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Note presented by Paul Deheuvels.

Abstract We investigate the asymptotic behavior of the maxima of a general class of deterministic
chaotic processes — including the tent map and the logistic map —, of noisy chaotic
processes, and of the Gaussian long meniefgctor Gegenbauer processés.cite this
article: D. Guégan, S. Ladoucette, C. R. Acad. Sci. Paris, Ser. | 335 (2002) 73-78. 0 2002
Académie des sciences/Editions scientifiques et médicales Elsevier SAS

Valeursextrémes pour des processus non linéaires particuliers

Résumé Nous étudions le comportement asymptotigue des maxima d'une classe générale de
processus chaotiques déterministes — comprenant les applications tent et logistique —, de
processus chaotiques bruités et des processus longue mémoire gaussiens de Gegenbauer a
facteursPour citer cet article: D. Guégan, S. Ladoucette, C. R. Acad. Sci. Paris, Ser. | 335
(2002) 73-78. O 2002 Académie des sciences/Editions scientifiques et médicales Elsevier
SAS

Version francaise abrégée

Dans cette Note, nous nous intéressons au comportement extremal de certains processus stationnaires
non linéaires a partir du comportement asymptotique de leurs maxima. Nous considérons d'abord les
processus générés par une famille paramétrique d’applications chaotiques définie par le systéme (3), ou le
parametre est tel que 12 < v < 2 (voir Hall et Wolff [9] et Lawrance et Spencer [11]). Nous considérons
aussi les processus générés par une version bruitée du systeme chaotique (3) p#i2 dgfinie par le
systeme (4), olis, ),y €St une suite de variables aléatoires indépendantes et identiquement distribuées
de densitéB(a, b) (a, b > 0), indépendantes deX,,),cn. Enfin, nous considérons les processus longue
mémoire de Gegenbauekdacteurs définis par I'équation (5), ou les paramétres sont telsdgue 1/2
si|uil <1,|d;| <1/4si|vi|=1,d; #0,pouri =1,...,k, et ou(e,),ez €St un bruit blanc gaussiendir
Giraitis et Leipus [4] et Woodward et al. [14]).
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Dans la suite(M,),cn désigne la suite du maximud,, = maxZi, ..., Z,), n > 1, associée a un
processusZ,),cn de fonction de distribution marginale. Les Théorémes 2, 3 et 4 établissent la fonction
de distribution limite de la suitéM,,),cn associée respectivement aux processus dépendants (3), (4) et (5).

THEOREME 2. —S0it (X,),en UN processus stationnaire associé au systé®evecv fixé, dont la
fonction de densit§ est continue et strictement positive Bf2. Si (X,,),en possede un indice extrémal
vérifiant0 < 6§ < 1, alors F appartient au domaine d’attraction de Weibull d'inditgv, i.e.:

P{cy XMy — dy) <x} — Wa,(x)

avecc, = (f(1/2)60n)~" etd, = 1.

THEOREME 3. —S0it(Y,),eN UN processus stationnaire associé au systéthavec(s,), N de densité
B(a,b) (a,b > 0). Si (Y,)sen posséde un indice extrémal vérifishit< 6 < 1, alors F appartient au
domaine d’attraction de Weibull d’indic@b + 1)/2, i.e.:

P{cy XMy — dy) <x} = Wiapt1)/2(x)

al(atbion _\=2/@+D o4 = 2 ouT est la fonction Gamma.

avecen = (D r e

THEOREME 4. —Soit (X,),ez un processus stationnaire de Gegenbauet dacteurs gaussierf5)
d’écart-types, tel quemax(ds, ..., dy) > 0. Alors, F appartient au domaine d’attraction de Gumbel, i.e.

P{c, XMy — dy) <x} — Ax)

loglogn+log 471)

avece, = o (2logn)~Y2 etd, = o ((2logn)/2 — SBToan?

Les Théorémes 2 et 3 sont basés sur I'existence et la non nullité de I'indice exérééf@ii en (2). Ne
prouvant pas ce fait de maniére théorique, nous proposons une méthode permettant I'estimation empirique
de cet indice. Ainsi, toutes les constantes de normalisations apparaissant dans les différents théoréemes
peuvent étre estimées, et les résultats de cette Note peuvent étre utilisés pour faire des calculs de risque par
le biais des quantiles extrémes.

1. Introduction and background

Extreme value theory is an area of statistics devoted to the development of models and techniques
for estimating the behavior of unusual or rare events which are important in several domains, such as
meteorology, physics, biology, finance and internet traffic. In this Note, we investigate this theory for a
family of chaotic maps (the generalized tent family) representing deterministic dynamical systems, with or
without measurement noise, and for a particular class of long memory processes.

Throughout this Note, we denote b, ),cn the sequence of the maximum defined b, =
max(Z1, ..., Z,), n > 1, associated with a proce&s,),n with marginal distribution functiorF, xr the
right end point of a distribution functiod, andg € Ry a positive Lebesgue measurable function on
10, 4+-o0[ which is regularly varying a#-oco with indexs§ € R.

Let (X,).en be a sequence of independent and identically distributed (i.i.d.) random variables. The
classical extreme value theory deals with the distributioMgfasn — +oo, and its central result is the
following theorem derived by Fisher and Tippett [3] and first proved rigorously by Gnedenko [5]. This
theorem gives the possible limiting forms for the distributionMf under linear normalizations.
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THEOREM 1. —Let(X,),en be a sequence of i.i.d. random variables. If for some sequences of constants
¢, > 0andd, € R we have

P{c, XMy —dy) <x} — H(x) (1)

for some non-degenerate distribution functiin then H belongs to the type of one of the following three
distribution functions

0, x <0,

Frechet &4(x) = {exq—x_a) x>0, >0

Weibult W, (x) = {ixp(—(—x)a), i fg, a>0,

)

Gumbel A(x)=exp(—e ), xeR.

We say that the distribution functiahf of a sequence of random variables, ) ,en belongs to the domain
of attraction of a distribution functiof/, and we writeF € D(H), if (1) holds for some sequences> 0
andd, € R. Necessary and sufficient conditions are known for each type of limit, involving the behavior of
the tail 1— F(x) (denoted byF (x)) asx increases to infinity.

Before defining the three kinds of models that we consider in this Note, we recall the definition of the
extremal index which turns out to be useful in the sequel. Following Leadbetter et al. [12], a stationary
processZ,),en has an extremal inde (0 < 6 < 1) if for every t > 0 there exits a sequence,), <N
such that:

im n(1—F@u,))=7t and lim P(M, <u,)=¢e"". (2)

n——+400 n——+400

First of all, we consider the processes generated by a parametric family of chaotic maps defined by:

B (1-(1-2X,)", 0<X,<1/2,
Xn+l = (ﬂv(Xn) - { 1— (an _ 1)1)’ 1/2 < Xn < 1, (3)

where 12 < v < 2. These processes are used for instance in engineering systems, see Lawrance and
Spencer [11]. This family of chaotic maps contains the tent mag () and the logistic mapu(= 2)
and itis referred to as the generalized tent family, see Hall and Wolff [9]. Invariant densities associated with
the processes (3) are only known foe= 1/2 (the density isf (x) = 2(1—x), x € [0, 1]), v = 1 (the density
is uniform on[0, 1]) andv = 2 (the 8(1/2, 1/2) density).

In the sequel, we also consider the processes generated by the following scheme:

Y,=X,+¢e,, neN, )
X, =4X,_1(1-X,_1), neN*,

whichis a noisy version of the system (3) whea: 2, where(e,, )< is @ sequence of i.i.d. random variables
independent ofX,,),cn With a density which belongs to th&«, b) class &, b > 0). Such processes with
an additive noise whose density has a finite support are useful to take into account measurement errors.
They are extensively used in physics, see for instance Loreto et al. [13]. We choose this class of densities
for the noise since it contains the uniform density<{ b = 1) and theg(1/2, 1/2) density.

The last model we consider is the Gaussian long merkdactor Gegenbauer process,, ),z defined

by:
k
[T(7 —2viB+ B3 "X, =, (5)
i=1
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with |d;| < 1/2 if |v;| <1, |d;| < 1/4if |luvil=1,d; 20 fori =1,...,k, and(e,),ez @ Gaussian white
noise geeGiraitis and Leipus [4] and Woodward et al. [14]). When rGAx. . ., di) > 0, the process (5) is
persistent since its spectral density explodes at least at one frequency. We investigate this process because
recently it has been proved that specific chaotic systems can also present long memory behavior, see Guégan
and Ladoucette [7] for the general logistic map and Guégan [6] for systems in higher dimension.

In the following section, we provide some results related to the extremal behavior of the processes (3),
(4) and (5) through the asymptotic behavior of their maxima.

2. Maxima'slimiting distribution of processes (3), (4) and (5)

The set of the invariant densities associated with the processes (3) which are continuous and strictly
positive at ¥2 is non emptygeethe cases = 1/2, 1 and 2). Taking this property into account, we provide
in Theorem 2 the domain of attraction of the marginal distribution function associated with the process (3).

THEOREM 2. —Let (X,),en be a stationary process associated with the sygt@&rfor a fixedv whose
density functionf is continuous and strictly positive &y2. If (X,),en has an extremal inde@ < 6 < 1,
then the distribution functiof of the process belongs to the domain of attraction of the Weibull distribution
with index1/v, i.e..

Pl (My — dy) <x}— Wi/0(x)
with ¢, = (f(1/2)6n)~" andd, = 1.

For instance, we gdt € D(¥1), ¢, = (9n) 1 andd, = 1 for the tent process(= 1), andF ¢ D(V¥y,2),
cn = (/(20n))? andd, = 1 for the logistic process (= 2).

In Theorem 2 we assume that the extremal in@ef the process (3) exists and is different from zero.
This assumption is also made in the next theorem for the process (4). Since we do not provide the theoretical
value ofé in these two theorems, we shall discuss a method for estimating it in the next section.

In the following theorem, we provide the domain of attraction of the marginal distribution function of
the process (4).

THEOREM 3. —Let (¥,),en be a stationary process associated with the syg@nassuminge;),en
has af(a,b) density(a,b > 0). If (Y,),eny has an extremal inde® < 6 < 1, then the distribution
function F of the process belongs to the domain of attraction of the Weibull distribution with index
(2b+1)/2,i.e.

P{c, H(My — dn) <x} = Wizpi1)/2(x)

with ¢, = (%)_Z/QHD andd, = 2, wherel" denotes the Gamma function.
We now establish the limiting distribution of the suitably normalized maximum associated with the

Gaussian long memory process (5) when it is persistent.

THEOREM 4. —Let (X,,),ez be a stationary Gaussiak-factor Gegenbauer proce$S) with standard
deviationo, such thatmax(ds, ..., diy) > 0. Then, the distribution functioR of the process belongs to the
domain of attraction of the Gumbel distribution, i.e.

P{c, XMy — dy) <x} — Ax)

with ¢, = o (2logn)~Y/? andd, = o ((2logn)*/? — %).

In establishing the limiting distribution of their maxima, we extend the Theorem 1 of Fisher-Tippett [3]
to the non-linear dependent processes (3), (4) and (5). Proofs are given in Section 4 and details can be found
in Guégan and Ladoucette [8].
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3. Estimation of the extremal index

Theorems 2 and 3 are based on the assumption of the existence of the extremalandeof its strict
positivity. In this section, we propose to estimatéor both processes (3) and (4) using simulations.

We choose the blocks method which involves dividvgiven data inton blocks of length: and setting
a high threshold. A natural estimator of is 6 = K,,/N,,, whereK, andN, are respectively the number
of blocks and the number of observations that exceed the threshold. In order to get the properties of this
estimator, we propose a simulation approach. Indeed, Hsing [10] has proved the asymptotic normality of
this estimator under particular conditions, but we are unable to verify these conditions for the processes
we consider here. The general method that we use is the following. We simuladdizations of length
N = mn of a process witly different initial conditionsXg. We obtains estimated valueg,, ..., 0, of 0

and we calculaté = (3°!_; 6;)/s and its standard deviatighy = \/(Zle(éi —0)2)/s.

As examples, we consider the system (3) with: 1 andv = 2. In both cases, we fim = n = 200 and
s = 100. The threshold is chosen such that the ratidg,/m and N,/mn are small enough. Then, for
v =1 we chooser = 0.9950 and fon = 2 we choose: = 0.9999. We obtai = 0.98 ands, = 0.02 for

the tent process/(= 1), andd = 0.99 ands; = 0.01 for the logistic process (= 2). Other examples can
be found in Guégan and Ladoucette [8].

The extremal index is a measure of the clustering tendency of extrémed: for sequences of i.i.d.
random variables but the converse is false. Here, it turns out that the estimated valwee afose to one
whereas the simulated processes are dependent.

Using the estimate obtained féy we can deducé,, an estimate for the normalizing constantsvhich
appear in both Theorems 2 and 3. Then, we can provide estimates for the normalizing constants which
appear in all the theorems and the results of this Note can be used for computing quantile risk measures.

4. Proofs

Proof of Theoren®. —We assume thatX,),cny has an extremal index @ 0 < 1. We havexr = 1.
Following Hall and Wolff [9], we consider the pre-image of a general poirtid 1, x > 1, and we get:

£ 57 = @) V(£ (17201 7)) + £ (12(1-57HY)).

Then, we have the asymptotic expansjofl — x 1) ~v=1f(1/2)x1~YV asx — +o0,i.e. fA—x"1 e
Rfj’i/v. Using a Karamata’s theorensege Theorem 1, p. 281 in Feller [2]), we havg(l — x~1) ~
f(/2x7Y" asx — 4oo,ie. F(1—x"1) e RTY),.

Using Theorem 1.6.2 and Corollary 3.7.3 of Leadbetter et al. [12], we concludeFtieaD (Vy,,),
cn = (f(1/2)6n)~" andd, = 1, and the theorem is proved.

Proof of Theoren8. — Assume thatY,),<y has an extremal index€ 0 < 1. The invariant densities of
(Y)nen, (Xn)neny and(e,) e are respectively denoted by, ¢ andh. Itis obvious thater = 2. Forx > 1,
we have:

1

f(2—x71 =/ 1g(y)h(2—x_l—y) dy

e
Lla+b) [T 1y (-1 —1\b-1 -1 _—1ya-1

= T @ o) : y (1= y ) (xt =y ™)@+ y T =T dy.

Using Karamata’s theorem, we gét2 — x 1) ~ lglg(l()alj'(};))x_bg(l —x YHasx > +oo,ie. f2—xYHe

leo_"%) /2 Then, we apply again Karamata's theorem to obtain

77



D. Guégan, S. Ladoucette/ C. R. Acad. Sci. Paris, Ser. | 335 (2002) 73-78

2 -1 AT (a + b)
2b+1 f(2- ) 2b+ D' (a)T(b)
N Al'(a +b) (@12
2b+ DT (a)T(b)
asx —> +00,i.e. FR—xHeR™ (2b+1)/2
Using Theorem 1.6.2 and Corollary 3 7.3 of Leadbetter et al. [12], we concludé& tha? (¥ 2+1),2),

((2;‘%%) 2@+ andd, = 2, and the theorem is proved.

f(Z—x_l) x_(b+l)g(1—x_l)

Proof of Theoremd. — A stationary Gaussian process whose autocovariance funcgatisfies the decay
rate conditiony (n) logn — 0 asn — +oo of Berman [1] belongs to the Gumbel domain with the same
normalizing constants as in the i.i.d. casegTheorem 4.3.3 of Leadbetter et al. [12]). Since it has a
causal representation, the process (5) is Gaussian. From the expression of the asymptotic behavior of its
autocovariance functiop given in Giraitis and Leipus [4], we obtain:

ly(m)| < Z Anz"lt‘*_l(B +0(1)) asn— 400
i=1,..,k:d;>0

withd* =d; if lu;)| < Landd = 24; if |[v;|=1( =1,...,k:d; > 0), and withA and B two finite positive
constants. SincedZ — 1 < 0, we have:®i ~tlogn — 0 asn — +o00. Hence, Berman’s condition holds,
and the theorem is proved.
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