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Abstract We study here the nonhomogeneous Neumann problem in the half{E@fawh N > 2.
We give in L? theory, with 1< p < oo, a basic existence and regularity results in weighted
Sobolev space3o citethisarticle: C. Amrouche, C. R. Acad. Sci. Paris, Ser. | 335 (2002)
151-156. 0 2002 Académie des sciences/Editions scientifiques et médicales Elsevier SAS

L e probléme de Neumannn dans le demi-espace

Résumé Nous étudions ici le probleme non homogene de Neumann dans le demi-d&ﬁaoe
avec N > 2. Nous donnons des résultats fondamentaux d’existence et de régularité en
théorie L7, avec 1< p < oo, dans des espaces de Sobolev avec pdidsr citer cet
article: C. Amrouche, C. R. Acad. Sci. Paris, Ser. | 335 (2002) 151-156. 0 2002 Académie
des sciences/Editions scientifiques et médicales Elsevier SAS

Version francaise abrégée

L'objet de cette Note est de résoudre le probléme de Neuriypndans le demi-espace. Comme pour le
probleme de Poisson ou celui de Laplace dans un domaine extérieur, les espaces de Sobolev avec poids (1.1)
et (2.2) fournissent un cadre approprié pour la recherche de solutions. La principale différence est due a la
nature de la frontiére et 'une des difficultés est d’obtenir 'espace de traces qui comgentdmme 2.1
qui généralise ainsi le résultat de Hanouzet,[8])). En particulier dans certains cas, qu’on qualifiera de
critiques, il est nécessaire d'introduire un facteur logarithmique supplémentaire dans le poids (ce qui est le
cas, par exemple de la dimension 2 lorsque I'expogaveaut 2). Dans un précédent travail, des résultats
similaires ont été établis pour le probléme de Dirichéét[(L]) étendant ainsi ceux de Boulmezaoufl [2])
valables seulement dans le cadre hilberfier 2 et N > 3. Le Corollaire 3.3 et le Théoreme 3.7 sont les
principaux résultats de ce travalil.

1. Introduction
The purpose of this paper is to solve the Neumann prolifem):

H N
—Au=f InRY,
0
2 —¢ onRVL
8)61\/

The approach is based on the use of a special class of weighted Sobolev spaces for describing the behavior
at infinity. Many authors have studied the Laplace equation in the whole $p3cer in an exterior

domain. The main difference is due to the nature of the boundary and one of the difficulties is to obtain
the appropriate trace spaces. However, the half-space has a useful symmetric property.
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Problem(Py) has been investigated in weighted Sobolev spaces by several authors, but only in the
Hilbert cases p = 2) and without the critical cases corresponding to logarithmic factof4]).
Let  be an open set &Y, N >2, o = (1 + [x|9Y2 and Igo = In(2 + |x|?). For any nonnegative
integerm, real numberg > 1, « and 8 and settingk =m — N/p —a if N/p+a €{1,...,m}, and
k = —1 otherwise, we define the following space:
W7 (@) = {u e D' 0< 2 <k, o* " dge) D uelr (), W
k+1< A <m, o* " *ge)’ D u e LP(Q)}.
Inthe casgg = 0, we simply denote the space by,WW($2). Note that W[/’ () is a reflexive Banach space
equipped with its natural norm:
1/p
—_ -1 _
lhwgi = 30 o ger Dtull g+ Y o g0 Dl
O<IAI<k k+1<[A<m
We also define the semi-norm: L
) /p
LP(R) ’

|”|W'" T = ( Z ||Qa(|gQ)ﬁDAM|

[Al=m
and for any integey, we denote byP, the space of polynomials iN variables of the degree smaller than or
equal tog, with the convention tha®, is reduced tqd0} wheng is negative. The weights in definition (1.1)

are chosen so that the corresponding space satisfies two prop@(ﬁ@,ﬁ) is dense in vg; (Rﬁ) and the
following Poincaré-type inequality: if

%+a¢{1,...,m} or (B—Lp#-1 (1.2)

then the semi-norm |Wm,ﬂp(M) defines on \/g]é’ (RY)/ P, anormwhich is equivalent to the quotient norm,

with ¢’ = inf(g, m — 1), whereg is the highest degree of the polynomials contained fif(R?).
I hygmp

Now, we define the spaoﬁlo”[f’é’(ﬂtﬁ) =D®RY) "es"+ and the dual oﬁvz’é’(ﬂtﬁ) is denoted by
W75 (RY), wherep' is the conjugate op. Under the assumptions (1.2), the semi-ncprr‘@,\,z,é;(M) is

N Y ; ;
anormonw, s (RZ) such that is equivalent to the full norin ”WL",}?'(M)'

We recall now some properties of the weighted Sobolev spatg’[l?ﬂ@ (Wﬂ). We have the algebraic and
topological imbeddings:

N

Wil (RY) c Wi H R (RY) € cWol, s (RY) if SHag(Lom. (1.3)
WhenN/p+a:je{l,...,m},the_nwehave: .

Wl (RY) ¢ e WO TP (RY) e Wi (RY) € e WO, s (RY). (1.4)

Note that in the first case and if moreo@é&a y ¢1{1,..., m}, the mappingt — o” u is anisomorphism
from W, "¢ (RY) on W7 ﬁ(RN) for any integern. In both cases and for any multi-indexe NV, the
mappingu € W, ”(IR{N) — D*ue W’" AL, P (RY) is continuous.

Finally, it can be readily checked that the highest degreéthe polynomials contained in %(Rﬂ) is

given by
N (Y 4aefl,...,m}and(B—1)p>=—1or
m—(——i—oz)—l if < & ) )
g= p ;+a€{]EZ;]<O}and,3p>—

N .
[m - (— + oz)] otherwise,
P
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where[s] denote the integer part of

In the sequel, for any integer> 0, we shall use the following polynomial spaces:

- Py (respectiverPqA) is the space of polynomials (respectively harmonic polynomials) of degege

— P, is the subspace of polynomials iR, depending only on theV — 1 first variables,x’ =
(x1,...,xN-1),

— A (respectively V') the subspace of polynomialB,* satisfying the conditionp(x’,0) = 0

(respectivelyfx—fv (x’,0) = 0) or equivalently odd with respects ig; (respectively even with respect
to xy), with the convention th&P,, PqA, 73[], ... are reduced t¢0} wheng is negative.

2. The spaces of traces

In order to define the traces of functions oﬁ‘}’é’/(ﬂ%ﬁ), we introduce for any €]0, 1] the space:

~+00
Wa’p(]RN)z ueD’(]RN); w_“ueLp(RN), t~1=or g ‘u(x+tei)—u(x)‘pdx<oo ,
0 0 RN
2.1)

wherew = if N/p # 0 andw = o(g0)Y? if N/p =0, andey, ..., ey is a canonical basic &" . Itis
a reflexive Banach space equipped with its natural norm:

p N oo 1/p
+Z/ ~ior dt/ |u(x + 1e;) —u(X)|de)
LP@®Y) 770 RN
which is equivalent to the norm

p ul(x) —u(y)|? Yp
< . +/ 7| ) N(ﬁ;ﬂ dxdy) .
w L@y JRVxRNV X — y[NTOP

Similary, for each real number, we define the space:

u

lelhwg > vy = (’ w

u

o,p (N _ /' (NY. ., a—0 p(mN |Qa(x)u(x)—Qa(>’)u()’)|p
Wo 7 (R )_{ueD(R ); w*%uelP(RY), /RNXRN P dxdy < 400 ¢,

wherew = if N/p+a #o0 andw =o(go)Y " if N/p+a #o0.
Remark2.1. — Ifo = 1, the definition (2.1) coincides with the definition (1.1).
For anys € R*, we set
W5P(RY) ={u e D'(RY); 0K Al <k, 0**T(go) D u e LP (RY),
k+1< A <[s1-1, o* T D*u e LP(RY); DVlu e W7 (RV) ], (2.2)

wherek=s — N/p —a if N/p+a €{o,...,0 + [s]}, with o0 =s — [s] andk = —1 otherwise. It is a
reflexive Banach space equipped with the norm:

luellyys.r vy = [ > e Mage)y tptul|l, g

O<Ir <k

1/p
SO DI U L D ol [ e
k+1< A< [s]-1 [A1=[s]

Remark2.2. — () IfN/p+a ¢ f{o,...,o +[s]}andN/p ¢ {o,...,0 + [s]} then

e WS (RY) &= ou e Wy (RY) = u e Wil (RY) andV|a| = [s], ¢ D*u e Wy *I7 (RV).

153



C. Amrouche/ C. R. Acad. Sci. Paris, Ser. | 335 (2002) 151-156

(i) We can similarly define, for any real numbgy the space:

Wy 5 (RY) = {v e D'(RY); (go)PveWy?(RY)}. (2.3)
We can prove some properties of the weighted Sobolev spa@éﬁ[ﬂ\‘?’). We have the algebraic and
topological imbeddings in the case wheé¥gp +« ¢ {o, ..., 0 + [s]}:

WA (RY) ¢ w;jf; (RY) ¢ c Wl (RY), (2.4)
Woh (RY) cWith (RN €W, 4 (RY). (2.5)

WhenN/p+a=j€{o,...,0 + [s]}, then we have:

S, P s—j+1,p S—Jj.p o, P
Wap © - €Wy jiip ©Wo g1 © o CWoljg i (2.6)

o

s.p [s].p [s]-j+Llp [s]-Jj.p 0.p
W(x,ﬂ C Wa+[s]—s,/3 C tet C W —U—j-‘rl,ﬂ C W —U—j,ﬂ—l C tte C WD{—S,ﬂ—l' (27)

o o
If u is a function orRY, we denote its traces dh=R"~1 by:

9/
x e RN L, you(x)=ux’,0),..., ju(x/) = —?(x/, 0).
AN
As in [3], we can prove the following trace lemma:

LEMMA 2.1.—For any integenn > 1 and real numbet, the mapping

m—1
y:iue€ D(Rﬁ) — (YoU, ..., Ym—1U) € H D(RN_l)
j=0
can be extended by continuity to a linear and continuous mapping still denotedroyn WZ’”’(]Rﬁ) to

H;f’z‘olwfx"_j_l/””’(RN—l). Moreovery is onto andKery =\7VZ"”(R_’X).

3. The Laplace equation with Neumann condition

The aim of this section is to study the problém ).

THEOREM 3.1. —Let!/ be an integer and assume that
N N
—¢{L....1} ifl>1 and —¢{l,....,-1} ifi<-L (3.1)
p p

For any f in W?”’(Rﬁ) satisfying the compatibility condition

Vo € NIty 0, (3.2)

- Ohpr @yyany @l =

problem(Py), with g = 0, has a unique solution € le’p(R_’X)/Af[é_,_N/p].

Proof. —The uniqueness is obvious.
(i) First step I < 1. We setf = f in RY and f = 0 elsewhere. Theif belongs to \{” (R") and for
anyg € Ny, =Pf_n,pp We have:
O ey oy ey = /]RN fodv= /M Fode =1 0hyor ey @) =0
Therefore, there exists a functiane W,Z”’(IR{N) such thatAw = f in R". The functioru defined by
1 .
u(x',xy) = 5 [wx', xn) + w', —xy)|  withxy >0,

belongs to Vﬁ”’(}Ri’) and satisfies-Au = f in RY and% =0onTl.
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(i) Second stepl > 2. The function defined by (x’, xx) = f(x,xy) if xy > 0 and f(x’, xy) =
f(', —xy) if xy <0 belongs to \&p(RN) and verifies:
YO €PN Oy vy = O
Thus, there exists a unique functiane W,Z”’(}RN) such that—-Aw = f in RY. However, note that the

functionv defined byv(x’, x5) = w(x’, —xy) belongs to Vﬁ”’(}RN) and verifies also this equation. The
uniqueness of solutions yields= w anddw/dxy = 0 onT". Now, the function: = WiRY is solution of our
problem.

Remark3.2. —WhenW/p’ =1, if f belongs to VQP(RN) ﬂW_l P(®RY) and satisfies the compatibility
condition( f, 1) WP oW = 0, then the previous theorem holds (the unicity is up to a constahtif2).
W " xWg

COROLLARY 3.3.-Let!/ be an integer ang € W,l_l/”’p(l“). We suppose that one on both conditions
(i) or (i) holds
(i) We assume that the hypothg@sl)holds andf € W?”’(Rﬁ) and satisfies the compatibility condition

O €N N1 F PN @y cw® s @y = (8 P2 o 4 1y (3.3)
(i) We assume tha¥/p’ = and f in W, P®RY)YN WOI”’(HM) satisfying the compatibility condition
(£, Dy ek = (¢, 1) WEPP () sew Y (3.4)
Then, problen{Py) has a unique solut|on € W,Z”’(IM)//\/2 I—N/p]*

Proof. —It is a consequence of Lemma 2.1, Theorem 3.1 and Remark 3.2.

THEOREM 3.4. —Let! be an integer satisfying the hypothe&3sl)and g W_1 Yty (") satisfying
the compatibility condition

Vo e NGoionsps (8 §0> P () W2 YR =0. (3.5)
Then, problen(Py), with f =0, has a unique solutlon € W (IR{N)/NI NPT

Proof. —(i) First step We define the space
T(RY) = {ve W/ (RY); Ave W/, (RY)},
and we can prove thatif € T(RY), thendv/dxy € W_ Sl (I'). Then, let us remark that the problem

(Pn) With f =0 is equivalent to find W(},”,(Rﬁ)//\/l n/p Such that for any e le”’(Rﬁ) with
dp/dxy =0onT,

(U7 A(p)w(i[pl (Rﬁ)xW?p(Rﬁ) = —<g7 w)w:;l.—l/p/,pl(l_‘)Xlefl/p.p(l_‘).
Now, according to Theorem 3.1, for anye W?”’(IR{N) satisfying the compatibility condition (3.2), there

exists a unique € W,z”’(}Rﬁ)//\/2 1-np SUch that-Ag = h in RY anddg/axy =0 onT, with the
estimate

1012y sy 1y < ClE Iy gy

Using (3.5), we have:
A
VieN v |8 0)=|(g.o+4)| < C”g“W:ll—l/p’,p’(r)”h”W?»P(RﬁY
In other words, thanks to Riesz representation theorem, the mapipirg< g, ¢ > defines a unique
v e WPPRY) LNy ] = WO RY) /NGy, SOlution of(Py), with f =0.
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Remark3.5. —WhenV/p' =1,if g € W:,l_l/”/”’,(l“) and satisfies the compatibility condition:

A
Vo e Nz ny, (8 €0>Wl—1—1/p’,p’(F)XWZ—l/p,p 0,

2y =

then the previous theorem holds witte W(f{f/_l(Rﬁ) (the unicity up to additive constant).

COROLLARY 3.6.—Let!/ be an integer satisfying the hypothe§sl)and g W:,l/”,’”/(l“) satisfying
the compatibility condition

A
V(ﬂ € Ml—[—N/p]? <g7 w)W:}/P/»P,(F)XW;'-*]-/PJ’(F) = 0
Then, the probleniPy), with f = 0, has a unique solution e Wl_{’ RY) /N2 usa-nyp-

THEOREM 3.7.—Let [ be an integer satisfying the hypothe¢&1). For any f in W?”’(Rﬁ) and
ge W,__ll/p’p(l“) satisfying the compatibility condition
Yo € N

(fs @Wf*”(M)xw‘jl”/ ®Y) = (g w>w;11/”*”(r)xwlj/l”/"’/ )

problem(Py) has a unique solution € W,l’_”l(Rﬁ)/NA[z_l_N/p].

Proof. —It is enough to prove the existence of a solution.

(i) First step we suppose thdt< N/p’. Hence the set\/UA_N/p/] is empty. Thanks to the imbedding

Wll_l/””’(l“) C W,__ll/””’(l“) and to Corollary 3.6 , there existse Wll’_”l(Rﬂ) such that-Av =0 in RY
and dv/dxy = g on I'. We deduce by Theorem 3.1 the existence of uniq@Wf’p(Rﬁ) satisfying
—Av=fin Rﬁ anddv/dxy =0 onT. The functioru = v 4+ w is an answer to the question.

(i) Second stepve suppose thdt> N/p’. We denote by the dimension of the subspate= A/[IA_N/p,]

of WE,”JLZ(Rﬁ) included in V\ﬁ{’/(Ri’), e1,...,e, a basis ofN andef, ..., ¢} the dual basis of the dual
spaceN’. The restriction td” of ¢; is denoted by:;, i.e., yo(e;) = h ;. With a suitable numbering of the
family h, ..., hq, named in the same way, the elemels. .., iy form a basis ofo(N) andh; =0 for

j=d+1,....,n. We note that for eacl, #; belongs to V@Ei/l”,”’,(l‘) C W(}l’il/p,(l*) C WPy,

Let{h}, ..., h}} the dual basis ofhy, ..., hy}. Now, let us consider the functions defined by

i=n i=d

= * : — * ;

P2 it edapr ey ey 28 0= R My e oyt ey
1= 1=

They satisfy:(F,ex) = (f,ex) = (g, ex) if k=1,...,n, (F,ex) = (G,er) = (g,er) if k=1,...,d and
(F,er)=(G,ex)=0if k=d+1,...,n.So, by using Theorem 3.1, there exigts le”’(}Ri’) satisfying
. ad
—~Aw=f—F inRY and % _0 onr.
3)61\/
Thanks to Corollary 3.6, there existss W%, (RY) satisfying
. a
—Av=0 me and —v=g—G onT.
3)61\/
As F belongs to Vﬁ’p(Rﬁ) andG to Wll_l/p”’(l“), the conditions of Corollary 3.3 are verify. Then, there
exists a functiorr € W27 (RY) such that-Az = F in RY anddz/dxy = G onT. Finally, the function
u =v+ w + z is an answer to our question.
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