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Abstract We prove that if the multipliers of the repelling periodic orbits of a complex polynomial
grow at least liken>te with the period, for somes > 0, then the Julia set of the
polynomial is locally connected when it is connected. As a consequence for a polynomial
the presence of a Cremer cycle implies the presence of a sequence of repelling periodic
orbits with “small” multipliers. Somewhat surprisingly the proof is based on measure
theorical considerationdlo cite this article: J. Rivera-Letelier, C. R. Acad. Sci. Paris,

Ser. | 334 (2002) 1113-1118. O 2002 Académie des sciences/Editions scientifiques et
médicales Elsevier SAS

Hyperbolicité faible sur les orbites périodiques pour les polyndmes

Résumé On démontre que si les multiplicateurs des orbites périodiques répulsives d’'un polynéme
complexe croissent au moins commett avec la période, oa > 0, alors I'ensemble
de Julia du polynéme est localement connexe quand il est connexe. Comme conséquence
on obtient que pour un polyndme complexe I'existence d’un cycle de Cremer implique
I'existence d’'une suite de cycles répulsifs ayant des multiplicateurs « petits ». D’une fagon
un peu surprenante la démonstration utilise des arguments de la théorie de la Pasure.
citer cet article: J. Rivera-Letelier, C. R. Acad. Sci. Paris, Ser. | 334 (2002) 1113-1118.
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Version francaise abrégée

Considérons un polyném a coefficients complexes. Etant donné un point périodjgaeC de période
minimaler > 1 on appelle. = (P")(p) le multiplicateurdu point périodiquep. Alors on dit quep est
répulsif indifférentou attractif selon qugi| > 1, |A\| = 1 ou|A| < 1, respectivement.

L'ensemble

K(P)={zeC| {P"(z)}@l est bornég

est appel&nsemble de Julia remplie P et sa frontiére esténsemble de Julide P, on le note/ (P).
Le théoréme suivant est notre résultat principal.

THEOREME 1. —SoitP € C[z] un polynédme dont'ensemble de Julia est connexe. Supposons qu'’il existe
des constante€ > 0 ete > 0 telles que pour tout point périodique répulgite C de période: > 1 on ait,

[(P") ()| = Cn®F*.
Alors I'ensemble de Julia d& est localement connexe.
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La classe de polyndmes (et fonctions rationnelles) dont les multiplicateurs des points périodiques
répulsifs croissent de fagcon exponentielle par rapport a la période a été étudiée dans [14]; la démonstration
du Théoréme 1 est basée sur une variante du Lemme 3.1 de ce papier.

Rappelons qu’urycle de Cremeest un cycle indifférent dont le multiplicateur de module égal a 1, n’est
pas une racine de l'unité et tel que le polynéme n’est pas linéarisable en son voisinage.

D’apres un théoreme de A. Douady and D. Sullivan I'ensemble de Julia d'un polynéme ayant un cycle de
Cremer n’est pas localement connexe, voir [18]. Donc le corollaire suivant est une conséquence immédiate
du Théoréme 1.

COROLLAIRE 1.-Soit P € C[z] un polynéme ayant un cycle de Cremer. Supposons que I'ensemble
de Julia deP est connexe. Alors pour tout> 0 il existe un point périodique répulsj, de périoden
arbitrairement grande, tel que

|(Pn)/(p)‘ < f’l5+£.

Ce corollaire reste vrai si 'ensemble de Julia n’est pas conn@ieRemarque 2) et il y a une assertion
similaire pour des fonctions rationnelles en général, voir Remarque 3. Malheureusement ce résultat ne
donne pas d’information sur la position de ces orbites périodiques. Sous certaines conditions un cycle de
Cremer implique I'existence de « petits cycles » ; voir [19] et [11].

Remarquel. — Comme conséquence de [2] (Corollary 1.1) I'hypothése du Théoréme 1 est satisfaite par
les polynémes tels que pour toute valeur critigue J (P) la suite{|(P")'(v)|},>1 Croit au moins comme
n%, ola > 1 dépend seulement du degréRleCes polyndmes satisfont une condition de sommabilité, voir
[10,13,5,16] et [17].

Remarque2. — Pour montrer que le Corollaire 1 reste vrai pour les polynémes dont I'ensemble de Julia
n'est pas connexe, on remarque d’'abord que la démonstration du Théoréme 1 s’applique aux applications a
allure polynémiale au sens de [3]. AlorsBie C[z] est un polynéme ayant un point périodique de Cremer
p € C de période: > 1, la restriction deP” & un voisinage convenable geest une application a allure
polynémiale dont I'ensemble de Julia est connexe.

Remarque3. — Avec une méthode similaire on obtient qu&si C(z) est une fonction rationnelle ayant
un cycle de Cremer, alors il existe une suite de points périodiguésie période:; dont le multiplicateur
est majoré par exg /i (Inny)/?+2/M), ot C > 0 est une constante universelle et @ < HDpyp(R), OU
HDnyp(R) est le supremum de la dimension de Hausdorff des ensembles hyperboliqties de

Consider a polynomiaP with complex coefficients. Given a periodic poipte C of P of minimal
periodn > 1, we calli = (P")(p) themultiplier of p. We say thap is repelling, indifferentor attracting
if |IA\] >1,|xA|=1or|A| <1, respectively.

Recall that the set,

K(P)={zeC| {P”(z)}r@1 is bounded,

is called thdilled-in Julia setof P and its boundary is called thelia setof P, which is denoted by (P).
Our main result is the following.

THEOREM 1. — Let P € C[z] be a polynomial with connected Julia set. Suppose that there are constants
C > 0ande > 0 such that for every repelling periodic poipte C of periodn,

(P )] > Cn™.

Then the Julia set af is locally connected.
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The class of polynomial (and rational) maps for which the multipliers grow exponentially fast with the
period is studied in [14] and the proof of Theorem 1 is based on a variant of Lemma 3.1 of that paper.

Recall that aCremer cycleis a cycle for which the polynomial is not locally linearizable and whose
multiplier of modulus equal to 1, is not a root of unity. By a theorem of A. Douady and D. Sullivan the
Julia set of a polynomial with a Cremer cycle is not locally connected, see [18]. So the following corollary
follows directly from Theorem 1.

COROLLARY 1. - Let P € C[z] be a polynomial with connected Julia set and with a Cremer cycle. Then
for everye > O there is a periodic poinp, with periodn arbitrarily big, satisfying

|(Pn)/(p)‘ < f’l5+£.

The corollary remains true if the Julia set is disconnected (see Remark 2) and there is an analogous
statement for general rational maps, see Remark 3. Unfortunately this result does not give information
about the location of these periodic points. Under certain conditions Cremer cycles imply the existence of
the so called “small” cycles; see [19] and [11].

Remark1. — It follows by [2] (Corollary 1.1) that the hypothesis of Theorem 1 are satisfied for
polynomials such that for every critical valuec J(P) the derivatives(P")'(v)| grow at least aa?,
for somea > 1 only depending on the degree Bf Such polynomials satisfy a summability condition, see
[10,13,5,16] and [17].

Remark?2. — To see that Corollary 1 applies for polynomials with disconnected Julia set we first observe
that the proof of the theorem applies for polynomial like maps in the sense of [3]. THer I€[7] is a
polynomial with a Cremer periodic point € C of periodn > 1, then the restriction oP” to a suitable
neighborhood op is a polynomial like map with connected Julia set.

Remark3. - A similar method allows us to prove that if a rational mRpe C(z) has a Cremer
cycle, then there is a sequence of periodic poinig} of period ng, whose multiplier is bounded by
exp(C /nx (Innk)3/?+2/1)  whereC > 0 is a universal constant and<0h < HDpyp(R), whereHDpyp(R)
is the supremum over the Hausdorff dimensions of hyperbolic se®s of

1. Proof of thetheorem

Fix a polynomial P € C[z] of degreed > 1 and with connected Julia set. Consider a base point
wo € C — K(P) to be chosen in Lemma 2 below.
Theorem 1 will be reduced to the following lemma, see [5] for its proof.

LEMMA 1.- Let{w,},>1 be anincreasing sequence such t@blwn—l < o0. If for everyn > 1 and
everyz € P~ (wp) we havg(P")'(z)| > w,, thenJ (P) is locally connected.

Let {A,},>1 be an increasing sequence and suppose that for every the repelling periodic points of
periodn have multipliers of norm at leagt, > 1.

The following lemma estimates the derivative at a large number of preimages of a basegaint
C— K (P). Lemmas 3 and 4 are distortion lemmas that will allow us to estimate derivatig#patimages
of wo, as required by Lemma 1.

LEMMA 2.— Letu be an invariant probability measure with positive entraggy> 0 and supported on
a hyperbolic setk ¢ J(P). Then for everyg > 0 there is a base poinig € C — K(P) and Cp > 0 such
that the following property holds.

1115



J. Rivera-Letelier / C. R. Acad. Sci. Paris, Ser. | 334 (2002) 1113-1118

For every every integer > 1 there is an integef = £(n), satisfying0 < £ < (h;l + &o) - Inn, and there
is x € P~¢(wp) such that for everyw € P~ (x)

|(P") (w)| = Cohn.

Proof. —Here apull-backof a setW c C by P means a connected component of a preimag#’ dfy
some iterate of.

Fix a bounded neighborhodd of K(P). Let p > 0 be such that forg € K(P) and O< r < p, any
pull-back of B(zg, r) by P is contained inlJ.

1. SinceK is a hyperbolic set the following well-known univalent pull-back property holds. There is
8 > 0, fixed in the following, such that for every, o € K andr > 0 small enough there is a univalent
pull-backV c B(zo, r) of B(¢o, 35) by P, whose diameter is comparablerto

2. LetR = R(8) > 1 be such that for anyp € K(P) andr > 0 satisfyingRr < p, we have that for any
univalent pull-back oBB(zo, Rr), the corresponding pull-back &(zo, r) has diameter at most

Moreover letmg > 1 be such that for evergy € J(P) the setUogm<mg P™ (B(Lo, §)) containsy.

3. Sinceh,, > 0, Ruelle’s inequalityy,, = [In|P’|du > %hu implies thaty,, is positive.

By Birkhoff Ergodic Theorem that there is a setofpositive measure of points ik whose Lyapunov
exponentis at leagt, > 0, cf. [15].

4. Note thaHD () = h,/ x,. is positive, wher¢dD () denotes the infimum of the Hausdorff dimensions
of setsX C K such thafu(X) = 1; see [9] or [15].

5. Choosex > HD(u) 1. By a Borel-Cantelli argument for every € K, outside an exceptional set
of Hausdorff dimension at most—1 < HD(u), there isng = no(zo) such that for alln > ng the ball
B(zo, Rn™*) is disjoint form{Uo; < p1mq P! (Crit); here Critc C denotes the set of critical points &f

So for big values of: all pull-backs ofB(zg, Rn~%) by P"**"0 are univalent.

6. Sincex™! < HD(p) it follows that the set of pointsy € K satisfying property 5 has full measure.
Hence there is such a poirg € K, also having Lyapunov exponent at leggt(cf. 3).

7. Assumax close enough teID(K)~1, so that there i < (O, x) satisfying

« _HD(G™ .
— < ————+¢go=h £0.
o o +teo=h,"+¢éo

8. Fix ¢p € K and choose any pointg € B(¢o, ) — K (P) as a base point.

Fix a big integern > 1 and let¢ = £(n) be an integer such that there is an univalent pull-back
V C B(zo,n™%) of B(¢o, 38) by P with diam(V) comparable ta. .

Notice that dianiV) is comparable td(P¢) (z0)| 1, so if n is large enough we have

o -1

9. Letx € V be the preimage afig € B({o, 8) by P*. Letw € P~ (x) and letw’ € B(o, §) a preimage
of w by P™, for some 0< m < mg (cf. 2). Let W and W’ be the pull-backs o¥/ by P"~¢ and pr—t+m
containingw andw’, respectively.

Since the corresponding pull-backs Bfzo, Rn~%) are univalentf. 5), it follows that dianiW’) < §
(cf. 2) and therefor&/’ c B(Zo, 28). ThusW’ contains a repelling periodic point of periad-m. By Koebe
Distortion Theorem there is a universal const&at> 0 such that(P"*™")'(w’)| > K1An+m. Thus letting
M =supy, | P’'| we have,

[(P") w)| = M= |(P"™) (w')| = KaM ™™ h i > K1M "0k O
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Let H c C be the upper half plane and consider a covering mfapH — C — K(P) with deck
transformationz — z + 1 and such thaP (¥ (z)) = ¥ (dz). In particulary (z + 1) = ¥ (z), for z € H,
and for anyr e R, ¢ is injective in{z e H | r < Re(z) < r + 1}.

The following lemma is an easy consequence of Koebe Distortion Theorem.

LEMMA 3.- There is a constanb > 1 such that for allw andw’ € H satisfyinglm(w) = Im(w’) <
1/2 and|w — w’| < 1/2 we have
lw —w'|
Im(w)

4
|y ()| <D< ) VACBIE

if Im(w) < |w — w'|, and|y’(w)| < D|y'(w")| otherwise.

Proof. —Putp = Re((w + w’)/2) and note that/ is univalent in the square
S={zeH||Re(z) — p| <1/2and Imz) < 1} C {z € H||Re(z) — p| < 1/2}.

Moreover by hypothesig, w’ € So = {z e H | |Re&(z) — p| < 1/4 and Im(z) < 1/2}.
Then the lemma is an immediate consequence of Koebe Distortion Theorem, that can be stated as follows.
There is a universal constabg > 1 such that for any conformal map: D — C and everyw, w’ € D we
have|¢’ (w)| < Don~%|¢’(w')|, wheren = 1—max{|w/|, [w’|} (this statement can be obtained by combining
both inequalities of (15), in Theorem 1.3 of [12])O

LEMMA 4.— Fix wg € C — K(P). Then there is a constarit; > 1 such that the following property
holds. Consider an integgr> 1 andx € P—‘(wp). Then for every integer > ¢ and everyw € P~" (wo)
there isw’ € Pt~ (x) such that,

|(P") )] = Cad™*|(P") ).
Proof. —Let wg and w € H be such that/(wg) = wo and ¥ (w) = w. We may choosé& € H such
that ¥ (¥) = x and |¥ — d"‘w| < 1/2. Putw’ =d4d*"x% andw’ = ¢ (w') € P (x). Since Imw’) =

d7"Im(wg) = Im(w) the previous lemma implies

[y (@)| < D1a*|y'(@"|, whereD; = D - max{Im(wo) %, 1}.

On the other hand from the equatidt (v (z)) = ¥ (d"z) it follows that for everyw € H satisfying
P"(yr(w)) = wp, We have

(P") (v(@)¥' (@) = d"y' (d"w) = d" ¥’ (o).

So the lemma follows witl; = D7, O

Note that as the invariant measyteis chosen with bigger entropy,, the (asymptotic) estimate of
Lemma 2 is better. The topological entropy Bfis equal to In/ (see[6] and [8]), so by the variational
principles,, < Ind; cf. [15]. On the other hand the harmonic measur® a$ invariant unde and it has
metric entropy equal to b4, see [1] and also [4] and [7]. It follows by Pesin theory that we can choose an
invariant measurg supported on a hyperbolic set and such thats as close to ld as wanted, see [15].

Proof of the theorem. Puti,, = Crn®"¢ and leteg > 0 be such that4 Ind)sg < ¢/3. Letu be an invariant
probability measure supported on a hyperbolic set and whose metric ehafrapylose enough to i so
that(4Ind)h; ! <4+¢/3.
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Let wgp € C — K(P) andCp > 0 as in Lemma 2. Moreover given> 1 andw € P~ (wg) consider
£ =1¢(n) andx € P~“(wo) as in Lemma 2.
By Lemma 4 there iz’ € P~*(x) so that,

[(P") (w)| = C1a=*|(P") (W] = CoC1d™*ry = CoCrd4n>Fe.

Since by Lemma 2 = £(n) < (h;;* + €0) - Inn, we haved* < pAind 1 e0) 4 442¢/3
Thus the hypothesis of Lemma 1 is satisfied with= CoC1n1+¢/3. O
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