be aC-linear
endomorphism of. s.t.

V(fu)=A(f)u+ fVu, f€eR, uel. (4)

If 9, 1< j<m—2, actonL asC-linear endomorphisms and, (fv) = (3f/9tj)v + fo;v, 1< j <
m—2,for f e Randv e L, L is afreeC{x, 11, ..., t,—2}-module of rank. Moreover, there are complex
numbersy;, i € Z, and a system of generators bf v;, i € Z, s.t.(1) holds,v;4x = v;, (vo, ..., vk—1) IS @
basis ofL as aC{x, 1, ..., t,,—2}-module and

Vv =2vi,  pui=@m/k)x%viv1, 9,1 =0, 1<j<m—2 )

Proof. —Assumem = 2. SinceL is a finitely generate&-module andr is a finitely generated{x}-
module,L is a finitely generate@{x}-module. SinceC{x} is a principal ideal domain anH is a torsion-
free C{x}-module,L is a finitely freeC{x}-module. Let/ be the dimension of th€{x}-moduleL. Let
K be the quotient field oR. Since the ring<C{x}[x [ pl/(p* — (n/k)*x"~*) and C{x}[x 1 ®c(x) R
are isomorphic ang* — (n/k)*x"* is irreducible overC{x}[x 1], C{x}[x 1] ®cy} R is a field. Hence
C{x}[x~Y ®cix) R=K. SinceR is C{x}-free of rankk, K is aC{x}[x~1-vector space of dimensidn
SinceC{x}[x 1] ®cyx} L is isomorphic toK ® L andLL is anR-module of rank onek is aC{x}[x1-
vector space of dimensidnHencel = k. The result follows from Theorem 2.

__The general case is proved by inductionzin Assumem = 3. Sett = t;. The C{x, p}-module
L = L/(¢)L verifies the assumptions of the theorem foe= 2. Letv;, 0<i < k — 1, be a basis of..

Choosev;, 0<i <k—1,s.tv; =v; + (t)L. Let M be theC{x, t}-module generated by the’s. Since
L=M+@)Lforalll, M = L (se€[6], PropositionI. 1.1.3.). IiZf:l ajvi =0,a; € (1) forO<i <k—1.

Hencea; € (1)) for 0<i <k —1,1 > 1. Thereforev;, 0< i < k — 1, is a basis of. After performing a
base change coming from the solution of Cauchy problem we can assuniguhat) =0, 0<i <k —1.

SinceVu; — Av;, pv; — (n/k)x%v; 41 € (¢t)L, relations (5) hold. O

THEOREM 4. — Holonomic systems of multiplicity one are regular holonomic.

Proof. —A nonvanishing sectiom of a holonomic€-module M of multiplicity one alongA is a local
generator ofM. Set M = Ex (O)u/Ex (—1Lu. By the definition of multiplicity of [6] (Appendix D), there
is a dense open subsEtof the support o s.t. (Iy ® M)|y = 0. Henceu|y is a generator with simple
characteristics oM |y . ThereforeM is regular holonomic at a generic pointaf O

PROPOSITION 5. — Let A C T*X \ X be the germ at a poing of an irreducible conic Lagrangian
variety. LetM be the fiber aty of a holonomic€x-module of multiplicity one along\. Let N be its
canonical lattice(see [3] Theorem5.16) ThenN/N(-1) is a finitely generated torsion fre@, ,(0)-
module of rank one.

THEOREM 6. — Consider the microdifferential Cauchy problem
[Cxax + yay7 U] - [A07 U] - A—lU = 07 UO(U)((07 d)’)) = Id7 (6)

where U ¢ Md(gx’(o,dy)(O)), ce (C\R)YU]IO, 1[, Ao € My(C) and A_1 € Md(fx,((),dy)(—l)). If Ag is
semisimple with eigenvalueg, ..., A;_, verifying{; —1’:0<i,j <d -1} N(cN+ (1 —0o)N) C {0}
there is one and only one solution (®).
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Set# =xd; + (n/k)ydy. Let A;, i € Z, be complex numbers s.t. (1) holds. We denoteMy; ;) the
Ecm-module given by the generatars i € Z, and relations

Uitk =ui, (O —=r)u; =0, uj =—m/k)x“dyuit1, u; =0, 1<j<m—2 (7
We denote by, the Dc»-module given by the same sets of generators and relations.

THEOREM 7. — Let X be a complex manifold of dimensien Let A be the germ ay € T*X of an
irreducible conic Lagrangian variety contained in an involutive submanifol@oX \ X of codimension
m — 1. Given a system of microdifferential equatiof$ of multiplicity one alongA, there are complex
numbersy;, i € Z, s.t.(1) holds and, after a convenient quantized contact transformation, the gejrofat
M is isomorphic taM ).

Proof. —Let A/ be the canonical lattice 0¥1. By the remarks in the first paragraph of this Note the germ
at (0, dy) of O, (0) equalsR. Let M, N andL denote, respectively, the germg@tdy) of the sheaved,
N andN /N (-1). By Proposition 5L is a finitely generated torsion fre&-module of rank one.

Since [¥, £x(0)] C Ex(0) and [¥, ZA(—1)] C Za(-1), the operator) acts onR as a derivation by
U (f) = oo([0, P]) = {0 (D), 00(P)} = How)(f), Wwhere P € £x(0) s.t. op(P) = f. The Hamiltonian
vector fieldH, (5) equalsxdy 4 (n/k)yd, + ((n —k)/ k) pd, — nd,. Hencey acts onR as the derivatiom
and[®, p] = Hy(9)(p) = ((n — k)/k) p. By the regularity condition (k) C N (k) andd,; N (k) C N (k)
forkeZand1<j<m—-2.fueN,v=u+N(-1), P € Ex(0) andf =oo(P), ® Pu = [0, Plu+ Pdu.
SettingV = ¢ we deduce that (4) holds. Henteverifies the conditions of Theorem 3.

Letv;, i € Z, be a system of generatorsbfs.t.v;+x = v; and (5) holds. There atg € N, i € Z, s.t.

vi=u;+N1) and ujr=u;, I[€Z. (8)
Theu;’s generate th€y (0,dy)(0)-moduleN. Moreover,
(005 i + 0/ l)xuira, (9 —diui € N(=D). 9)

By Theorem 6 we can choose thgs verifying (8), (9) and s.tdu; = A;u;. A variation on the argument of
the proof of Theorem 2 shows theﬁxay—l)u,- + (n/k)x%u; 1 € N(—1) forall 1 >1. Hence(axay—l)ui =
—(n/k)x%ujy1,i €Z. O

2. D-modules

Given a ringR and an element € R, we use Pochammer’s notati@); =s(e +1)--- (¢ + j — D).

THEOREM 8. —Let £ be the germ at the origin of a cohereBt-»-module with characteristic variety
equal to the union of the conormal of the hypersurfgte- x” with the zero section. Thehhas multiplicity
one along the conormal of* = x" and

dy : Lo— Lo (20)
is an isomorphism of complex vector spaces if and only if there are complex nurmhessZ, verifying(1)
s.t. £ is isomorphic tol,,) and

A g (n/k){=1,-2,...}, 0<i<k-1 (112)

Proof. —Let us show that the condition (11) is necessary.¢Set(0, dy). By Theorem 8.6.19 of [2] and
Theorem 7L is isomorphic to som®-moduleL,,,. Hence

yoyuy = (k/m)rug +x* oyup,  du =0, 1=0,....k—1 j=1...m—-2 (12
It follows from (12) and (7) that we have an isomorphism of complex vector spaces

k-1

(Lo = ED(CLx},] @ yCix, yhu. (13)
i=0
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SetV = @ ((C{x}[8 1@ yC{x}yDu;. Seté;; =i +or+ -+ a4i—1, 0<I <k —1,i > 0. Assume
that (10) is |nJect|ve We will show by induction inthati; ¢ (n/k){ 1,-2,...,—r}. Set

1

sz—xs’f“uz+1+1+zk " LR, 11—(k—+J+1> V- 050),  (14)
i=1

forO<I<k—1,0<j<r.Since

O (" up = 0r1) = (Mlk/n) +7 + 1)y w (15)

and sinceQ,; is aC{x}-linear combination 0§/u;, 0< j <r,0< 1 <k—1,7(k/n) +r+1#0. Assume
that (11) holds. There are complex numbgrs,, s € N, s.t.

@yy)sur = ((kar/n) + 1) i+ > by rsx®rdhupy,. (16)
r=1
Since (dyy)s = (9y)*y*, ((k/m)r; + D0 up = y'up — do—1 bl,r,sxsl"a;_sul-i-r € GBL_SL Clx, y}ur.
Let W_s [V_], s € N, be the C{x, y}-submodule of@f;é@{x,y}ul [C{x}[y]-submodule ofV]
generated by)y—su,, [=0,...,k — 1. By the definition ofW, @f_olé’cm ¢(9uy is contained inW; +
EB,‘&&Cm (s — Duy, forall s <O0. HenceEB &cm (0)u, - WO+@, -0 &cm (s)uy, forall s > 0.
By [6], Proposition 11.1.1. 369 (C{x y}ul @, -0 &cm .4(Ou;. Hence the inclusion(£,;))o —

(Mai)g is surjective. Letd denote theC{x}-linear endomorphism o¥ defined byd>(3’+1u1) = ay uy,
®(y/u;) = Rj, j > 0. Notice that (10) induces@{x}-linear endomorphism of . Moreover,

HV_y CV_gyr, W_yCW_ey1 and (Vo) CV_y_1, s20. a7

By (15), ®(dyy/u;) = y/u; for j > 1. Hence the kernel of (10) is containedWn_, for s > 0. Thus (10) is
injective. By (17) and (14)8)<I>(y/ul) =ylu for0<i<k-—1,j>0. Henced, Lo+ W_, = Lo forall 5.
By Proposition 11.1.1.3 of [6], (10) is surjective. The result follows from Theorem 8.6.19 of [2].

Set v(x, y, 1) = y*k/"yq(x, y,1). Sincevv = 0, v is constant along the fibers of the map:
(C2\ {(0,0)}) x C"—2 — PL defined byy (x, y, 1) = (x" : y¥). Hence there is a multivalued holomorphic
functiong on P!\ {0, 1, o0}, S.t.uo(x, y, 1) = y*¥/"p(yk/x"). Sets, = xd, ands, = yd,. Notice that
(Bxp) oy =—nd(poy), Byp)oy =ks (woy) andsdyu; = —(n/k)x*ayui 1.

Since (¥ /x™) TT525 (5« Z ot — j — 1) — (—(n/k)*y*akJuo =0,

[[1=5(8: — £ +%2) = 28: T8 (6: + & /(e +J + )] ¢ =0.
Thereforep is a solution of qu_l hypergeometric differential equatioseg[4,1]).
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